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CONVERGENCE THEOREMS OF THE ITERATIVE
SEQUENCES FOR NONEXPANSIVE MAPPINGS

JunG IM KANG, YEOL JE CHO AND HAIYUN ZHOU

ABSTRACT. In this paper, we will prove the following: Let D be a
nonempty subset of a normed linear space X and T : D — X be
a nonexpansive mapping. Let {z,} be a sequence in D and {t,},
{sn} be real sequences such that

(1) 0Ltn £t <land 307, tn = 00,

(ii) (@) 0< s, <1, sp > 0asn — oo and Y70 thsn < 00

or (b) spn =sforalln >1and s €(0,1),
(i) zn+1 = I—tn)zn+tnT(snTzn+(1—5n)xn) foralln > 1.

Then, if the sequence {z,} is bounded, then
lim ||z, — Tz = 0.
n—00

This result improves and complements a result of Deng [2]. Fur-
thermore, we will show that certain conditions on D, X and T
guarantee the weak and strong convergence of the Ishikawa itera-
tive sequence to a fixed point of T

Let X be a real normed linear space and D a nonempty subset of X.
Let T : D — X be nonexpansive, i.e.,

1Tz — Tyl < ||z -yl

for all z,y € D.
In 1976, Ishikawa [4] proved the following interesting result:
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THEOREM 1. Let D be a nonempty subset of a normed linear space
X and T : D — X be a nonexpansive mapping. Let {x,} and {t,} be a
sequence in D and a sequence of real numbers, respectively, such that

(i) 0<t, <t<landd .2, t, =00,
(i) zpy1 = (1 —tn)zpn + tp T2y, for allm > 1.

If {z,} is bounded, then

lim ||z, — Tz,|| = 0.

In 1996, Deng [2, Theorem 1] extended Theorem I to the Ishikawa
iterative sequence by proving the following:

THEOREM D. Let D be a nonempty subset of a normed linear space
X and T : D — X be a nonexpansive mapping. Let {z,} and {t.},
{sn} be a sequence in D and sequences of real numbers, respectively,
such that

iyo<t, <t<1 andzzozltnzoo,
(i) 0<s,<1andd 2, s, < oo,
(iil) Tpy1 = 1 —tp)zn + T (spTxp + (1 — sp)zp) for alln > 1.

If {z,} is bounded, then

lim ||z, — Tz,|| = 0.
n—oo

One question arises naturally: Is Theorem D with the conditions (i)
in Abstract above Z‘:’:l tnSp < oo and s, - 0asn — ooors, =s for
alln > 1 and s € [0,1) instead of the condition (i¢) in Theorem D true?

It is our purpose in this paper to solve the above problem by proving
the following result:

THEOREM 1. Let D be a nonempty subset of a normed linear space
X and T : D — X be a nonexpansive mapping. Let {z,} and {t,},
{sn} be a sequence in D and sequences of real numbers, respectively,
such that

(i) 0<t, <t<land .. t, =00,
(i) (a) 0 < sp < 1, limpsoo $n = 0 and > oo tns, < oo or (b)
sp, =s foralln >1 and s € [0,1),
(iii) zp+1 = (1 = tn)zn + tnT(snTxp + (1 = sp)zp) for allm > 1.
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If {z,} is bounded, then

lim |{en — Tz,|| = 0.
n—00

In order to prove Theorem 1, we shall need several important lemmas.

LEMMA 2. ([1]) Let {an}, {bn} and {6,} be sequences of nonnegative
real numbers satisfying the inequality

Gnt1 < (1 + Jn)an + by

IfY o 16, < oo and Y oo b, < 0o, then lim, o ay, exists. In particu-
lar, if {a,} has a subsequence converging to zero, then lim, _,o a, = 0.

