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WEIGHTED CONTINUITY OF MULTILINEAR
MARCINKIEWICZ OPERATORS
FOR THE EXTREME CASES OF p

Liu LANZHE

ABSTRACT. In this paper, we prove the weighted continuity of mul-
tilinear Marcinkiewicz operators for the extreme cases of p.

1. Introduction and results

Suppose that S ! is the unit sphere of R*(n > 2) equipped with
normalized Lebesgue measure do = do(z’). Let © be homogeneous of
degree zero and satisfy the following two conditions:

(i) (=) is continuous on S"~! and satisfies the Lip, condition on
S0 <y <1),ie.

Q@) - QW) < M2’ -y, 2’y e S
(i) fgn-1 Q(z")dz’ = 0.
Let m be a positive integer and A be a function on R™. We denote

that T'(z) = {(y,t) € RT’I : |z — y| <t} and the characteristic of I'(z)
by Xr(z). The multilinear Marcinkiewicz operator is defined by

1/2
pd(H)@) = { [ E o)

where

f(z)dz

FA(S) (2, y) :/ Qy — 2) Rms1(A;z,2)

ly—z|<¢t |y - zln—l |:C - zlm
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and

Rmei(4:2,5) = A@2) = Y D AW -y

|| <
We denote that

R = [ i

We also deﬁné that

1/2
us(f)(z) = (/ [, R )Pfffi) ,

which is the Marcinkiewicz integral operator (see [10]).
Let H be the Hilbert space

1/2
{ I1h]| = ( / / t)|2dydt/t"+3> <oo},

then for each fixed + € R", FA(f)(x,y) may be viewed as a mapping
from (0, +00) to H, and it is clear that

w5 (£)(@) = ||xe@ FAS) (@ 9)]]

us(H)(@) = ||Ixr@F(H®)|| -
We also consider the variant of ug‘, which is defined by

f)(@) = (/ |, e, |2f3f§) ,

FA) (@9) = /I Oy —2) Qmar(Aiz2) g,

-zt [y — 2" fe -z

where

and

Qm+1(A;z,2) = Ry (A2, 2) — Z éD"‘A(x)(a: —2)*

la|=m

Note that when m = 0, u# is just the commutator of Marcinkiewicz
integral operator (see [15], [18]). It is well known that multilinear oper-
ators, as the extension of commutators, are of great interest in har-
monic analysis and have been widely studied by many authors (see
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[3-6], [8], [9], {13], [14]). In [12], the endpoint boundedness proper-
ties of the commutators generated by the Calderon-Zygmund opera-
tor and BMO functions are obtained. The main purpose of this pa-
per is to discuss the weighted continuity properties of the multilin-
ear Marcinkiewicz operators for the extreme cases of p. Throughout
this paper, B will denote a ball of R". For a ball B and any lo—
cally integral function f on R", we denote that f(B) = [, f B

fB = |B|™! [5 f(z)dz and f#(z) = S\EJI];\Bl HplfC y) fBldy. More-

z

over, for a weight functions w € Aj(see [11]), f is said to belong to
BMO(w) if f# € L*°(w) and define || f|| Brrow) = ||f# |1 (), if w =1,
we denote that BMO(R™) = BMO(w). Also, we give the concepts of
atom and weighted H! space. A function a is called a H!(w) atom if
there exists a ball B such that a is supported on B, ||al|peo(w) < w(B)™}
and [p. a(z)dz = 0. It is well known that, for w € A, the weighted
Hardy space H'(w) has the atomic decomposition characterization(see
)).

We shall prove the following theorems in Section 3.

THEOREM 1. Let D*A € BMO(R") for |a| = m and w € Ay. Then
p# maps L®(w) continuously into BMO(w).

THEOREM 2. Let D*A € BMO(R") for || =m and w € Ay. Then
fi5 maps H'(w) continuously into L!(w).

