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Intuitionistic Fuzzy Circles

Mi-Hye Kim

Abstract In this paper, we introduce the intuitionistic fuzzy circle with a pair of degree which are membership and
nonmembership functions, and investigate the properties of them. And also we experiment with developing fuzzy
geometry by limiting process of the notion of intuitionistic fuzzy circles which restricted the notion of fuzzy spheres in
order to apply to 2-D image.

2 9 B =Edae 2%3 Hli%e AEE vehlle 8448 222 712 intitionistic A A& Alsta, 259 A4
e AR Bkt =g, HA] 74 JigE 23 Gl 1‘1%3}71 et & AZE intuitionistic HA] Yol I =
ZA &0 93] 2] 716}011 719982 & 4 9ot

Keywords : simple closed circles, arc function, intuitionistic fuzzy circle, intuitionstic fuzzy convergent

1. INTRODUCTION circle in order to detect in 2-D image(a hidden cir-

cular shape) as a kind of fuzzy circle application,

Since Zadeh[1] introduced the concept of fuzzy  and using this such theory, and we proposed a circu-
set in 1965, fuzzy mathematics and its application lar traffic sign detection process and automatic cir-

has been developing rapidly. In fuzzy sets, member-  cular convergence in the problem of drawing a
ship degrees indicate the degree of belongingness of  circle by computer. In this paper, we study the
elements to the collection or the degree of satisfac-  expanded version of such circle. For the readers’

tion of elements to the property corresponding to the  convenience and completeness, we include most
collection. As a generalization of fuzzy sets, the  concepts applied in [8].
concepts of intuitionistic fuzzy sets was introduced
by Atanassov{2]. Intuitionistic fuzzy sets have a pair 2. INTUITIONISTIC FUZZY CIRCLES
of membership degree and nonmembership degree.
Rosenfeld [3-6] introduced certain ideas in fuzzy In this section, we introduce some definitions and
plane geometry, e.g., area, height, width, diameter = basic properties which are necessary to the main
and perimeter of a fuzzy subset of a plane. The  arguments in the article.
results developed in these papers have applications From now on, x(¢) and y(¢) are continuous para-
to pattern recognition. Buckley and Eslami [7] metric functions on I that define a simple closed
began what will be an extensive development of  curve C on the xy-plane. Let X be a nonempty crisp
fuzzy plane geometry. The development used fuzzy  set. A fuzzy subset p of X is a function from X into
real numbers for measures of area, perimeter, and so the closed unit interval [0,1], that is, p:X—[0,1]. In
on while that used real numbers. Cheng[9] proposed the literature, a fuzzy set A may also be written as a
fuzzy geometry by limiting process of the notion of  set of ordered pairs: A = {(x, u(x)):xe X}, where
fuzzy spheres whose degree of circularity is mea- Ha(x) is referred to as the membership function or
sured by a fuzzy set, called a circularity function. In  grade of membership. If the range of the fuzzy set pu
[8], we studied fuzzy circle and its application in  contains only two values O or 1, then p is identical
which we modified the fuzzy sphere in [9] to fuzzy to the characteristic function of a subset of X. An
intuitionistic fuzzy set A (IFS for short) is an
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the function w,:X—[0,1] and v4:X—[0, 1]
denote the degree of membership and the degree of
nonmembership respectively, and
Ha(x)+vy(x)<1. For the sake of simplicity, we
shall use the symbol A = (u,(x),v,(x)). Obvi-
ously every fuzzy set p, on X is an IFS of the form

A = (pa(x), 1-ps(0)) -

Definition 2.1([2]) Let A = (p,(x), v4(x)) and
B = {pg(x), vg(x)) be IFSs on X. Then

(1) AcBiff y, <uz and v, <

(2)A=biff AcB and BC A

(3) A*=(va, Ua)

(4 ANB = [y Aig, vy A Vg

(5)AUB = py v lig, vy Avg

Motivated by the concept of equations of motion
we can specify curves in the two-dimensional xy-
plane by using equations, x = x(f), y = y(¢f) to express
the coordinates of a point (x, y) on the curve as
functions of auxiliary variable z. This is called para-
metric equation for the plane, and the variable ¢ is
called a parameter. Let C be a simple closed curve
consisting of all ordered pair (x(¢), y(¢)) on the xy-
plane, where x(f) and y(r) are continuous real valued
functions defined on a closed Interval I = [a, b]. Cir-
cles and elliptics are typical examples of simple
closed circles.

