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First-Order Sensitivities for FACTS Devices using UPFC Ideal
Transformer Model

Seung-Won Ant - Thomas W. Gedra*

Abstract : This paper presents a screening technique for greatly reducing the
computation involved in determining the optimal location and types of Flexible AC
Transmission System (FACTS) devices in a large power system. The first-order
sensitivities of the generation cost for various FACTS devices are derived. This
technique requires solving only one optimal power flow (OPF) to obtain sensitivities
with respect to FACTS device control variables for every transmission line. To
implement a sensitivity-based screening technique, we used a new UPFC model, which
consists of an ideal transformer with a complex turns ratio and a variable shunt
admittance. A 5-bus system based on the IEEE 14-bus system was used to illustrate the
technique.

Key words : FACTS (#94$47%%]), screening technique (XA¥7|&), OPF (HAzFHA),
sensitivity analysis (RIZ=34), UPFC (£34A8Alo17]), UPFC ideal transfor
-mer model (UPFC ©)4¥str] =d)

1. Introduction Controllers (UPFCs), Advanced Series
Compensators (ASCs), Static Phase
FACTS devices have been effectively used Shifters (SPSs). etc. FACTS technology

to increase controllability of electric power has been successfully implemented in
flow in large interconnected transmission several places including an excellent
networks in order to fully utilize existing application of the UPFC at the AEP Inez
transmission systems. Power electronics substation in Ohio, USA. Since the

based FACTS devices include Static VAR FACTS devices, especially UPFCs, require
Compensators (SVCs), Unified Power Flow a high capital cost to install, they cannot
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be installed in every possible transmission
line. Thus, a need exists for developing a
cost-benefit analysis technique to deter
-mine if the FACTS devices would be
beneficial and, if so, the best location to
install and the type of the FACTS devices.

In principle, determining the optimal
location for a FACTS device is simple. For
each possible location, we place a FACTS
device in the power system model and
calculate the cost savings with respect to
a base case (with no new FACTS devices
installed).
time and for each potential location is

The operating cost at each

determined using an optimal power flow
(OPF) program. However, the computa
-tional burden of evaluating this annual
value for every line is immense because an
OPF problem must be solved for each line
and for various representative times of
year. Therefore, an efficient screening
technique is desired to identify only the
most promising locations and types of the
FACTS devices so that at each point in
time throughout the year, the exhaustive
calculations described above do not have
to be carried out for every location that is
FACTS

solve only one

a candidate for installing the

device. Instead, we
"base-case” OPF problem for each point
in time, from which UPFC sensitivities

can be easily computed.

The UPFC has the capability to control
voltage magnitude and phase angle, and
can also independently provide (positive
or negative) reactive power injections.
Therefore the UPFC can provide voltage
support as the SVC, control of real power
flow as the SPS or the ASC, and other

functions. So, we were able to use the

UPFC model to obtain the first-order
sensitivities of the total generation cost
for other related FACTS devices.

The UPFC injection model™ and the
uncoupled model® have been proposed for
steady-state power flow analysis.

These models can be easily incorporated
into steady-state loadflow or OPF problems.

However, in these models four UPFC
control variables depend on the UPFC
input and output currents and voltages,
and both models require adding two
additional buses to the loadflow or OPF
problem formulation. The voltage and
current relationships between UPFC input
and output need to be included explicitly.

In addition, a constraint on real power
thereby
reducing the degrees of freedom to three.

conservation must be added,

The dual variables associated with real
at these
meaningless, but

and reactive power balance
fictitious buses are
their addition only serves to increase the
problem size. Therefore, these models are
UPFC

analysis. To overcome these problems, we

undesirable for our sensitivity
used a new steady-state mathematical
model for an ideal UPFC, which consists
of an ideal transformer with a complex
turns ratio and a variable shunt admit
~tance™. In this model. UPFC control
variables do not depend on UPFC input
and output voltages and currents, and
therefore addition of fictitious input and
output buses are not necessary. This
model is easily combined with transmission
line models using ABCD two-port represen
~tations, which can then be converted to
Y-parameter representations. Thus, the
UPFC model is embedded in the Yous
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matrix, and so the size of the Ypus matrix
is not changed. Furthermore the system
\'bus

locations.

matrix is modified in only 4

The proposed technique is implemented
on our 5-bus system (based on the IEEE
14-bus case). To verify the effectiveness
of the screening technique, the actual
cost savings for each transmission line is
obtained wusing the UPFC uncoupled

model?.