THEOREM 3. Let D*A € BMO(R") for |a| = m and w € A,. Then
p#4 maps H'(w) continuously into weak L*(w).

THEOREM 4. Let D*A € BMO(R™) for |a| =m and w € A;.

(i) If for any H'(w)-atom a supported on certain cube Q) and u €
3Q\ 2Q), there is

Joar

(z —uw)®* Qy —u)
Xr@) . = TXT(y) (% 1)

o a' |z —u™ |y —

X/QDO‘A(z)a(z)dz w(z)dz

<C,

then p4 is bounded from H*(w) to L*(w);
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(ii) If for any cube @ and u € 3Q \ 2Q, there is

@ s

X 32 ~(DPA() - (D"A)q)
loj=m

w(z)dz

g /( (u—2)* Uy — 2)xr@) (2,1 F(2)dz

aQe lu—2™  fy— 2"t

< Cllfll oo (w),
then ji# is bounded from L*°(w) to BMO(w).

2. Some lemmas

We begin with some preliminary lemmas.

LEMMA 1. (see [6]) Let A be a function on R"™ and D*A € LY(R")
for |a| = m and some q > n. Then

: 1/q
1
|Rm(4;2,9)] < Clz ~yI™ Y (—,,;(x 1 )|D°'A(z>|‘1dz> ,
bl w::y

lxj=m
where B(x,y) is the ball centered at & and having radius 5/n|z — y|.

LEMMA 2. Letw € A, 1 <p<oo,1<r<oo,1/g=1/p+1/r
and D*A € BMO(R™) for |a| = m. Then p# is bound from LP(w) to
Li(w), that is

6 (AllLaw) < C D [1D*Allzrollf1l Low)-

jal=m

PROOF. Note that |z — 2| < 2t, l[y—z2| 2|z — 2| —t > |z — 2| — 3t
when |z — y| <t, |y — 2| <t. By Minkowski inequality, we have

o0 = [[[][ (o5

dydt]"?
y] dz

XXT(z) (¥, t) 3

|Rm+1(4; 2, 2)||f(2)]

Rn |z — z|™

< C
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_ 1/2
Xr(zy(y, )3
dydt d
[/ /. izt (2 — o[ =320

<cf |Rm+1 (452, 2) 1 £(2)

.'L' _ Z|m+3/2

i 1/2
X / o) dz
le—z1/2 (lz — 2| — 3t)

m A; y
m—“(—lnini)!lf(z)ldz,

< C

R, 1T—=z

thus, the lemma follows from [8], [9]. O

3. Proofs of theorems

PROOF OF THEOREM 1. It is only to prove that there exists a con-
stant Cg such that

/ () (@) — Clw(@)dz < O[] zo(w)

holds for any ball B. Fix a ball B = B(zo,!). Let B = 5\/nB and
Az) = A(z) — > %(D"‘A)on‘, then Ry, (A;2,y) = Rm(A;z,y) and

|ej=m
DA = D*A — (D*A)g for |a] = m. We write, for fi = fxp and
f2 = fXRn\B7

FA(f)(@) = F{(f)(2) + F (f2) (),

then
w—lB_/ :é(f)( ) — ,Us(fz)(:vo)lw( )dx
= ﬁ—/ |HX1‘(z)Ft (z, )|l — "XF(x)EA(fZ)($0,y)]|Iw(.’l')dar
1
<

) /B WA () (@) (z)dz

+w—<lB_> /B Ixr) FA2) (@, y) — xr@ FA ) (@0, y)llw(@)de
= [ 411
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Now, let us estimate I and II. First, by the L>® boundedness of
pé(Lemma 2), we gain