Definition 2.2 ([9]) (1) A  function
U_.:(I > [0, 1]) is called an arc function of C if

@ there exits a function f;Rx R — [0, 1] such
that u_ (¢t} = f(x(#),y(¢)) forall te I,

@ p_ (1) =1 forall te I when C is a circle.

(2) A function v_.:] — [0, 1] is called an nonarc
Sunction of C if

@ there exits a function g:RxR— [0, 1] such
that v_.(t) = g(x(1),y(t)) forall te I,

@ v_ (1) =1 forall te I when C is a circle.

Clearly, p_.(1), v_.(r) is a fuzzy subset of I
Intuitively, the arc function p_.(f) and the nonarc
function v__(t) can be thought of as numerical mea-
sures which are degrees of arc and nonarc (or a
straight line) for a simple closed curve on the -
plane, respectably.
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Let C be a simple closed curve on the xy-plane
defined as above. An intuitionistic fuzzy circle on the
xy-plane is given by

C = x(1), (), (1), v_(n)|te I
where O<S u(t)+v(t)<1 forall re I.

Roughly speaking, an intuitionistic fuzzy circle is
formed by a simple closed curve C together with an
arc functions u_.(¢), and a nonarc function v_.(¢)
for all t € I. For the sake of simplicity, we shall use
the symbol

C = {x(2), y(t), t_(t), v_.(t)) for an intuitionis-
tic fuzzy circle.

If Cy is a crisp circle, then the corresponding intu-
itionistic fuzzy circle must have the maximum
degree of arc u_ C, () = 1 and the minimum degree
of nonarc v -, (t) 0 for te I. So we can write
Co = (x(1), y(1), 1,0).

An arc function y:(¢), and a nonarc v;(t) func-
tion can be used as a measure in comparing two
intuitionistic fuzzy circles. Let C, and C, be two
with arc functions
v- (t)

is called an mtutttomstzc

the crisp c1rcle as

intuitionistic fuzzy circles
M (t) M (t) and nonarc functions v: (t)
respectlvely Then C i
Sfuzzy subcircle of C2 , written as Cl < C2 , if

M (t)<ucz(t) and Ve (t)<v (t) forall teI.

And Cy is said to be equal to C,, written as

Cz, if C1<C2 and C2<C1, for all re .

From the definition of equal relation, we can see
that the relation ~ is an equivalence relation.

The union {&,,} of a sequence of intuitionistic
fuzzy circles, denoted by ) C,, is defined as the
intuitionistic fuzzy circle !

n=

) Cn = X (1), (1), iy Ca(1), v Cn(D)
n=1

where (x*(), y*(¢)) denotes the parametric repre-
sentation of G C, . and the arc function t_Ca(r)

is given by "=’

HUCKD = (V)0 = Va0,
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and the nonarc function vy Ca(t) is given by
v Cn(t) = ( /\v&n)(t) = Av&n(t) .

we can see that the 1ntersect10n of the sequence of
intuitionistic fuzzy circles ﬁ Cr is similar to the
sequence union ( C, such that

n=1

A Cn = (' (0,5 (), B Cal ), v Cal 1))
n=1

where (x*(t), y*(t)) denotes the parametric repre-
sentation of (~ C,. and the arc function uCn(2)
is given by "=!

BACH) = (Al D) = Al (1)

and the nonarc function v é,,(t) is given by

VACKD = (V)0 = Vv (0).