2. OPERATING PRINCIPLES OF
UPFC

A UPFC consists of a shunt transformer,
a series transformer, power electronic
switching devices and a DC link, as
shown in Fig. 1. Inverter 1 is function
-ally a static VAR compensator assuming
that inverter 2 is not connected. It injects
reactive power in the form of current at

the shunt transformer, and the current

phasor fT is in quadrature to the input

voltage ;, Inverter 2 by itself represents

the so-called advanced series compensator
is not
by
adding voltage through the series trans-

{ASC) assuming that inverter 1
connected. It injects reactive power
is in

former. The injected voltage

Vi
quadrature to the receiving end current

—

Now if we connect inverter 1 to

inverter 2 through a DC link, inverter 1
can provide real power to inverter 2.
Therefore the UPFC can independently
control real and reactive power injections
through the series transformer, but the
real power injected at the series transfor
-mer is provided by the shunt transformer

i
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through the DC link.
provide the real power used by inverter 2

Inverter 1 must

via the DC link, but can also independently
inject reactive power (positive or negative)
through the shunt transformer.
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Fig. 1 General UPFC scheme [4]

3. OPF WITH UPFC

Suppose that a UPFC is installed in
transmission line ik. The mathematical
formulation of the OPF with the UPFC
can be expressed as

i 0 1)
subject to:
h(»=0, i=1-,n
g;(») <0, J=lyeym
where

- C(¥x4)is the total generation cost.

- Y is a vector of decision variables.

T
- Xy =[Tik P pik] is a vector of the

UPFC control variables in line k.

—{h;: i=1, -

equality constraint functions.

n} is the set of

(839)
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—{g;: j=1,m} is the set of
inequality constraint functions.

We use the UPFC ideal transformer
model to construct the equations for OPF
with a UPFC. It is important to note that
the number of quality constraints is the
same as that of the base case OPF with
no UPFC. This is because the UPFC
control variables do not depend on UPFC
input and output voltages and currents,
and the UPFC model is embedded in the
Ybus matrix, and because we ignore UPFC
operational limits. Now, let us construct
the Lagrangian for the OPF problem as

Lo(psArx,)=Cly,x,)+i= Z Ahi(y,x,)
i=1

D M8 x)s 2)

where 4, and pg; are the Lagrange

multipliers for the equality and inequality
constraints, respectively. To solve the
proposed OPF problem with Iinequality
constraints, we use the primal-dual
interior-point method. At the optimum,
the last term of (2) must satisfy the
complementary slackness condition such
that u;g;-, for each j=1, ..., m. Therefore,
if an inequality constraint is binding, we
could treat it as an equality constraint,
and we could ignore it if it were not
binding. Since we are using interior-point
methods (not active-set methods) we do
not have to distinguish between active
and inactive constraints until the OPF
solved [5]. This

“cycling” behavior in the active set which

problem is avoids
sometimes occurs with active set method
such as Newton’s. Then. to derive the
first-order sensitivities, we rewrite (2) as

Lo(ysdsxy) = C(y’xi/()+z/1jhj(ysxik)’

jea

where 4 is the set of active constraints,
once they are known.

