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KRULL DIMENSION OF A COMPLETION

CHuL Ju HWANG

ABSTRACT. We calculate dim A which is a completion of a Noetherian ring A with
respect to I-adic topology. We do not use localization but power series techniques.

Let R be a commutative ring (with 1). We denote by dim R the Krull dimension
of R. Arnold [1, 2, 3, 4], and Kang & Park [9, 10, 11] there are many researches
about topics relating dimension, completion and power series. In this note we cal-
culate dim A, which is the completion of a Noetherian ring A with respect to I-adic
topology. We do not use localization but power series techniques. For any Nothe-
rian local ring (A4, m), let A be the m-adic completion of A. It is well known that
dim A = dim A Atiyah & Macdonald [5, p. 122]. But this fact can not answer for
arbitrary I-adic completion of a ring, although the ring is very simple, for example,
a principal ideal domain. In this paper, we extend the above theorem and we cal-
culate the dimension of a I-adic completion of a principal ideal domain. Let R be a
Notherian ring, I an ideal of R such that

ﬂ I, = (0)’
n=1

and R the I-adic completion of R. Then

R[[z1,...,@p]]
(z1—a1,...,Tn — apn)
by Greco & Salmon [8, p. 17] and Nagata [13, p. 55]. Even without the condition

N I = (0),
n=1

the same result can be obtained as Kang & Park [10, p. 5].

R~

Received by the editors November 10, 2003 and, in revised form, January 13, 2004.
2000 Mathematics Subject Classification. 13A15, 16W99.

Key words and phrases. Noetherian, completion, dimA.

This paper was supported by research fund of Muryanghyang, 1999.

(© 2004 Korea Soc. Math. Educ.
23



24 CHuL Ju HWANG

Lemma 1. Let R be a Notherian ring. And let M, (b1,...,b,) be ideals of R. Let

R([z1,...,z,]] be a power series ring over R. If M is minimal over (by,...,by)

then the ideal M + (z1,...,%,) of R[[z1,...,zn)] is minimal over (by,...,b,) +

(1121, e ,.’En).

Proof. Suppose that there is a prime ideal P of R[[z1,...,Z,]] such that
(bl,...,bk)+(:c1,...,xn) C PCM+($1,...,$n).

Then we know that (b1,...,b;) C P(|R C M implies PR = M since M is min-

imal over (b1,...,b;). Hence P D M + (z1,...,z,) implies P = M + (z1,...,T,).
Therefore M + (z1,...,%y) is minimal over (by,...,by) + (z1,...,Zxs). O

Lemma 2. Let R be a Notherian ring. Let R[[z1,...,z,]] be a power series ring
over R and let Q be a prime ideal of R[[z1,...,z,]]- If Q@ D (z1 —a1,...,Zn — an)
then htQ > n.

Proof. We prove by using induction on the number of variables of the power series
ring over R. Whenn=1,Q D (z — a).

Since (z — a) is not a zero-divisor of R[[z1,...,z,]] by Brewer [6, p. 7], htQ # 0.
We prove that (z1 — ay,...,Zn — an) C Q implies htQ > n.

Let
Qo= Q[ Rllz1, ..., zn1]l-
Then we know that (21 — a1,...,Zp~1 — an-1) C Qo. Inductive hypothesis implies
htQo > n —1. But QoR[[z1,...,zn]] C Q since z, — an ¢ Qo R[[z1,...,zxs]]- Hence
ht@Q > n. O

Theorem 3. Let R be a Notherian ring, I = (ay,...,a,) an ideal of R, and R the
I-adic completion of R. Then

dim R = sup{htM|M € max(R),M D I}.

Proof. Let Qo C Q1 C,...,C @ be a maximal chain in R. Since

A Rl|zy,...,z
R (L1, nl] (Z1—a1,. ., T —an) CQoC 1 C,...,CQ
((Dl—al,---,xn‘an)
and @ is minimal over (21 —ai1,...,Zn — an). And Q; = M + (21,...,z,) for some

M € max(R) and (a1,...,a,) C M. Since Qo has height n, by lemma 2 and Krull’s
Generalized Principal Ideal Theorem, n + 1 > ht (M + (z1, ... ,:z:n)).

