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FIXED-POINT THEORY FOR k-SET CONTRACTION

CHI-MING CHEN, ToNG-HUEI CHANG, AND CHI-LIN YEN

ABSTRACT. In this note, we get some generalized KKM theorems
for the k-set contraction mapping on the nearly-convex sets.

1. Introduction and preliminaries

Recently there are appeared some results on fixed point so-called
Kakutani factorizable multifunctions defined on convex sets. In this
chapter, we invoke non-convexity of constraint regions in place of con-
vexity.

We digress briefly to list some notations and review some definitions.
Suppose that X is a subset of a Hausdorff topological vector space E,
we introduce a new class of non-convex sets. A nonempty subset X of
a Hausdorff topological vector space E is said to be nearly-convex(Chu
and Wu [4]) if for every compact subset A of X and every neighborhood
V of the origin 0 of E, there is a continuous mapping h : A — X
such that z — h(z) € V for all z € A and h(A) is contained in some
convex subset of X. It is clear, every convex set is nearly-convex, but
the converse is not true in general.

Throughout this paper, F will denote a Hausdorff locally convex lin-
ear topological space and 2¥ will denote the family of nonempty subsets
of E, while B(F) is the family of nonempty bounded subsets. T : X —
2F is said to be closed if the graph Gr = {(x,y) € X xE|y € Tz,VYz € X}
is a closed subset of X x E.

Let p = {P|P is a family of seminorms which determines the topol-
ogy on E}. Let R™ be the set of all nonnegative real numbers. A
mapping ® : B(E) — R" is called a measure of noncompactness (see,
[2]) provided the following conditions hold:
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(i) ®(eo(2)) = P(Q) for each Q € B(FE), where @5(?) denotes the
closure of the convex hull of Q,
(ii) ®(2) = 0 if and only if Q is precompact,
(iii) ®(AU B) = max{®(A), ®(B)}, for each A, B € B(E), and
(iv) ®(AQ2) = AD(R2), for each A > 0, Q € B(E).

The above notion is a generalization of the set measure of noncom-
pactness; if {p : p € P}, P € pis a family of seminorms which determines
the topology on FE, then for each p € P and ) C FE, we define the set-
measure of noncompactness a; : B(E) — R by a,(2) =inf {¢ >0: Q
can be covered by a finite number of sets and each p-diameter of the sets
is less than €}, where the p-diameter of A = sup {p(x —y) : z,y € A}
for A is a subset of €.

A mapping T : X — 2F is said to be k-set contraction if there exists
P € p such that for each p € P, 0,(T(R2)) < kap(R2) with k € (0,1) for
each bounded subset 2 of X and 7(X) is bounded.

We generalized the KKM property to the following form for a nearly-
convex set X. Assume that X is a nearly-convex subset of a linear
space and Y is a topological space. If T, S : X — 2Y are two set-valued
mappings such that T(coA N X) C S(A) for each finite subset A of X,
then we call S a generalized KKM mapping with respect to T, where
co(A) denotes the convex hull of A . Let T : X — 2¥ be a set-valued
mapping such that if S : X — 2V is a generalized KKM mapping with
respect to T' then the family {Sz : z € X} has the finite intersection
property (where Sz denotes the closure of Sz), then we say that T has
the KKM property. Denote

KKM(X,Y) = {T : X — 2¥ | T has the KKM property}.

REMARK. Generalized KKM mappings were first introduced by Park
[3], and followed by some others.

We conclude the differences between the convex sets and the nearly-
convex sets as follows:

PROPOSITION 1. Let X be an nearly-convex subset of a Hausdorff
topological vector space. Then X is convex.

Proof. Assume that X is not convex, then there exist 21, z2,...,Zn €
X and A1, Az, ..., An € (0,1), X0 | A;=1suchthat zy = > 1 Niz; ¢ X.
Since X" is a neighborhood of x), hence there exists a symmetric convex
neighborhood V of the origin 0 such that zy +V C X . Let V' be a
symmetric convex neighborhood of the origin 0 such that V' + V' C
V, let y1,y2,...,yn € X such that y; € z; + V', i = 1,2,...,n, and
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let yx = S Ay and A = {y1,¥2,..-,Yn}. Then, by the nearly-
convexity of X, there is a continuous mapping h : A — X such that
z—h(z) € V' for all z € A and h(A) is contained in some convex subset
of X. let zy = >, Mih(y;) € X. Then > 7%, )\ih(yi) e >t iy +
V)= (i dy) +V =n+ Vo +V C i Ml + V) + V' =

> 1)\ zi) + V' + V' =2z, +V, and hence z) € z) + V. This implies
zy € X°. We get a contraction, and hence X is convex. O

REMARK. If X is a closed nearly-convex subset of a Hausdorff topo-
logical vector space, then X is convex. But, if X is an nearly-convex
subset of a Hausdorff topological vector space, then the conclusion “X
is convex” does not hold.

PROPOSITION 2. Let X and Y be two nonempty subsets of a Haus-
dorff topological vector space E. If X is nearly-convex and Y is open
convex, then X NY is nearly-convex.