I < |lp§(f)llzeow) < Cllfll Lo (uw)-
To estimate II, we write
xr@ Fi (f2) (%, ¥) — Xr@ F (f2)(z0,y)
/ [ 1 1 ] Xr(z)Y — 2)Rm(4;z z)fz(z) e
ly—=z|<t

o = 2™ Jzo — 2™ ly — 2|

[Rm(fia z,z) — Rm(;l, xg, 2)|dz

Qy — 2)Rm(4; wo,Z)fz(z)
+/Iy <t (Xl"(a:) XT(z0)) P Tp——T dz

/ [XF(w) (—2)*  Xro)(®o — 2)*
ly—=z|<t

|z — z|m |zo — 2|™

) Xr() Uy — 2) f2(2)
),

2zt [y — 2" Hao — 2™

Ial"m

9 Qy - z)D“A(z)fz(z) dz
ly — 2|1
= IL(x)+ IT(z) + IL(z) + IT5(x).

Note that |z — z| ~ |zo — 2| for £ € B and z € R™\ B, and by the similar
method to the proof of Lemma 2 and by Lemma 1, we have

__1 t

55 L@

_c e = zollf ) o 5.

w J (/Rn\s o st (A2 z)|dz> w(z)dz

< / o= morlayn(i)1||3m(fi;w,2)|dz> w(z)dz
B \k=0 |

2k+lB\2kB I:E -z

IN

AN

IA

o0 k
23 (2’“,fl gt 3 0% Allso( [ 1£(2)ld)

|alj=m
(e 0]
< € > |ID*Allemollfllzow) Y k27
jal=m k=1
< € Y ID*Allsmol | lleuy;

|la|=m
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For I1i(z), by the formula (see [6]):
Rin(A;,2) — R(4; 20, 2)
= R‘m(A7 x, xO)

+ E |ﬂ| D A o, = )(:L'——CL‘())B
0<|ﬁ|<m

and Lemma 1, we get
|Rm(A; z, 2) — Rin(A; 0, 2)|
<C ) IID*Allpmo(|z — o™

|al=m
bY o e oo,
0<|Bl<m
thus, for z € B,
L ()|
< C ___[_Jiz__(f_)l__|R,m(A;x,z) — Rin(A; 20, 2)|dz

< ¢ Y ID°Allamo

laj=m
Ix_$0|m+20 m|m0—z|m‘|ﬁl|m_x0|lﬂ|
x / n <I|Z|O<_ g |fa(2)|d2
klm™
< s
= Ck}_:mIID AHBMOZ @ /WB |f(2)ldz
< Cy ||DaA||BMO||f||L<>O(w)Zk2’km
la|=m k=1
< C Y ID*Allsmol| fll oo w);
|at|=m

For ITi(z), note that | +y — 2| ~ |xg+y — 2| for z € B and z € R*\ B,
we obtain from the similar method to the estimate of 11,

R" RH!

ly — z|"zo — 2|™
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2d dt 1/2
Y
X(XT(z) (> 1) — Xr(zo)(%t))} Zﬁﬁ) dz

< C |f2 )”R’m A $0,2)| // XF ;)(y29 )dydt
R» |330 __zlm |lz—y|<t ‘y—Z| "
1/2
" -3 ,
= / / XF(;{(_y D gyat| de
|zo—y|<t |Z/ - Z!
< o BNz i
- R | — 2™ y|<t,jo+y—z|<t | 1T+ Y — Z|2" -2
1/2
_ 1 dydt &
lxo +y — 2|22 | ¢n+3
< o f @Rz,
- lzo — 2™
jz~ o) v
r— X9 -n
X ——— 1t "dydt dz
(/ /|y|§t,|x+y—z|§t |£E +y- Zl2n+2 )
_ 1/2 A.
< C |f2(2)l]z — o'/ ?| Rm(4; z0,2)| ;.

