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ISHIKAWA ITERATIVE PROCESS WITH ERRORS
FOR STRONGLY PSEUDO-CONTRACTIVE
MAPPINGS IN BANACH SPACES

YONGJIN L1

ABSTRACT. In this paper,we study the Ishikawa iterative sequences
with errors for Lipschitzian strongly pseudo-contractive operator
in arbitrary real Banach spaces. Our results improve the results
obtained previously by C. E. Chidume [3] and Zeng [9].

1. Introduction

Let E be a real Banach space with norm || - || and E* be the dual
space of E. We denote by J the normalized duality mapping from £ to
2F" defined by

Je={f € E*: (z,f) = llzli - W FU, 1A = W=l

Where (z, f) denotes the value of the continuous linear function f €
E* at x € E. It is well known that if E* is strictly convex then J is single-
valued and if X* is uniformly convex then J is uniformly continuous on
bounded subsets of X.

An operator T : D(T) C E — E is said to be accretive, if the
inequality

(1) e —yll < llz —y + s(Tx — Ty)|

holds for every z,y € D(T) and for all s > 0.
The accretive operators were introduced independently by Browder
[1] and Kato [5] in 1967. An early fundamental result in the theory of
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accretive operators, due to Browder, states that the initial value problem

du
a +Au =0
u(0) = uo
is solvable if A is locally Lipschitzian and accretive.

Closely related to the class of accretive maps is the class of pseudo-
contractive operators. An operator T’ with domain D(T’) and range R(T')
in F is said to be a strong pseudo-contraction, if there exists t > 1 such
that for all z,y € D(T') and r > 0, the following inequality holds:

(2) e —yll <X +7)(z —y) - rt(Tz - Ty)|.

If t = 1 in inequality (2) then T is called pseudo-contractive.
As a consequence of result of Kato [5], T is pseudo-contractive if and
only if for each z,y € D(T) there exists j{x — y) € J(z — y) such that

3) (I-T)z—(I-Ty,jlz—y) 20

Furthermore, T is strongly pseudo-contractive if and only if there
exists k > 0 such that

(4) (I =Tz — (I -Ty,j(z—y)) > kllz -yl

Chidume [3] proved that if F is a real uniformly smooth Banach space,
K is a nonempty closed convex bounded subset of E and T': K — K
is a strongly pseudo-contraction, with a fixed point z* in K, then both
the Mann and the Ishikawa iteration schemes converge strongly to z*,
for an arbitrary initial point o € K. Zeng [9] and Li [6] consider an
iterative process for Lipschitzian strongly pseudo-contractive operator
in arbitrary real Banach spaces. In [3], Chidume proved the following
theorem:

THEOREM 1.1. [3] Suppose E is a real uniformly smooth Banach
space and K is a bounded closed convex and nonempty subset of E.
Suppose T : E — E is a strongly pseudo-contractive map such that
Tz* = z* for some z* € K. Let {an},{Bn} be real satisfying the
following conditions:

0<ay,Bp<lforalln>0;

(ii) limy— oo o = 0; limy, 06 B, =0 ;

(iii) Yooy an = oo

Then, for arbitrary zo € K , the sequence {z,} defined iteratively by

(5) ZTpt1 = (1 = ap)xn + anTyn,

(6) Yn = (1 — Br)xn + BnTxpn,n > 0,
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converges strongly to x*. Moreover, z* is unique.

Our objective in this paper is to consider an iterative sequences with
errors for Lipschitzian strongly pseudo-contractive operator in arbitrary
real Banach spaces. Our results improve and extend the results of
Chidume [3] and Zeng [9].

In order to prove the main results of the paper, we need the following
lemma.

LEMMA 1.1. [7] Let {an},{bn},{cn} be nonnegative sequence satis-
fying
(7) ant1 < (1= tp)an + by + cy.

With {t, : n = 0,1,2,---} C [0,1],> 771 tn = 00, by, = o(t,) and
D ooy Cn < 00 then limy, o0 ay = 0.

2.Main results

Now, we state and prove the following theorems.

THEOREM 2.1. Suppose E is an arbitrary real Banach space and
T : E — E be a Lipschitzian strongly pseudo-contractive map such that
Tx* = z* for some z* € E. Suppose {uy},{v,} be sequences in F and
{an}, {Bn} be sequences in [0,1] such that

(1) Yot luall <00, 3502, flonll < o0 ;
(2) onliom =00
(3) sup B < %, sup oy < ﬂ'ﬂ% for some A € (0,1).

Then for any z¢p € E , the Ishikawa iteration sequence {z,} with
errors defined by

(8) Yn = (1 - ﬂn)xn + /BnTxn + vn

(9) Tnt1 = (1 — ap)zn + anTyn + uy
converges strongly to x*. Moreover, z* is unique.

