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Abstract

An important inverse problem in the field of acoustics is that of reconstructing the strengths of a number of sources given

a1 model of transmission paths from the sources to a number of sensors at which measurements are made. In dealing with

+his kind of the acoustical inverse problem, strengths of the discretised source distribution can be simply deduced from the

‘neasured pressure field data and the inversion of corresponding matrix of frequency response functions. However, deducing

“he solution of such problems is not straightforward due to the practical difficuity caused by their inherent ill-conditioned

sehaviour. Therefore, in order to overcome this difficulty associated with the ill-conditioning, the problem is replaced by a

aearby well-conditioned problem whose solution approximates the required solution. In this paper a microphone array are

identified for which the inverse problem is optimally conditioned, which can be robust to contaminating errors, This

tnvolves sampling both source and field in a manner which results in the discrete pressures and source strengths constituting

a discrete Fourier transform pair,
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| . Introduction

The principal purposes of source identification and
qqantification are to aid the selection of appropriate and
cost-effective noise control, and to predict the noise in
regions other than the measurement region. The application
of source identification and, more generally, the
reconstruction  of acoustic  source  distributions  from
measurements at field points, has been a point of interest
for many acousticians in recent years. Solution of the
discrete inverse problem in acoustics can yield estimates of
acoustic source strength from measurements of acoustic
pressure in the radiated field. The basis of an approach to a
t/pical inverse problem in acoustics is illustrated in Figure
1, which is a simple example of a free field radiation
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problem associated with a vibrating planar surface where
no other sources or obstacles exist in the exterior region.
The figure shows a diagrammatic representation of both the
real source and measurement amray, and the discretised
model sources and modelled measurement array. Here,
when it is assumed that the real source strength distribution
is considered to consist of a finite number N of discrete
elements (where, the source strengths comprise a complex
vector q), the modelled acoustic pressures p at the same
number of discrete field points as model sources can be
written in the discrete matrix form p=Ggq , where the
matrix G is assumed to be known from the model and
represents the complex frequency response functions. The
matrix G relates the complex vector of the model acoustic
pressures p to the assumed complex vector of the discrete
source distribution q.

However, in practical applications contamtnating errors
of various kinds are inevitable. As illustrated in Figure 1,
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these emors include noise due to measurement
contamination of the complex acoustic pressure p and
errors involved in the model representation of the real
source distribution. When assuming that the real source
distribution produces acoustic pressures measured at a
finite number N of receiver positions where the complex
pressures detected comprise the elements of the vector j,
the difference between the model pressures p and the
measured pressures p is expressed as the vector of complex
errors. This is given by e=p- p. Therefore, the measured
acoustic pressures p at the discrete field points can be

represented by
P=Gg+e. . (1)

Here, the estimate of the model source strength vector q is
deduced by minimising the error criterion (which is also
called the cost function). This 1is defined by
J =H2 =||Gq_ﬁll" , where |l | denotes the 2-norm. Finally,
the least squares estimate is given by[1, 2]

q1=G"p; )

where the matrix G* =[G"G]'G" is the ‘pseudo inverse’
of the matrix G, which reduces to G* =G’ when the
matrix G has a square dimension and is non-singular matrix
(which is guaranteed if the matrix G is positive definite).
The superscript H denotes Hermitian transpose.

For dealing with inverse problems of the type described
here. it is very useful to introduce the SVD as the primary
analytical tool. The usefulness of SVD stems from the fact

that the complex matrix G (which, for this case, is assumed
to be square but the more general case is discussed in
references[1-2]) can be decomposed into the following
product of the three matrices[3],

G=Uzv'= iu,a,.v:' . (3)
i=t

where the matrix U is a matrix of left singular vectors u; of '
the matrix G, and the matrix V is a matrix of right singular’
vectors V, of the matrix G. Both matrices U and V are-
unitary and have the properties U¥ =y and Vi =v~',
The NxN matrix L is simply diagonal; matrix whose
diagonal elements &; comprise the singular values of the
matrix G (ie, o, 20, 2+ 20, 20). By substituting the
transformed equation (3) provided by the SVD into
equation {2), and by using the orthonormal properties of the
unitary matrices U and V, the least squares estimation of
the acoustic source strength can be written as

q=vEUp=3 Ul , @
= O

where the matrix £ is the pseudo inverse of the matrix X

and is given by diag(1/s,,/s,, -+ 1/c, ). As can be seen

in equation (4), the very small singular values (compared to

the largest singular value &, ) of the matrix Z to be

inverted can produce large quantities of elements in the

 matrix Z*. This effect associated with the small singular

values of the matrix G will introduce large errors into the
solution deduced.