LEMMA 3. Let X be a normed linear space and D be a nonempty
subset of X. Let T : D — X be a nonexpansive mapping. Let {z,,} be
a sequence in D satisfying the condition (iii) in Theorem 1. Then we
have

Znt1 = Tonall < (14 2tnsn)fzn — Tz,

for alln > 1.
ProoF. Observe first that
|Zn — Tynll < l|#n — Tan|| + | Txn — Tyn|)

< ”l‘n - T‘Z'n“ + ”xn - ?/n“

= (Zn = Tznl| + snl[Tn — Tzn |

= (1+ sn)||lzn — Tz,
and

lzns1 — znll = tnll2n — Tynl|
< tn(1+ sp)lien — Tznll-

Thus it follows that

l€nt1 = Tppa
< @ =ta)llzn — T2Zpia |l + ta | Tyn — Tp i
< (1 ~ta)(lzn = Tanll + 1T2n — Tzniall) + tallyn ~ Tt
< (1 - tn)Hxn - T-Tn” + (1 - tn)“wn - z'n+1”
+ tallyn — Toll + tallzn — Tpial]
< (1 —ty +tusn)l|zn — Txnll + to(1 + sp)llzn — Txnl|
= (14 2tn8.) |0 — Tz,



324 Jung Im Kang, Yeol Je Cho and Haiyun Zhou

This completes the proof. O

Recall that a metric space (X, d) is said to be of hyperbolic type if X
contains a family L of metric segments such that

(a) each two points z, y € X are endpoints of exactly one member
segment of L,

(b) if p, z, y € X and m € seg|z, y| satisfies d(x,m) = ad(z,y) for
a € [0,1], then

d(p,m) < (1 - a)d(p, z) + ad(p, y).

This class includes all normed linear spaces as well as all spaces with
the metric of hyperbolic type (see [3]).

LeMMA 4. ([3]) Let (X, d) be of hyperbolic type and {t,} be a se-
quence in [0,1). Let {z,} and {y,} be sequences in X such that, for all
n2>1,

(1) Ln+1 Eseg[wn,yn] with d(wnaxn—H) = tnd(mnyyn);
(ll) d(yn-i-l’yn) < d(x’nﬁl-la rn),
(1) d(Yitnsx:i) < M < oo for all i, n > 1,
(iv) t, <t<1,
(v) 300t =o00.
Then we have
lim_ d(yn, za) = 0.

THE PROOF OF THEOREM 1. We assume first that Y > #,8, < 00
and s, — 0 as n — oco. By Lemmas 2 and 3, we see that ||z, — Tz, ||
exists, say d. Setting a, = Tz, —z,, then we have ||a,| — d as n — oo.
Without of loss of generality, we may assume that t, > 0 for all n > 1.
Otherwise, consider a subsequence {t;} of {¢,}. Setting

b =ty H(Txpy1 — Txp) + T — Tyn,

we have any1 = (1 —t,)ay + tyby,. Following the proof lines of Deng (2,
Theorem 1], we can get the following conclusions:

(1) limsup, ., |[ba]l < d,

(2) 1225 tibill < llwnsa = 2all + 307, tisil| Ta; — 2] is bounded.
Thus the conclusion of Theorem 1 follows exactly from Deng [2, Lemma,
2].
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Next, we assume that s, = s for alln > 1 and s € [0,1). In order
to end the proof of Theorem 1, we only need to verify the conditions
(i)~(v) in Lemma 4.

The condition (i) is obvious and the conditions (iv), (v) are natural.
Now, we prove only the conditions (ii), (iii).

Setting z, = (1 — s)zp, + sTz,, and y,, = T2y, then we have

A(Yn+15Yn) = |Yn+1 — Ynll
= || Tzn+1 — Tznl|
< lzn+1 = znll
=1 = 8)zpnt1 + sTznt1 — (1 — 8)zpn — sTzy||
< (A= s)lznt1 — zall + s|Tzns1 — Txn|
< (1= 9)llTnt1 — Zall + sllznt1 — 24|
= |Zn+1 — @l

= d(mn—l-la xn);

which verifies the condition (ii).
Next, we have the following.

A(Yitn, Ti) = [|Yirn — 24l
= Tziyn — xil|
SN T%in — Tignl + | TTi4n — @il
L zitn — Titnll + 1 TTirn — 24l
S slizivn — TTignll + 1T Tign — =4
<M < o,

which verifies the condition (iii).
By Lemma 4, we assert that lim,_,o || T2, — zn|| = 0. Observe that

1Tzn = zn|l <||T2n = Tzall + | T20 — nll
SHlzn = znll + 1 T2n — 2l
= slen = Tzn|l + [T2n — 24,

which implies that
lim ||z, — Tz,|| =0.