The complement of C, denoted by C°, is defined
to be the intuitionistic fuzzy circle

C" = (x(1), y(0), 1 — pz(0), 1 = v(1))
The following Proposition gives the most elemen-
tary properties of the intuitionistic fuzzy circles.
Proposition 2.3 Let c 1» C~'2 be intuitionistic fuzzy
circles, and éo be formed by a crisp simple closed
circle. Then

(I é <C1UC2’ C1>C~1 C

@ <0G €2 0C,
n= n=1

3) € LCUC, ¢ LU

@ T2EAC, C2EAC

5) CLC %G,

©6) CA £

Properties (1)-(4) are similar to those of the clas-
sical theory, but (5)and (6) are somewhat different

from the classical ones. We should note that an intu-
itionistic fuzzy circle intersection its complement of
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the intuitionistic fuzzy circle is not emptyset.

In a classical measure theory, there are the mono-
tone convergence theorem, the uniform convergence
theorem, and Lebesgue dominated convergence the-
orem, all of which are well known. For the intu-
itionistic fuzzy circle sequence, we will show that
Convergence Theorem of intuitionistic fuzzy circle
sequence for the sequence of monotone arc-nonarc
functions.

For n = 1,2,..., let C, be a simple closed
curve given parametrically in terms of ordered pair
x,(1),y,(t) for tel, where x,(), yu(t) are real
valued continuous functions on I, and let C, be the
intuitionistic fuzzy circle that is formed by C, with
the arc function ”c (t) and the nonarc function
Ve (t) respectably, such that

Co = X, 72D, e (D, VG ().

Since the intuitionistic fuzzy circle has been
defined with an arc and a nonarc function, we can
introduce a concept of the convergence in the sense
of arc function and nonaec function for intuitionistic
fuzzy circle.

Definition 2.4 The sequence {én} of intuitionis-
tic fuzzy circles is said to converge in the sense of
arc-nonarc function to the intuitionistic fuzzy circle
if for all r e I, converges to and converges to at the
same time .

The following theorem may be called the “Con-
vergence Theorem of intuitionistic fuzzy circle
sequence for the sequence of monotone arc-nonarc

functions,” or “the Monotone Convergence Theo-

i3]

rem.

Theorem 2.5 Let C, <C~‘2 <<C~‘n < bea
nondecreasing sequence of intuitionistic fuzzy cir-

cles. Then the sequence {C,} converges in the
sense of arc-nonarc to the intuitionistic fuzzy circle

N

U

n=1

Cn.

Proof. For each te I, it is easily to see that
{n ¢ (t)} is a nondecreasing sequence of real numbers
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oo

bounded above and sup{u Hn=12,. }:\/.
Thus, it follows from Theorem 2.5 of [51=lhat

lim Hs = \/”c (t) forall rel.

n—ooo 7

Since the arc function of "L_)lc is given by

\/1 W~ é (¢) , the nondecreasing sequence of intuition-
1stic fuzzy circles converges in the sense of arc to
the intuitionistic fuzzy circle .

It remains to prove that the sequence converges in
the sense of nonarc to the intuitionistic fuzzy circle
O Cn.
n=1

But the remaining part is similar to the above. So
we can get the conclusion. . °

By using Theorem 2.5, we immediately obtain the
following corollary.

Corollary 2.6 Let C, >62>> C,>bea
nonincreasing sequence of intuitionistic fuzzy cir-
cles. Then {C,}converges in the sense of arc-
nonarc to _the intuitionistic fuzzy circle ;’j 6‘,,, that
is, lim C, = A C. in the sense of' atc-nonarc

n=1

functidn.

3. GEOMETRIC INTERPRETATION OF
THE INTUITIONISTIC FUZZY CIRCLES

In this section, we will interpretate the intuitionis-
tic fuzzy circles geometrically and consider the
problem of drawing a circle by computer as the arc
function gets closer and closer to 1 from intuitionis-
tic fuzzy circle.

In 8], we introduced an example of arc function
and in this section we consider that example with
nonarc function.

Let C = {(x(1), y(2)){t€ I} be a simple closed
curve on xy-plane. Then we can take I the smallest
closed rectangle including. Let be the intersect point
of two diagonals of I".