The most important attribute of the matrix G relating the
behaviour of the small singular values is the condition

Real Source

JI K A

N real sensors with outputs P

* ¢ 0

N Model Sources

* °

N model sensors with outputs p

Figure 1, A schematic diagram for estimation of acoustic source distribution by the inverse technique based on the

assumed source model,
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number x(G) of the matrix. This is given by [3]
GYEIGING |- (%)

This represents the ration between the largest and
sinallest nonzero singular values of the matrix G. The
importance of the condition number x(G) results from the
foct that it can be a measure of the sensitivity of the
solution to errors in the matrix G itself or in the measured
pressures p. For example, by using various properties of
matrix norms, if the complex vector p changes to p+5p,
the corresponding solution becomes q+ §q and then G
(yt+5q) = pt5p. The ratio of the norms of the relative
changes can be shown to satisfy the inequality [3]

bal_, g levl. (6)
[a [l

Here, small perturbations in the complex vector p and the
patrix G to be inverted are amplified in the complex vector
q by an amount directly proportional to the condition
number x(G) of the matrix G. Thus, the matrix G is called
il- or well-conditioned according to x(G) being large or
small. Hence when the matrix G has unit condition number
T, uncertain circumstances, the associated inverse problem
is very easy to solve and the strengths of the elementary
sources can be reliably estimated from the inversion of the
Creen function matrix G.

However, in practice if one wants to reconstruct precise
and detailed source distribution by means of an approach
based on the SVD considered in this paper, a real source
needs to be discretised with a great number of modelled
sources as many as possible and measurements have to be
undertaken at least at the same number of sensors as
miodelled sources. In such cases, the acoustical inverse
problem generally appear to be best conditioned when the
nrumber of sources and sensors are smallfl, 2]. In other
words, as the number of modelled sources and sensors
ncrease, 'in general, the problem becomes very pooily
eonditioned and resulting in producing an inaccurate
solution. In order to overcome the ill-condition, some
numerical techniques are used[1-2]. However, the use of
regularisation often suppresses the effect of small singular
values in the frequency response function matrix to be

inverted and these are in turn often associated with high
spatial frequencies of the source distribution. Thus the
numerical process produces a useful estimate of the acoustic
source strength distribution but with a limited spatial
resolution. Furthermore, unfortunately, the inter-source
spacing of modelled sources for producing successful
reconstruction is limited by the half-wavelength, even when
prior knowledge of source distribution is revealed[2).
Therefore, it is the purpose of this paper to identify this
particular condition in a simple 2D case and extend the
resuit of this potentially useful observation to the 3D case.

{l. The 2D Radiation Problem

Consider a typical radiation problem with a finite
vibrating plate as shown in Figure 2. In such cases, it
follows from the Rayleigh integral and the appropriate two-
dimensional Green function that the far field acoustic
pressure can be expressed as a spatial Fourier transform of
the associated source distribution. This relationship is valid
for KR ? 1 can be written as [4] ]

By = Go(kR) [, (v)e e 9

-

where G_(kR)=wp,e** [22R (where the wavenumber
k=@/cy, where @ is the angular frequency and c; is the
sound speed) and p, is the density.  (x}is the velocity
normal to the x-axis and the wavenumber variable
k=ksing. Equivalently, sensors at the radial distance R
can be spaced at equal increments of £==Fksind as
depicted in Figure 3(a).

P(R,0)

Figure 2, Gontinuous far field pressures on the hemi-cylinder
with radius R,
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Hemi-cylindrical

sensor array

{a) The far-field linear sensor array with equal inter-sensor spacing
1, for the hemi- cylindrical sensor array,

{b} Variation of the condition number for the hemi-
cylindrical sensor amay (sokid line) and the far-figld
linear sensor amay {dotted line) where, N denotes the
number of model sources and sensors

Figure 3, The hemi-cyiindrical sensor amay and the far-field linear sensor armay, when R = 103 Tos «

In order to consider how the sensor array can be
optimally spaced, one must firstly understand the
relationship between the spatial Fourier transform of the far
field data and the spatial Fourier transform of the source
distribution. Similarly, by the analogous argument to that
given for the sampling of time histories (see, for example,
referencef5] for a full discussion), the discrete spatial
Fourier transform of a source distribution of a finite length
can be deduced. Now, as depicted in Figure 3 (a), assume
that only N points have non-zero source strength in the
thterval {~L /2, L /2] and these points are equally spaced
with an increment of (= L /N). The sampling points in
[-L,/2, L, /2] are defined as