Rn ImO - Z|m+n+1/2

c o0 kl1/2 2kl)m DA .
< O Grpprmiisa « (QRyrrm+1/z 2 i IIBMo( f(2)ldz)

k= |al=m

IA

cy. ||D“A:|BM0||f||Loo(w)Zkz—k/z
la|=m k=0

C > IID*Allaollfll Loww);

|laj=m

IN

For IT(x), by the similar method to the estimates of IT}(z) and I1I}(z),
we have

x — xo| |a:—930|1/2
IIt < C | +
[ Iz(z)l] < R\B l|m — 2 T (g = 212

x Y ID*AR)|If(2)ldz

la|=m
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< € Y IID*Allsumol| fllLww) D k(@7F +275/2)

|a|:m k=0

< € ) IID*Allpumoll fllee(w).

lal=m
Combining these estimates, we completes the proof of Theorem 1. O

Proor or THEOREM 2. It suffices to show that there exists a con-
stant C' > 0 such that for every H!-atom a(that is that o satisfies:
suppa C B = B(xo,7), |lal|eoq) < w(B)™! and [, a(y)dy = O(see
[1])), the following holds:

125 (@)l 1wy < C.

We write

4 = (18 (a)(z)w(x)dz
| i@ @u(a)d = { Lo /||2} id(a) (@)w(a)d
=J+JJ

For J, by the following equality

Qm+1(4;2,y) = Rmp1(Asz,y) — Y (@~ y)*(D%A(z) — DUA(y)),
laj=m

we have, by the similar method to the proof of Lemma 2,

|D*A(z) — D*A(y)

n lz —y|"

lay) v,

thus, fift is L™-bounded by Lemma 2 and [2]. We see that
J < Ol (@)l uy(2B) < Cllal|o(uyw(B) < C.

To obtain the estimate of JJ, we denote that

Az) = A@) = Y (D" Ay,

laf=m

then Qm(4;z,y) = Qm(A;z,y). We write, by the vanishing moment
of a and Qm+1(4;2,y) = Rn(A;z,y) — E|a1=m %(m — y)*D*A(z), for
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€ € (2B)°,

A e ) - Uy =) Bn(diz)
Ry = [ Sraiededoe

1 Uy — 2)D*Az)(z - 2)* i
2 al /Iy—zISt (=

[y =T — 2"

|la}=m

/ [Xr(y) (2, )2y — 2) R (4 2, 2)

il

ly — 21"z — 2|

_ Xr()(®o, )y — o) Rm (4; z, zo)
ly — zo|* Yz — xo|™

- 1 Xr(y) (2, 1)y — 2)(x — 2)*
Z al /n [ ly — zln—l’m _ Zlm

la|=m

] a(z)dz

_ Xr(y) (%0, 1)y — zo)(x — x0)*
ly — x|~z — zo|™

} D*A(z)a(z)dz,

thus, by the similar method to the proof of IT in Theorem 1, we obtain

|B|1+1/n

HIE’tA(a)(m,y)H < CW

(> 11D Alizsole — 2o

lajl=m

+lo - 20| "D A(2)]),

note that if w € Ay, then 42 Bl < € for all balls By, B, with B, ¢
B,. Thus, by Holder’ inequality and the reverse of Holder’ inequality
for w € A; and some p > 1 with 1/p+ 1/p’ = 1, we obtain

JJ < C Z ”DaA“BMOZ2_k( |B| 'Ll)(2k+1B)>
k=1

Jomdt w(B) |2k+1B|
o0 /p
-k !Bl 1 D '
+ C"O};m;2 w(B) (|2k+lBl i w(x)Pdx

N
_—_ 1o P
* <l2k+13| ok+1p D" A)] dz) '



Weighted continuity of multilinear Marcinkiewicz operators 445

k+1
¢y ||DaA||BMOZk2‘ < ;Hlf") Ifl)>

|a|l=m

< G,

IA

which together with the estimate for J yields the desired result. This
finishes the proof of Theorem 2. O

PrROOF OF THEOREM 3. By the equality

Rmi1(4;2,9) = @ (2,9) + 3 — (2~ y)*(DA() ~ DUA(y))

laj=m

and the similarity to the proof of Lemma 2, we get

W) < i@ +o Y [ A= DA,

y|®

la]=m

By Theorem 1, 2 and [2], we obtain

w({z € R": p§(f)(z) > A})
w({z € R" : j5(f)(z) > A/2})