4. FIRST-ORDER SENSITIVITY
ANALYSIS

Let us consider the case where the
UPFC is inserted in line ¢k and the
UPFC ideal transformer model is used for
the analysis. The marginal values (MVs)
of the UPFC, to be installed in line ik,
are simply the amounts by which the
total cost of system operation could be
changed by allowing a small change of
the UPFC control variables in line k. We
can obtain the MVs by assuming that
there is a UPFC in line &, but that the
UPFC is not operating. So we add three

extra constraints

T, =T, ¢ik=¢’ P =P

to the original OPF problem, and for
simplicity, we denote the constraints as
xx=2x in vector form. Then, the new

Lagrangian can be written
L (Vs Ay Xy A,) = C(y’xik)*‘le h(Vsxy)

JjeAa

+/1‘I(x—xik)’ (4)
where

A=l 4, 4]

x

We define the function A5(x) to be the

optimal value of the Lagrange multiplier
on the constraint x,=x. Here, we are

most interested in A (x=x,), which is

(840)
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associated with the constraints

Iiy=L ¢,=0, p,=0

This is because the OPF problem when
solved with the UPFC control parameters
x = xp yields the same result for v and A
as the base case where there is no UPFC
in line #%4. Using the first-order conditions
for the solution of the OPF problem for

Xip = Xg,

0Ly

Oxy

=0
(5)

we can solve for 4,(%,) to obtain

Oh, (¥ "y xy)

. oC(y ,x «
ix(xo)_ (éy Ik) z J o
X ik

ik jeA

(6)
Note that

oC(y ’, Xy)
Oy

* ah *, ]
and 4, ————~’(ay %)
' Xk

Equation (6)

indicates that the marginal value A%(x,)

are easy to compute.

can be determined once we know 3* and
»*, which are obtained from the base case
OPF with no UPFC. Thus, if we know »*
end ¥'., we can obtain the first-order
sensitivities of cost with respect to UPFC
control variables x, for each possible
transmission line by solving only the
base-case OPF. Since the UPFC model is
embedded in the Yuus matrix, as explain
-ed in (3], the first-order UPFC sensitivity
enalysis is only associated with complex
¢ and k&, and
3
if it is binding. If transmission flow is

power injections at buses

the thermal limit of transmission line

(841)
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limited by
constraints (| P,l<P .,

stability, such
i l9,' - 0k| < 6

steady-state

or max )
can be included as well. For any value of
the UPFC parameter x, the interpretation
of the multiplier A}(x) is the marginal

change in the total generation cost as the

constraint *# =% is changed slightly. If
it would be
made to improve the objective function.

such a change is allowed,

The sign of A; determines the desired
direction of the change in components of
xy4. Therefore, only the absolute value of
the multiplier matters. As we vary x from
%y to the set of optimal values x%. the
multiplier will vary from the marginal
value Ai(x;) to the value A*(x,)=0. This
is because if we constrain x, to be equal

to its unconstrained optimal value, the
multiplier for this constraint must be
Zero,

Vi/d V(o

e

Yi—jp

V£

-

JI/ In ..
Z 1jeec=-jXz

Al

Fig. 2 Advanced series compensator in a
transmission line

o. FIRST-ORDER SENSITIVITIES FOR
OTHER FACTS DEVICES

The dual variables i, 4, and 4, in the

UPFC sensitivity analysis do not directly
represent the marginal values of the ASC
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and the SVC since these devices have
different control variables. So we must
represent the first-order sensitivities of
cost function for the ASC and the SVC
using the results obtained from the
base-case OPF. Let us first consider the
ASC. We assume that the UPFC operates
only as the ASC, as shown in Fig. 2 The

input voltage can be expressed as

—y —> — — . Io
v. =y, T Xe= oy, |1 X (D
VO

= V. 1,
T=Zlaol-joX, = ——XL(/+8 -0,),

v, , v, (8)

