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A NOTE ON THE LOCAL HOMOLOGY
S. RASOULYAR

ABSTRACT. Let A be Noetherian ring, a = (ry,...,7,) an ideal

of A and Ca be category of A-modules and A-homomorphisms.

We show that the connected left sequences of covariant functors

{limH;(Ke(t', =))}izo and {lll_I_nTOT?(f‘{,—)}izo are isomorphic
teN teEN

from C4 to itself, where ¢ =+1,...,rL.

Introduction

In this paper A is a commutative ring with identity and a is an ideal
of A. We use N (resp. Ng) to denote the set of positive (resp. non-
negative) integers.

The theory of local homology is first studied by E. Matlis. We denote
the covariant a-adic completion functor by (—)”". He defined i-th local
homology functor as the i-th left derived functor of (—)", where a is the
ideal generated by finite regular A-sequence (see [2, 3]). A.M. Simon
extended Matlis’s definition for arbitrary ideal and she denoted i-th
local homology of an A-module M with respect to a by Uf(M) (See [6,
7]). Also in [9] Z. Tang has introduced a definition of local homology
for Artinian A-modules. Let M be a non-zero Artinian A-module, and

t = 11,72,...,7n a sequence of elements of A. He defined i-th local
homology Hf(M) as UimH;(K,(t*, M)), where H;(K.(x", M)) denotes
teN

the i-th homology module of the Koszul complex of M with respect to
ot =7t rk ... rt. Let A be a Noetherian ring, it was shown for each
i€ Ny, HI(M) ~ l(_ir_nTorf(%, M), where M be an Artinian A-module
teN

(See [1, Theorem 4.3]).

In this paper, we prove that if A be a Noetherian ring, then the con-
nected left sequences of covariant functors {liLnHi(K.(tt, —))}i>0 and

teN
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{!Ln Tor{‘(%, —)}i>o0 are isomorphic from C4 to itself. Therefore by us-
irigNTang’s notation and without Artinian assumpotion on M, we have
HF(M) ~ lim Torf (%, M) for all i € N.

Let a btea:m ideal of a commutative ring A. For any A-module M,
there exists natural epimorphism U§(M) — Eg_nTor()“(ff, M) ~ M (See
[6, 5.1]). In an example, we give the a NoettiaNrian ring A and the an
A-module M, such that this natural epimorphism is not isomorphism. It
follows that, in general the connected left sequences of covariant functors
{U?(—)}izo0 and {lim Torf‘(fl—%, —)} are not isomorphism from C4 to itself,
although A be a lilf)ﬁéheria,n ring.

REMARK 1. Let s € Ny and ¢t > 1, for each p > 1 define 9;,’3 :
Kt — K] where 05°(ea) = TSeq, When a = (i1,...,4p), 1 < i3 <
ig < -+ < ip and e, is a basis element of Kp(t), here we have writen r,
for product 7,7, ...7;, (See [8, 4.2 and 4.3]). Let A be a Noetherian
ring, and ¢ > 1 a given integer. There exists sy > 0 such that, for s > s,
the map H;(05°) : Hi(K, (5, A)) — H;(K,(t!, A)) is null morphism
for all i > 1 (see [8, 4.3.3 Lemmal). Since every projective A-module P is
flat, hence H;(K (t%, A)) ®4 P ~ H;(K,(t*, P)) for allu € Nand 7 > 0.
It follows that for t > 1, there exists sp > 0 such that for s > sg, the
map H;(02°)®idp : Hy(K, (!5, P)) — H;(K.(x*, P)) is null morphism
for all ¢ > 1. Thus inverse system {H;(K,(r?,P))}:>1 statisfies the
trivial Mittag-Lefller condition for all ¢ > 1 (See [10, Definition 3.5.6]).
Now by [10, Proposition 3.5.7], we have Lir_ani(K.(tt,P)) = 0 for all

teN
1 > 1, and also from definition of inverse limit, it is easy to show that

!iLnHi(K.(tt,P)) =0 for all + > 1.
teN
THEOREM 2. Let A be a Noetherian ring and a an ideal of A. Then
the connected left sequences of covariant functors {limH;(K.(x*, —))}izo
teN
and {lim Tor{l(—fg, —)}i>o0 are isomorphic from C4 to itself.
teN

Proof. Let a = (ry,...,7,) be an ideal of A, and M an A-module.
Then for any t € N, a™M C a;M C a'M,where a; = (rt,...,7%). It
follows that {a’M};>; and {a;M};>1 give same topology on M. Now
by [4, p.55], we have the natural isomorphism li(_r_nHO(K.(tt,M ) =

teN
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: M ~ 1 M o1 ArA R
lg_nm ~ mm o~ lln TOI'O ( at? M) Let M be an A-module
teN teN teN

and 0 — L — P — M — 0 (%) the exact sequence, where P is

projective A-module. For each i € Ny, this gives rise to exact sequences
A A

0 — lim Tord, (4, M) — lim Torf (5, L) —» lim Torf(

£
teN teN teN

P).