({xem- > [ A y’ffA(y"lf(y>|dy>cx})

la|=m
< Clfllar @)/

This completes the proof of Theorem 3. O

IA

PROOF OF THEOREM 4. (i). It suffices to show that there exists a
constant C' > 0 such that for every H!(w)-atom a with suppa C Q =
Q(zo,d), there is

148 (@)l ) < C-
Let A(z) = A(z) — 30 %(DQA)Qa:“. We write, by the vanishing

laj=m

moment of a and for u € 3Q \ 2Q,

F{(a)(z,y)
= x(@)F{(a)(z,y)
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R, A Qy —

+X(4q)e () /
Rn

Az, u) Qy—u
—R[;(— u|mu) ly (yu|n )1 XF(y)(“ t)] a(z)dz

(& —2)* Oy —2)
—X(Q)(* Z o /n |:|x_z|m ly — 2| TXr(@)(%,1)

ja|=m

e t)] D A(2)a(2)dz ~ Xy (#)

— u)a _ U) o
< l}_: - / R uln_lmy)(u, §D*A(2)a(2)dz,

then
p4(a)(z)
= ||xr@F(a)(z, )|
< x10(®) ||xr@) Fit (@) (z,v)||
Ru(A; 2, 2) Uy — 2)Xr(y) (2, 1)
+X(4Q)c($ XI"(:c)/ [ iz — 2™ g — 2>
lz —ul™ ly — ulm—1
XI'(z) (x — 2)* QY — 2)Xr(y)(2: 1)
+X(4Q)*(2) |a|§m ol Jgn [lx —zm |y =zt
B (x —u)* Qy — u)XF(y)(ua 17 IS
T— |y a1 D*A(z)a(z)dz
x—u)® Uy —u)
+XQ) ()| Xr() Z ol / Tz —u g~ a1
la|=m
x D% A(z)a(z)dy

= Ki(z) + Ka(z,u) + Ks(z,u) + Ka(z, u).
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By the LP(w)-boundedness of u%, we get

Ky (o)w(z)ds = / u (@) (@)w(x)ds < Cllallpoquyw(@) < C;

Rn 4Q

For Ks(x,u), we write

Rm(A, x, Z) Q(y - Z)
[z — 2 Jy— 2|1 Xr(y)(z, t)

_Rn(4z,u) Oy —u)

t
o —um Jy— a0
Qy — 2)Rm(A; 2, 2)
ly — z[*~ e — 2™

[my—z) Qv ] Ru(4;z, 2)
=21 Jy—uf1] Jz—2fm

= (Xr()(z:t) = Xr()(©, 1))

XF(y)(u7 t)

|z — 2™ |z —u|™

+Q(y - u)XF(y)(u’t) Rm(A;x,Z) _ Rm(fi; x,u)
ly — ul"? '

By the following inequality (see [18]):

y-2)  Qy-u) e | el
- §C<\y—z\"+\y—z|:-l+w)

\ly—zr’ Ly —ufn!

and note that

Qy — z)Rm(4; 2, 2)

_ t d
xr(w [ Gxr(et) = g () TS AR o)
< o[l
< [ — 2]
9 1/2
XF(z) y,t IXF y)(z t) XF(y)(uvt)l dydt dz
R ly — 222 tn+3 “
P |a(z)an(A z,2)|
- |z — 2z|™
T %dydt t="3dydt 12
T 2n—2 T opaoz| @
T(z), [(z) 1Y — | ), T(w) 1Y — 2
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. of @R, //
- Rn |z — 2|™ y <t,)z+y—z)<t |z +y — 2?2 Z‘zn —2
B 1 dydt dz
|z + y — u|?n—2|n+3
¢ of BOlRalino)
B [z — 2™
2
// [u — 2|t~ 3dydt Y e
ly|<t, |z +y—z| <t [z +y — 2?71
. _ 5[1/2
c of ORI fum o

by the similarity of the proof of Theorem 1, we obtain
/ Ko(z, v)w(zx)dx
< ¢ Y ID°Allsmo Z /

lal=m

lu—zl ,U—ZII/Z lu,-—zl’)’
X/ b (Ix — z[n+1 + |z — 2n+1/2 + [z — 2"+ la(z)|dzw(z)dx