This completes the proof. 0
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As immediate consequences of Theorem 1, we have the following.

COROLLARY 5. Let X be a real normed linear space, D be a nonemp-
ty compact convex subset of X and T : D — D be a nonexpansive
mapping. Let the sequence {z,} in D be defined as in Theorem 1.
Then {z,} converges strongly to a fixed point of T'.

PROOF. Since D is a convex subset of X and T : D — D is a
self-mapping, we see that the sequence {z,} is well-defined. From the
compactness of D, we assert that there exists some subsequence {z,,}
of {z,} such that z,, — p as j — oo. Thus it follows from Theorem 1
that Tx,; — p as j — 00. By virtue of the continuity of T', we conclude
that Tp = p, which means that p € F(T), where F(T) denotes the set
of fixed points of T'. Since T': D — D is nonexpansive, we have

[Zn41 —qll < llzn =4l

for alln > 1 and ¢ € F(T) (see [6]), which shows that lim,—, || Zn — q|
exists for all ¢ € F(T). Consequently, we have z,, — p as n — oo. This
completes the proof. O

Recall that a mapping T : D — D with the fixed point set F'(T')
satisfies Condition (A) if there exists a strictly increasing function ¢ :
[0,00) — [0, 00) with ¢(0) = 0 such that

|z — Tz|| > ¢(d(z, F(T)))

for all z € D (see [5]).

COROLLARY 6. Let X be a real Banach space, D be a nonempty
closed convex subset of X and T : D — D be a nonexpansive mapping
with the nonempty fixed point set F(T). Let the sequence {z,} in D be
as in Theorem 1. If the mapping T satisfies Condition (A), then {z,}
converges strongly to a fixed point of T'.

ProoF. It follows from Theorem 1 and Condition (A) that
¢(d(zn, F(T))) = 0

as n — 0o. Since ¢ : [0,00) — [0,00) is strictly increasing, we assert
that d(z,, F(T)) — 0 as n — co. Observe that

€nstm —all < llzn — 4l
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for all n, m > 1 and ¢q € F(T), which implies that

1Znsm — Zoll < [[Entm — all + zn — gl
< 2|z —q||

and hence
|Zntm — 2nll < 2d(z0, F(T)),

which shows that {z,} is a Cauchy sequence in D. Since D is complete,
we may assume that z,, — p as n — oco. Therefore, d(p, F(T')) = 0 and
p € F(T) because of the closedness of F(T'). This completes the proof.(J

REMARK 1. In view of Theorem 1, we can also establish several weak
and strong convergence theorems similar to Theorems 2~6 of Deng [2].
We omit to prove them because of similarity of the proof lines.

REMARK 2. For the parameters of our theorems, one can make the
following choices: If we put t, = -T;_lﬁ and s, = % or s, = s € [0,1) for
all n > 1. Then these parameters satisfy all requirements of our results,
however, they do not satisfy the requirements of Theorem D and the
results of Tan and Xu [6].

Recall that a Banach space X satisfies Opial’s condition if the condi-
tion x, — xo weakly implies

limsup [ — 2of| < limsup|lz, — |
n-——>00 n—oo

for all y # zg.

THEOREM 7. Let X be a Banach space which satisfies Opial’s con-
dition, D be weakly compact and T, {x,} be as in Theorem 1. Then
{zn} converges weakly to a fixed point of T.

PRrROOF. By the weak compactness of D, there exists a subsequence
{zn,} of {,} which converges weakly to a point p € D. With the
standard proof, we can show that p = Tp. Suppose that {z,} does not
converge weakly to the point p. Then there exist a subsequence {z,,} of
{zn} and p # ¢ such that z,,, — q weakly and ¢ = Tq. Since T': D — X
is nonexpansive, we have

[#nt1 = pll < llzn = pll
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foralln > 1 and p € F(T) (see [6]). Thus, by Opial’s condition of X,

lim |lz, —p| = lim |len, —pl| < lim |za, — |l
n—00 k—o0 k—o00
= lim [lzn, —q|| < lim ||zn, - p|
j—ooo j—o0

= lim ||z, —p[,
00
which is a contradiction. This completes the proof. 0
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