Define the function u_.(#) as following

Min{|P-Py|:Pe C}
U (t) = {Max{|P-Py|:Pe CY

0, otherwise

P, e Int(C)

where int(C) is the set of all interior point of C. It
is easily to see that for P, € Int(C),

Min{|P—P¢:Pe C}
Max{|P Py:Pe C}
< Max{|P—P|:P € C} _
" Max{|P-Py:Pe C} ~

So, we can see that u é(t) is an arc function of C.
And we take the nonarc function v;(¢) = 1-p;(#)
for all ¢ € I for the convention.

Hence we called the intuitionistic fuzzy cir-
cleC = ((x(1), (), Ke(D), Va(D)  Ba(D) = V(o)
intuitionistic fuzzy circle. From now on, we can see
this from the following examples and consider the geo-
metric significance of the intuitionistic fuzzy circle.

If Cy is a crisp circle, then the parametric equa-
tions are given by

x(t) = Rcost, y(t) = Rsint,

where t € [0, 2n], R is a real constant.

Since Cy is a crisp circle , we know that for all
te [0,2n],

Min{|P(t) - Py|:Pye C} = Max{|P(t)-Py|:Pye C}

Hence the calculated arc function is p_(f) = 1,
nonarc function is vé(t) =0 for all te [0,2nr].
Therefore the intuitionistic fuzzy circle C is given by

C = {(Rcost, Rsint), 1,0} .

Similarly, we can consider in case that C is an
elliptic. Let a>b and for re [0,2x]. Then the
parametric equations of an elliptic curve are given by
x(t) = acost, y(t) = bsint.

So the arc function is p () = ; and the nonarc

o

) .uc(f>-—-

Fig. 1.is a circle
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Fig. 2. is an elliptic

function is v (¢) = 1 _b

Thus the intuitionistic fuzzy circle of an elliptic is
expressed by ¢ = {(acost, bsint), 5, 1- §> .

If C is an arbitrary simple closed curve, the intu-
itionistic fuzzy circle equation as follows.

C = (x(0), y(), uz(8), V(1))

where u;(¢) and v;(¢) are defined same way to the
above.

In the problem of drawing a circle by computer,
we first consider a sequence of intuitionistic fuzzy
circles with their arc functions in a non-decreasing
order / their nonarc functions in a non-increasing
order.

Initially, we begin with a given intuitionistic fuzzy
circle. At those points near which the curve changes
sharply, we may improve their degree of arc by
adjusting the arc function step by step.

As the arc function gets closer and closer to land
the nonarc function gets closer and closer to 0, we
would expect that the intuitionistic fuzzy circle gets
closer and closer to a crisp circle.
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Fig. 3. Drawing a circle by computer

REFERENCES

[11 L. A. Zadeh, “Fuzzy sets”, Inform. and Control, Vol 8,
pp 338-353, 1965.

[2] K. T. Atanassov, “Intuitionistic fuzzy sets”, Fuzzy
Sets and Systems, Vol 20, pp.87-96, 1986

[3] A. Rosenfeld, “A note on perimeter and diameter in
digital pictures”, Inform. And Control 24, pp. 384-
388, 1974.

[4] A. Rosenfeld and S. Haber, “The perimeter of a fuzzy
set”, Pattern Recognition Letters 18, pp. 125-130,
1985.

[5] A. Rosenfeld, “Fuzzy groups”, J. Math. Anal. Appl.,
Vol 35, pp. 512-517, 1971.

[6] A. Rosenfeld, “The fuzzy geometry of image sub-
sets”, Pattern Recognition Letters, Vol 2, pp. 311-317,
1984.

{71 K. C. Gupta and S. Ray, “Fuzzy plane projective
geometry”, Fuzzy sets and systems, Vol 54, pp. 191-
206, 1993.

[8] M. H. Kim, “Fuzzy circles”, J. Research Institute for °
Computer and Information Communication. Vol 11.
No. 3 pp.47-52, 2003,

[9] S. C. Cheng and J. M. Mordeson, “Fuzzy curves”,
Fuzzy Information Processing Society, pp. 268-272,
1997.