2HIQ\Z4Q

< C DA
scX HBMOZ / A
d di/? dv
((de)”+1 + (2kd)n+1/2 + (2kd)"+7) lIa‘lL°°(u;)lQlw(m)d:r
o = ok | o —e w(2*1Q) |Q]
< O3 D% Allawo 3 K2+ 27 4 Tl

|aj=m k=2

< C ) |ID*Allsmo Y_k(@F+27%2 1 277%) < ¢

la|=m k=2

Similarly, we get

/ K3(z, uw)w(z)dz
Rn
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|’U/—Z| |U—Z|1/2
<
> Z/k“cz\zkc@/@ (Iﬂf I e A P TRV

la]=m k=2

%:%7) |D*A(2)||a(z)|dzw(z)dz

+

d1/2 &
) C'fg—:mkzz ( 2kd) i (2kd)n+1/2 * (2kd)n+v)
X (l—Q—I' /Q IDaA(y)ldy> ||a”L°°(w)|Q1w(2k+1Q)
< C.

Thus, by using the condition of K4(z,u), we obtain
| m@@u@i<c.
R’n
(ii). For any cube Q = Q(xo,d), let

Alz) = A(x) - ) é(D"A)Q,@a

|aj=m
We write, for f = fxaq + fxug) = fi + f2 and u € 3Q \ 2Q,

FA()a,y) ~
= FAf) ) + / Fon(Ai3,2) Qfy —2)

y—zj<t 1T — 2™ |y — 271

fa(2)dz
- Y L(D%A) - (D" 4)q)

jaj=m &

(z—2)°Qy—2z) (u—2)°Qy—2)
* ~/|\y z|<t |:

lz — z|™|y — 2|*! B lu — z|™|y — 2|1

]fg(z)dz
- Y S (DAG) - (D°4))

la(—m

x/ (u—2)* Qy—2)
ly

i<t [u— 2™ Jy — 2n1

fa(z)dz,
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then
H(N@) - ps (%‘%—)h) (w0)
- || EA D@0 - | xeeo (R”‘Txf)if—";—')h) W)
< |l FAR) @ 9) — xreo F (%’%—””ﬁn—)fz) (y>H
< || @ HEAR) @, 9)||

+

Xr(@) (¥, t)/_ - [R'"(A;x, 2)Uy — 2)

ly |.’IJ - zlmly - Zln_l

Rm(/i; z9, 2)Qy — 2)
ly—z|<t ImO - Zlmly - Z|n—1

_XF(wo)(yat) :|f2(z)dz

w3 0%
|a|=m
_ipe Qy — 2)(x — 2)°
(D*A)q) »/Iy—ZISt lly — |z — 2

Ry —2)u—2)*
ly — 2"~ Hu = 2|™

] fg(z)dz

+

Xr@ Wt > %(D“A(w)

la|=m

~(0*4)0) [ Uy —2u=27 o )4,

ly—z|<t |y - zln—l|u - Zlm
= Li(z) + La(x) + La(z,u) + La(z, u).