PRrOOF. Since T : E — F is strongly pseudo-contractive, we have
(I —T) is strongly accretive, so for any z,y € E.

<(I-Tz—I-T)y,jlx~1y) >>klz—y|?

where k = (t — 1)/t and t € (1, 00).
Thus

<(A=-KI-Tz—(1-kI-T)y,jx—y) >=>0
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and so it follows from Lemma 1.1 of Kato [5] that
e —yll < llz -y +r[(1 - kI -T)z - (1= k)I = T)yl|

for all z,y € E and r > 0.
From z,+1 = (1 — ap)Zpn + anTyn + u, We obtain

Tn = Zpt1+ nTn — onTyn — up
(1 + an)tn+1 + an[(I = T)zpt1 — kTpy1)
— (1 = k)anzn + (2 — k)02 (zr — Tyn)
+ an(TZpt+1 = Tyn) — [(2 — k)an + 1jup.

It is easy to see that
¥ = (1 + on)z* + on[((1 — k)T = T)z*] — (1 — k)anz®
so that

Tpn— 2% = (1+ap)(@ns1 —2%)+on[((1 — k) — T)zpnt1
= (A=K -T)z"] - (1 - k)on(zn — z¥)
+ (2 — k)a2(zn — Tyn)
+ an(Tzp+1 — Tyn) — [(2 — k)an + 1|up.

Hence
* x [
lzn —2*l > 1+ an)ll(®n1 —z%) + 1 +n (A=K - T)zpt1 -
QG
- (1= k) -T)z*]
— (1 = k)an|lzn —z*|| - (2 — k)ad||zn — Ty||
= [ Txn41 — Tynll = [(2 — k)an + 1]|unl
> (14 on)lzatr —=*|
— (1= k)an||zn — z*|| — (2 — k)ad||zn — Tya||
— n||TZn+1 — Tyl — [(2 = k)an + 1] ||ual|
so that
N 1+(1-k)a N
fonss -2l < EEE=Em0, o
+ aﬁnl‘«n - Tyn“

+ o ||T2n41 — Tyn|| + (20 + 1) |un||
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ko,
< 1-— —z*
el
+ o|lzn — Tynl|
+ an||Tzn+1 — Tyn|| + (2om + 1) |[ua]]
ka N
< (1= — )

+ afl”mn — Tyl
+ anl|[TTni1 — Tyn| + 3||unll-

Since T is Lipschitzian operator and L is Lipschitz bound, we have

lyn —2*l = (1= Bn)(@n — 2%) + Bn(Tzn — z) + vn
< [T+ Bo(L = Dllzn — 2™ + [|nl
< Lilzn — 2™ + {lvnll
[2n = Tynll < llzn — 2"l + Lllyn — 7|l

< (14 LY|zn — 2| + Ljval|

1TZn+1 = Tynll < LI = 0n)(@n — Yn) + @n(Tyn — Yn) + ual|
< L1 - a)[Bu(1 + L)||lxn — || + [lvnll]

+ [Lom(1 + L) [Ll|lzn — ™[ + l|vall] + L|un|]

< (LA +L)Bn + (1 + L) LPoy] ||z — z*|

+ L(1 + L)|jvnll + Lilunl|
so there exist M; > 0 and My > 0 such that

lent1 — 27|

(l—ka"

B ) lan —
+ BnL(1 + LYap||zs — x*|| + (L3 + 3L% + 2)a2 |z, — z*||
+ Mi|un|l + Mz|lvall.

Since Sup G, < m/\Lkﬁ’ Sup an, < 2—@9%\1%%2) for some A € (0,1),

there exists 7 > 0 and N > 0 such that for all n > N, we have

k
E—L(l—{—L)ﬂn—(L3+3L2+2)an>7—>0.

Thus

[€nt1 —z*| < (1 —7Tom)llzn — ™| + Miflunl| + Mallvn]|.
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Set
thn, = Tan
b, = 0
¢ = Millun| + Mz|lval
an = |zn—2"|-

Then we have
an+1 < (1 —ty)an + by + cn.

According to above argument, it is easy seen that

2 =00, b= ota), Loy cn < 00
and so, by Lemma 1, we have lima,, = lim ||z, — «*|| = 0. Uniqueness
follows as in [2]. The proof of the theorem is complete. O

REMARK 2.1. Our theorem 2.1 generalized the theorem of Chidume
[3] from uniformly smooth Banach space to arbitrary Banach space and
from Ishikawa iteration to Ishikawa iteration with errors. In addition,

Our results extend, generalize and improve the corresponding results
obtained by Zeng [9] and Li [6].
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