=1+-2 X sin(d-6,)- Ly 8,-9,).
Vo < 1 ( o 0) JV Ccos( o 0)

o

Equation (8) can be used to express the
change of the ideal transformer turn ratio

with respect to X, that is

ar =e,¢[ dr_p dq
dx

dXC (4 dXC
(%+50 6 )
(5 0 ) j——cos(ﬁo 0 ) 9
Thus
;;C = IZ sin(&o -0, —¢),
d¢ 11,
Kc —0c05(5n —00 —¢) (10)

The complex power injected at the

shunt admittance in the UPFC ideal
transformer model is written by
S, =8,-8, = an

and the complex power injected at the
ASC in terms of voltage is written by

- Thomas W. Gedra

5,-5,=(. -V =

Using (11) and (12), the shunt admittance
can be expressed as

(12)

p=X,

—2
[o
20 (13)
T

_12 17,

and the first order derivative of the

shunt admittance with respect to X., is
obtained by

7, 2
d,o o
=L (14)
dx, IT'
VLo VoZBo
- L _
S So
,é/ Yosjp
Vil Vo/6o

el
Y=
—
©
|

B [

Fig. 3 Static VAR compensator in a transmission
line

With (10) and (14), the first-order
sensitivity of the ASC with respect to X,
can be obtained by

7 t A d‘jYT A d(jf ’

<

Ax. =4 dx

[S)

T, I
—_— +/ZTV—°sin(§0—¢90—¢) (15)
71

14

=/lp

117,
-A,——2-cos
‘rv, (6. -

(842)
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At T=1£0 and p=0, the above

expression for

/lxc reduces to

2
I . I 7,
A, =y 25itkd, =) 3y oods ~e,)+ﬂ,,!—_;—z- (16)

¢

Now, we consider the UPFC operating
only as the SVC, as shown in Fig. 3 The
complex power injected by theSVC in
terms of current is written by

5,-5, =V, -1) =-ip[ . an

where B is the shunt admittance of the
VAR compensator. The shunt admittance
of the UPFC ideal transformer model can

be expressed by rearranging (11) and
(17), that is
— |2
i
p=B— (18)
vl .

Line 1

Line §

Line 2

Fig. 4 Diagram of 5-bus subset of IEEE 14-bus
system [6]

and the first-order derivative of the
shunt admittance with respect to B is
obtained by

Zi
LU (19)

9B |7y

o

Since the ideal transformer does not

(843)

generate or consume the reactive power,

we have
a .
dB (20)

Thus, the first-order sensitivity of the
SVC with respect to B can be obtained by

B

— |2
14
:’i;’%:’zp%{zl—lﬁ_ﬁ" (21)

At T =140 the above expression for A

reduces to
di
A =4, i (22)

6. RESULTS AND DISCUSSION

The proposed sensitivity method was
tested on a b5-bus system derived from
the IEEE 14-bus system (available on
www.ee. washington.edu/research/pstca/).
T'ig. 4 shows the 5-bus system[6]. The
line input data for the 5-bus system is

given in Table 1. The system consists of
two generators at buses 1 and 2, and one
synchronous condenser at bus 3. The
generation cost function, measured in

$/hr, is assumed to be

C(Py)=a+p-P,+y-P; (93)
Table 1 Line input data for 5-bus system
(Sbase=100MW)
Linett Bus- R X Y Smax
Bus pu pu pu MVA
1 1-2 10.01938 | 0.05917 | 0.0528 | 120
2 1-5 | 0.05403 | 0.22304 | 0.0492 90
3 2-3 [0.04699 | 0.19797 | 0.0438 | 75
4 2-4 | 0.05811 | 0.17632 | 0.0374 | 75
5 2-5 | 0.05695 | 0.17388 | 0.0340 | 75
6 3-4 | 0.06701 | 0.17103 | 0.0346 75
7 4-5 1 0.01335 | 0.04211 | 0.0128 75
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Table 2 Generator input data for 5-bus system