By the LP(w)-boundedness of 4, we get

1
) /Q Li(@)w(z)dz < C||f|| oy
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For Ly(z), we write
R (A4;z,2)0y — 2)
|z — z[™|y — 2[*~1
R (A; zg, 2)Qy — z)
lzo — 2™y — 2|1
Ron(4;3,2) Rm(fi;xo,ﬂ Qy - 2)

= Xr(@) (¥ 1) [ lz—zm  |ao— 2™ | Jy =zt

XT'(z) (y7 t)

~XT(z) (¥ )

Ru(A;20,2) Uy — 2)
w0 — 2™ |y —z* 1

+(XT(2) (¥ t) = XT(20) (U5 1))

then, by similarity to the proof of Lemma 2 and Ks(z,u), we obtain

.
—— [ Lo(z)w(z)dzx
w(@ Jo ™!
< C D*A
X 10°lawo Z / oo
|z —wo| |z —z|'? |z — x|
<|m _ y|n+1 + |x _ y|n+1/2 + l$ — y|”+7 |f(y)|dy
< Cllfllzoew);

Similarly, we get
1
w(Q)

Thus, by using the condition of L4(z,u), we obtain

/Q La(@, wyw(x)dz < C||f|| ()

1 ~A RNL(A;:EO? )
—_— T zg)| w(x)dx
o L[ o@ s< =500 ) o) (o)
< Cllf oo (w)
This completes the proof of Theorem 4. O

ACKNOWLEDGEMENT. The author would like to express his gratitude
to the referee for his comments and suggestions.

References

(1] Bui Huy Qui, Weighted hardy spaces, Math. Nachr. 103 (1981), 45-62.
[2] S. Chanillo, A note on commutators, Indiana Univ. Math. J. 31 (1982), 7-16.



452 Liu Lanzhe

[3] W. Chen and G. Hu, Weak type (H*, L*) estimate for multilinear singular integral
operator, Adv. Math.(China) 30 (2001), 63—69.

[4] J. Cohen, A sharp estimate for a multilinear singular integral on R", Indiana
Univ. Math. J.30 (1981), 693-702.

[5] J. Cohen and J. Gosselin, On multilinear singular integral operators on R", Studia
Math. 72 (1982), 199-223.

[6] , A BMO estimate for multilinear singular integral operators, Illinois J.
Math. 30 (1986), 445-465.

[7] R. Coifman, R. Rochberg and G. Weiss, Factorization theorems for Hardy spaces
in several variables, Ann. of Math. 103 (1976), 611-635.

[8] Y. Ding, A note on multilinear fractional integrals with rough kernel, Adv. Math.
(China) 30 (2001), 238-246.

[9] Y. Ding and S. Z. Lu, Weighted boundedness for a class rough multilinear opera-
tors, Acta Math. Sinica 3 (2001), 517-526.

[10] Y. Ding, S. Z. Lu and Q. Xue, On Marcinkiewicz integral with homogeneous
kernels, J. Math. Anal. Appl. 245 (2000), 471-488.

[11] J. Garcia-Cuerva and J. L. Rubio de Francia, Weighted norm inequalities and
related topics, North-Holland Math. 16, Amsterdam, 1985.

{12] E. Harboure, C. Segovia and J. L. Torrea, Boundedness of commutators of frac-
tional and singular integrals for the extreme values of p, Illinois J. Math. 41 (1997),
676-700.

{13} G. Hu and D. C. Yang, A variant sharp estimate for multilinear singular integral
operators, Studia Math. 141 (2000), 25—42.

, Multilinear oscillatory singular integral operators on Hardy spaces, Chi-
nese J. Contemp. Math. 18 (1997), 403-413.

(15] Liu Lanzhe, Boundedness for multilinear Marcinkiewicz Operators on certain
Hardy Spaces, Inter. J. Math. Math. Sci. 2 (2003), 87-96.

[16] C. Perez, Endpoint estimate for commutators of singular integral operators, J.
Funct. Anal. 128 (1995), 163-185.

[17] A. Torchinsky, The real variable methods in harmonic analysis, Pure and Applied
Math. 123, Academic Press, New York, 1986.

[18] A. Torchinsky and S. Wang, A note on the Marcinkiewicz integral, Colloq. Math.
60/61 (1990), 235-243.

(14]

College of Mathematics and Computer
Changsha University of Science and Technology
Changsha 410077, P. R. China

E-mail: lanzheliu@263.net