X, =—(L';r“)+nr,,, n=0,1 -, N-1 ®

n

In this case, the continuous variable »_(x) is replaced by
the discrete variable u,(x,), and then the discrete Fourier
spectrum of the spatially sampled source strength
distribution »_ (x ) can be expressed in the form

U,(£)=7';§u,(x,)e"”n ’ ®
»=0

where U/ (k) is a sequence f’f length N. Now note that the
spatial frequency range of & between —k and & can be split
into N samples for evaluation of {/_(k)at N specific values
of spatial frequencies with an increment of 27/ Nr, . This in
turn implies that 2z/Nr, = 2k/N (= Ak) from which it
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follows that » =]/2 since k=2z/A. Therefore, the
Fourier spectrum at each of m(2z/Nr,) values of the
spatial frequency, where m is the index associated with
each discrete spatial frequency chosen (which is defined ag
m=0, 1, ----, N—1), can be written as

U, (mak) =ﬁ§,¢z(%wamm , (10)

n=Q

Thus, using the discrete Fourier spectrum of the spatially
sampled source distribution given by equation (10), the far
field acoustic pressure in equation {7) can be written as

p(mAk)=G, (m)hgﬁ w (x, ) @I, (11)

which demonstrates that they are a discrete Fourier
transform pair{6). Note that this is accomplished by
sampling the far ficld pressure at A equal increments of
sin@ . In matrix terms the above equation can be
writtenp = G, (kR)Wu , Where

W=#‘V(r-n{‘g_l}, r,s=]-,2-y """ !N, (12)

where w=¢’>”" and N denotes the number of discretised
points. In equation (12), W is the Fourier matrix which has
singular values that are all unity [3], and thus the condition
number of the matrix W has a ratio of maximum to
minimum singular value of unity.



Figure 3(b) shows that the conditioning of the matrix
G x(: Gc(kR)W) for the hemi-cylindrical sensor array
which has the discrete Fourier transform relationship with
the spatially sampled source distribution as described in
above, when the sensor array is placed in the far field (for
example, when r_ =10°r, ). As illustrated in this figure, by
the adoption of the far-field linear sensor array depicted in
Figure 3(a) the conditioning of the matrix G is worse in
a wide region of /A as the number of the assumed
sources increases. The sensor array is located at the
distance R from the sources with the same inter-sensor
spacing 7, as that of the hemi-cylindrical sensor array.
However, the conditioning of the matrixG oc for the hemi-
cvlindrical sensor array becomes optimal (i.e., has a
condition number of unity) when »_/1 =0.5, irrespective of
the number of sources and sensors assumed. In other words,
the hemi-cylindrical sensor array will have the least
semsitivity to contaminating errors when r_/1=0.5, and
the errors resulting from its inversion defined in equation
(4) are therefore at a minimum. This may be the case in
particular in uncertain circumstances which usually occur
due to practical difficulties in obtaining prior knowledge of
either noise contamination or the source distribution.

I . The 3D Radiation Problem

[t has been noted in a previous section that, for a
particular 2D acoustic radiation problem, the matrix of
Green functions relating the sampled far field acoustic
pressure to the strengths of a discrete array of elementary
acoustic sources has unit condition number at a certain

Az

A sensor point on
the hemisphere

u,(x,y)

Figure 4, Sensor points on the hemisphere of radius R_

frequency. The associated inverse problem is thus very
easy to solve at this frequency and the strengths of the
elementary sources can be reliably estimated from the
inversion of the Green function matrix. It is valuable to
explore this relationship further and extend the result of this
potentially useful observation to the 3D case.

Consider a three-dimensional example with the set of
planar sources. The three dimensional relationship between
the spatial Fourier transform of the far field acoustic
pressure on the hemisphere with radius R and the spatial
Fourier transform of the associated planar source
distribution is given by Rayleigh’s first integral formula,

Pk =G0R)[ [ . y) & dxdy (13)

where G, (kR) = jop,e ™ /2;;}{ in the far field (i.e., for
kR? 1) and k, k, are given in terms of spherical
coordinates, ie., k =kcosgsind and k, = ksingsin@
(see Figure 4). The relations between the sensor position on
the hemisphere and the projected sensor position on the source
plane can be defined by the coordinates X = Rcosgsin8,
Y =Rsingsiné , and Z=Rcosf
relationships, the exponential term in equation (13) can be

By using these

written as

fAX &Y
e}(k,xﬂ,.y) =e}(kcosésinﬂx&isinésinﬁ‘y) - ;[_J”_y]

e (14)