Let ht M = k. By Theorem 153 of Nagata [13] there exist elements by, ...,b, € R
such that M is minimal over (by,...,b,). By lemma 1, the ideal M + (z1,...,2,)
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of R[[z1,...,%x]] is minimal over (by,...,b,) + (21,...,Z,). And by the generalized
principal ideal theorem, ht(M+(x1, cee ,a:n)) <k+n LetPBoCchPC,...,.CPR=M
be a maximal chain of M. Then

By[[z1,. .., za]] C Pi[z1, .-+, Za]] C, .., C Pi[[z1, - - -, 20|
C Pil[z1,...,zal] + (z1) C Bif[z1,- . - z0)] + (z1,22) C, ...,

C Pl[z1,. .-, za)] + (z1,-- ., Zn)
is a chain of length k + n. Hence k + n < ht(M + (z1)). And we know k+n =
ht(M + (z1)) and [ < k. Thus

dim R < sup{htM|M € max(R), M D I}.

To prove the other direction of inequality, we first consider a case when dim R < oo.
We prove by induction on dim R that

dim R > sup{htM|M € max(R), M > I}.

When dim R = 0, we know that dim R > 0. Let My € max(R), and My D I. Since
R is a Notherian ring, ht My < 0o. Let

htMy=1 and PBhC P, C,...,C P,=M,

be a maximal chain of My. We may assume that dim R > 1and ! > 1.

Let
A= R[[z1,...,Zn]] _ (R/P)[[z1,. ., zn]]
P1+(a:1—a1,...,mn——an) (1121—071,...,2,'"—(1—7;).
We can use the induction hypothesis since we have that dim R/P; < dim R. We
have that

dimA = sup{ht(M/P1)|M € max(R),M D (a1,...,dn) and M D P;}
= sup{ht(M/P,)|M € max(R),M D P, + (a3,...,a,)}.
And we know that dim A > ht(My/P;) =1 — 1 since Mp D Py + (a1, ..., a5).
Let
P+ (zy—a1,...,Zn—an) CQoC Q1 C,...,C Qi1 = My

be a chain of prime ideals of R[z1,...,z,]]-
Suppose that Qo is minimal over Py + (z; — @1,...,Zn — apn). Since
R[[z1,...,z4]] _ R/By[xy,...,zx]]

) Q—O = QO/PO[[xla .- -axn]]

Po+(z1—a1,...,Tn —an) (1 —ad1,...,Tn — dy)
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is minimal over (z; — d1,...,%n — dpn). If we choose b € P; — Py, then b is not
a zero devisor of the ring R/Py. There exist natural number k£ > 0 and element
h € (R/Py)|[z1,. - .,Zxs]] such that

h ¢ Qo and hb* € (1 —d1,...,&n — dp),

since b € Qo. Plugging in x; = d1,...,Tsn = dn, We get h(dy,...,d,)b* =0 in

(R/Pg)[[:l:l, ey :I:n]]
(1 — @1, ., Tn —dp)

Since b is not a zero devisor of the ring E/?g, h(di,...,d,) =01in
(R/Po)llz1, - . -, Zn]]
(:1:1 —aly-.-,Zn —a'n)'

Then h € (z; — d1,...,Zn — dy), which is contrary to h ¢ Qo. Hence Qg is not
minimal over P + (21 — a1,...,Zn — @n). Therefore dimR > (-1)+1=1L

We proved that dim R = sup{htM|M € max(R),M > I} if dim R < co. Let R
be a Notherian ring with dim R = oo and M € max(R), and M D> I. We know that
dim Rys = dim 1/2;, where }/21\\,1 is the completion with M-adic topology Atiyah &
Macdonald [5, p. 122]. And we know that clRyr = RM’ where clRys is the closure
of Ry in RM with respect to the M-adic topology Boubaki [7, p. 205]. We have
that

htM = dim Ry = dim Ry = dim Ry = dim Ry
since 1/2;1 is complete with respect to the M-adic topology. Since M is a maximal
ideal of f%, we have that htM < dim R. We proved that

dim R = sup{htM|M € max(R), M D I}.
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