B 3 Pmax Pmin Qmax Qmin
# a x 10

7 MW MVAR
11692.32 ] 11 | 0.820 | 250 | 45 | 150 |-100

21692.32| 12 0 150 | 15 | 50 | -40

3 0 0 0 0 0 40 | -40

Table 3 Load input data and bus voltage limits
for 5-bus system

Ptotal Qtotal Vmax Vmin
Bus#

MW MVAR pu pu
1 0 0 1.08 0.95
2 21.72 4.41 1.08 0.95
3 94.06 19.10 1.08 0.95
4 91.61 18.60 1.05 0.95
5 51.48 10.45 1.05 0.95

) [ 108
W 15
[ J]
3 Actua v (/hr)

MV / Actual IV

1 2 5 8 7

4
Line number

Fig. 5 Marginal and incremental values for S5-bus
system

where Pg is the unit's real power
generation level measured in MW. The
generator input data is summarized in
Table 2. Generator 1 has a smaller marginal
cost than generator 2 for any Pai and Pag
within the respective allowable generation
ranges. Loads are assigned such that the

current flow constraint in line 1 is binding

(we assume that thermal constraints limit
line flow for this example). The load input
data and bus voltage limits are given in
Table 3. We assume that a UPFC is
installed in the middle of the transmission

line. The marginal values (|2, |Ax| and

fAg]) for the 5-bus system are shown in Fig.

5 Transmission lines I and 2 produce high
MVs or (14/. and |Ax_|). Thus. the two lines

appear to be the most promising places to
install the UPFC. In addition, an SPS or an
ASC could be a candidate for either line. To
compare our sensitivity based screening
technique with actual saving resulting from
UPFC installation in each candidate line, a
full OPF with a UPFC in each candidate line
is implemented to obtain the total cost
savings, also called the actual incremental
value (IV). As shown in Fig. 5, we can see
hat the lines with higher MVs usually
produce higher IVs. This provides
confidence that MVs and IVs are related
enough to use for screening for optimal
locations. For the 5-bus case, Table IV
shows real power generation, transmission
line losses and the total generation cost.
Since the
adjusted for marginal losses at bus 1 is

generation marginal cost,
lower than that at bus 2, it is profitable to
obtain more real power from generator 1 as
long as its adjusted marginal cost stays
lower and no operational limits are
reached. For the optimal location of the
UPFC, transmission losses may not be
minimized since our objective is cost
minimization. An important thing to note is
that it is more economical to locate the
UPFC at the heavily-loaded high voltage

line 1 since it allows more power to be

(844)
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transmitted on the under -utilized line 2
while preventing line 1 from overloading.
Eventually, no further savings due to
UPFC operation can be achieved because of

the voltage constraint at bus-2.

Table 4 Real power generation, line loss and total
generation cost for 5-bus system

UPFC Pa1 Paa Ploss Protal
Location MW MW MW $/hr
Base case | 198.18 | 71.60 10.51 | 4460.1

Line 1 219.31 ) 51.18 | 11.64 | 44526

Line 2 22456 | 46.19 | 11.90 | 4451.9

Line 3 196.85 | 72.77 | 10.77 | 4459.0

Line 4 202.45 | 67.40 { 10.99 | 4457.3

Line 5 204.52 | 65.40 | 11.11 | 4457.2

Line 6 196.85 | 72.73 | 10.73 | 4458.6

Line 7 202.59 1 67.22 10.95 | 4456.4

7. CONCLUSIONS

We have
sensitivity technique to screen for the

proposed the first-order
optimal locations and to determine the
best types of the FACTS devices in a large
power system by ignoring the transmission
lines with low MVs, and running a full
OPT only for the lines with higher MVs to
obtain actual IV. We have also derived the
first-order sensitivities for the ASC and
the SVC using the results obtained from
the base-case OPF. The UPFC

transformer model has been developed for

ideal

the sensitivity analysis. This model does
not require adding two extra buses, and
the UPFC is embedded in the Ybus matrix.

(845)

Currently, we are developing methods
based on second-order sensitivities to
provide improved estimated incremental
values as compared to the first-order

methods.
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