Similarly to the case of the hemi-cylindrical sensor array,
the M-by-N planar source array is assumed to have equal
inter-source spacings ¥, (= L. /M) and Yy (=L, / N) in
[-L./2, L /2) and [ /[2, L /2]
respectively and the spatial sampling points in these
intervals are assumed to be defined as

the intervals

L wr
x === |+mr,, m=0,1 -, M-I
2

L -
y.=— = +ar,  #=0,1, -, N1
2

Under these conditions, the two-dimensional discrete

(15)

Fourier transform of the spatially sampled source strength
can be expressed in the form

= = (04 L mX
0k i 8] o S ¥ 5
n=0

M SN (16)
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When the acoustic pressures are assumed to be sampled at
equal increments of Xx/rR and Y/R , k =iX/R and
k, = kY/R where X and Y define the coordinates of a field
point in the source plane. With the sensor geometry
depicted in Figure 5(a) consisting of an M x N array whose
projection on the source plane is a rectangle of dimensions
L and L, (e, X =L /M and y =L, /N ) then
Ak, =kX,/R and Ak =kY,/R . It then follows that
Ak .y, =2z/M for an inter-source spacing Ve =(R/L‘);L
and also that akr, =2z/N provided that rﬂy=(R/Ly)A-
Under these conditions, the exponential term in equation
(16) can be written as

mx Y o f mul, vl
M) it ooty f"(m"w*#’w]
e F 4 R =ef*( e vsny)=e , (17)

where 4 and v are the index associated with each discrete
spatial frequency chosen. The discrete variable « ranges from
0 toM -1, and v vary from O to & —1. The superscript terms
in equation (17) will become equal to j2z(mu/M +nv/N),
provided that the inter-source spacings ., and 7, are
equal to (R/Lx) A and (R/Ly)/l respectively. Therefore,
the final expression for the acoustic pressures in the far
field at each of w(2zm/M) and w27zn/N) values of the
spatial frequency can be written as

N e

Ak, vAk, ) = G (kR , i
Pttt BB Ry e N T TR gy

Far-field planar sensor array

Hemi-spherical sensor array

{a) The hemi-spherical sensor arvay and the far-field planar
Sensor amay,

and the far field pressure is exactly a two dimensional
discrete Fourier transform of the source distribution, It
should be emphasised that the above relationship of the
discrete Fourier transform holds only when the separation
of acoustic sources 7, and . are equal respectively to
(R/L,)A and (R/Ly)l- Therefore, the matrix of Green
functions relating the composite vector of far field
pressures at the sensors to the composite vector of source
strengths defined by

G e = G.(kR)W,, (1%
where the block matrix W, is given by

W] [w] ¢ {w] (W]

W] walW] & Wi (W] v W]

W, = g £ 4 4 g
8" Im (W] w2 2[W] g wiM-2XM-D[w] WM -2 D) (20)

[W] w#:_l[“’] g w::"M-])(M_z)[W] w‘(”M-l)[M—l}{w}

where w_=¢/*/* and each Nx N sub-matrix W is equal
to the Fourier matrix from equation (12). The block matrix
W, also has the same patiern of the Fourier matrix W and,
interestingly, the condition number is unity since all the
singular values of the matrix W, are unity.

Similarly to the two-dimensional case, the problem does
not become optimally conditioned, as shown in Figure 5(b),
when using a planar type of sensor array as depicted in

0o®

K(Gg)

{b) Variation of the condition number for the hemi-spherical sensor
array (solid line) and the far-field planar sensor amay {(dotted
line) for a range of numbers of N-by-N sensors and souwrces

3

Figure 5, The hemi-spherical sensor amay and the far-field planar sensor amray, when R =107 7.,
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Figure 5(a). This has the same inter-sensor spacing #,,, as
that of the hemi-spherical sensor array, but the conditioning
of the matrix G o5
b2comes much poorer as the assumed number of sensors

for the far-filed planar sensor array

aad sources increases. However, by the adoption of the
hemi-spherical sensor array, the conditioning of the matrix
G, is greatly improved and becomes optimal when
v, =A/2 (when y =10°r), irrespective of any range of
Mx N sources and sensors assumed. Hence, the inversion
of the matrix G, is consequently the least sensitive to

e rors under this condition.

V. Conclusions

As a result of this investigation of the factors determining
the conditioning of the matrix G, it has been shown that the
¢onditioning of the acoustical inverse problem is highly
dzpendent on the geometry of sources and measurement
positions and the frequency of the radiated sound. It has
a's0 been demonstrated that the acoustical inverse problem
can become the best conditioned when the sensor and
source geometry is optimally arranged, even when the
sunsor array has been completely deployed to the far field.
This will enable guidelines to be proposed for source and
sunsor geometries that reduce sensitivities to various kinds
of errors. The source and sensor array suggested may also
b2 helpful in achieving better estimate of strengths of

a.oustic sources.
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