E{)
Furthermore from (), for each i > 0, we have the long exact sequences

” s Hip (K (2, P)) 255 Hypq (KW (e, M)
2 H(Ka(, L) 2 Hy(Ka (e, P))

Since Im(fi11,¢) =~ H%——m for all # > 0, hence by Remark 1, the in-

verse system {Im(f;+1,¢)}¢+>1 satisfies the trivial Mittag-Leffler condition
for all ¢ > 0. It follows that

lm(Im(fit14)) = lim"*  (Im(fi1,£)) = 0 for all 4 > 0.
teN teN

Now, from (x#) for each 7 > 0, we have exact sequences

0 — Im(hiy) —=> Hi(Ko(t', L)) 2% Hy(K.(<, P))

for all t € N. Since inverse limit functor is left exact, hence we have
exact sequences

0 — lin(m(his)) — HmH(Ku(c%, 1)) — lmHi(Ka (e, P))
teN teN teN

for all i € Ny. Also for each ¢ > 1, from the exact seqcuences
C hi,
0 — Im(fit1,e) — Hiy1(Ko(t', M)) =5 Im(his) — 0
for all ¢ € Ny and by using (10, vista 3.5.12], we have long exact sequences

0 — lim(Im(fi41,4)) — limH;p1 (Ke(v', M)) — lim(Tm(hy,))

teN teN teN
— lim' (Im(fi41,4)) — hm" (Hipa (Ko (e, M) — ...
teN teN
for all i € No. It follows that lim(Im(h;¢)) ~ limH; 1 (Ko (x, M)) for all
teN teN

i € Ng. Whence, we have the exact sequences

0 —— limHyy (Ku (e, M) — limHi(Ka(c!, L) — lmHi (Ku(c!, P))
teN teN teN
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for all ¢ € Ny. Now the required result follows from [5, Corollary p.120].
4

COROLLARY 3. Let A be a Noetherian ring, a = (r1,...,7n) an ideal

of A and M an A-module. If for eachi > 0, Hf (M) as imH;(K.(c*, M)),
teN
then Hf (M) ~ li{_r_nTorf(%, M).
teN

Let a be an ideal of a commutative ring A. There exists natural
epimorphism U§(M) — M for any A-module M. In following, we give
an example such that this natural epimorphism is not isomorphism.

ExXAMPLE 4. (A.M. Simon).

Let K be a filed and A be a formal power series ring in one variable
t over K, so that A is a complete local domain with maximal tA. For
each ¢ € N we write ¢(7), for s power of t. Let M be direct sum of the
modules ?(‘fm’ 1> 0.

Let L be the direct sum of countably many copiesof A and u: L —
L is given by u(X)(¢) = t(¢)X(2) for all ¢ € N. M has an obvious free
resolution 0 — L — L -5 M — 0, where p: L — M is natural
epimorphism. This exact sequence, gives rise to 0-sequence

In view of {6, 9.4], completion of L is

L= {(mi)ien € A~ A : for all n, all but finitely many m; belong to
(™A ~ (t")A}.

Observe that the completion u is still injective. Let X = (¢(7))ien.
For each n € N, t(i) € (t") for all 7 € N but finitely many ¢. Hence
(t(1))ien € L and we have p((t(4))) = 0, where j is completion of p,
hence (t(%))ien is an element of Ker 5. We show that element (¢(¢));en
dose not belong to the image of the completion of w.

Suppose that there exists (mi)ieny € L, such that w((mi))ien =
(t(%))ien. It follows that t(i)m; = t(i) for all ¢ € No. Hence m; =1
for all i € N, so that (1);en € L. This is a contradiction to the descrip-

tion of the elements of L.
(t(?))ien + Im @ is non-zero element of

L

Uo(M) = 3=



A note on the local homology 391

and

(8)*((t(1)ien) +Ima) = 0
where (p)* : U$(M) — M is natural induced homomorphism. Thus
the natural map from U§(M) to M is not isomorphism.

In view of the above example, we can deduce in general, the connected
left sequences of covariant functors {U;(=)}i>0 and {lim Tor{‘(a%, —)}i>o
teN
are not isomorphic, although A is a Noetherian ring.
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