Proof. Suppose K is a compact subset of X NY . then by the fact
that K C Y and Y is open and convex, there is an open neighthood U
of the origin 0 of E such that K + U C Y. For any neighthood V of
the origin 0 of F/ with V C U, since K C X and X is nearly-convex,
there is a continuous function h : K — X such that x — h(z) € V
for all x € K and h(K) is contained in some convex subset of X. Since
hK) C co(h(K)) C X and h(K) C K+V, we get h(K) C (K+V)NX C
(K+U)NX, and h(K) C co(h(K)) CY. So XNY is nearly-convex. [

2. Main results

We now concern some fixed point theorems with domain as a nearly-
convex subset of a Hausdorff locally convex space E for a k-set contrac-
tion map 7', which may not be a compact map.

The following Lemma will play important role.

LeMMA 3. Let X be a nonempty subset of a locally convex space, Y
and Z two topological spaces. Then,
(i) fT e KKM(X,Z), whenever T' € KKM(X,Y) and f € C(Y, Z)
(i) T|p € KKM(D,Y), whenever T € KKM(X,Y) and D is a
nonempty subset of X.

Proof. (i) Let F : X — 27 be a generalized KKM mapping with
respect to fT such that Fz is closed for each x € X. Then for any
{z1,22,...,2n} € (X), fT(co(Ul1z)NX) C U F;. SoT(co(UJ_q2s)
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NX) C UL, f~ Fx;, which says that f~1F is a generalized KKM map-
ping with respect to 7. Since T € KKM(X,Y), the family {f~'Fx :
z € X} has the finite intersection property, and so does the family
{Fz:x € X}. This shows that fT € KKM (X, Z).

(ii) Let F: D — 2¥ be a generalized KKM mapping with respect to
T|p. Then T|p(co(A)ND) C F(A), for any finite subset A of D. Define

F': X —2Y¥ by
i\ _ | F(z) zeD,
F(m)—{Y reX\D.

It is clear that for any finite subset B of X, we have T(co(B) N X) C
F'(B). Indeed, we have the followings.

(1) If B € D, then there exists some z € B\ D, and hence F'(z) =Y,
so the result is obvious.

(2) If B C D, since F be a generalized KKM mapping with respect to
T|p, the inclusion is true.

Thus F’ is a generalized KKM mapping with respect to T'. Since

T € KKM(X,Y), hence the family {F'z : € X} has finite intersection
property, and hence the family {Fz : z € D}. So T|p € KKM(D,Y).
U

The main result of this paper is the following fixed point theorem for
the k-set contraction maps.

THEOREM 4. Let X be a bounded nearly-convex subset of a locally
convex space E. If T ¢ KKM(X,X) is k-set contraction, 0 < k < 1
and closed with TX C X, then T has a fixed point in X.

Proof. Let N' = {Ug|3 € A} be a local base of E such that Ug is
symmetric, open, and convex for each 8 € A, and let V € N. Since T is
k-set contraction, there exists P € p such that for each p € P, we have
ap(T(2)) < kap(Q) for each subset Q of X. Take y € X. Let Xo = X,
X1 =co(T(Xp)U{y}) N X, and X, 11 = co(T(X,) U {y}) N X, for each
n € N. Then

(1) Xns1 C Xy, for each n € N,

(2) T(Xn) C X4, for each n € N, and

(3) ap(Xns1) < p(T(Xn)) < hap(Xn)) < -+ < k"ay(X), for each
n € N.

LetY =N, X;. ThenT(Y) CY C X and Y is a nonempty compact
set, since y € Y and a,(Y) = 0. Since TX C X and T(Y) C Y C X, we
have TY C X and T is a compact subset of X. Since TY is a compact
subset of the nearly-convex set X, there is a continuous mapping h :
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TY — X such that x — h(z) € V forall z € TY and h(TY) is contained
in some convex subset of X.Let Z = co(AM(TY), then h(TY) C Z C X.
Since T € KKM(X,X) and Y is a nonempty subset of X, by Lemma
2, we have T € KKM(Y,X). Next we put F = h o T|y, we have
Fe KKM(Y,Z), and F is closed since T is closed, h is continuous, and
Y is compact. We now claim that for each 8 € A, thereis an zg € Y
such that (zg+Ug+ V)N Fzg # ¢. If the above statement is not true,
then there is an U € N such that (z4+U+V)NFz = ¢, forallz € Y. Let
K=FY)=hT(Y)) CZ. Then K =h(T(Y)) C h(T(Y)) = h(T(Y))
and K is a compact subset of Z. Define G : Y — 2% by

Gz)=K\(z+U+V) foreachzeYY

Then

(1) Gz is compact, for each z € Y, and
(2) G is a generalized KKM mapping with respect to F.

To prove (2), we use the contradiction. Assume that there is {z1, z2,
oy @p} € (Y) such that F(co{z1,22,...,2n} NY) € UL Gz;. Then
there exists u € co{x1,z2,...,2,} NY and v € F(u) C F(Y) = K such
that v ¢ U ,Gz;. Hence v € ; + U+ V, for each i € {1,2,...,n},
and hence v € z+ U + V, for any z € co{z1,z2,...,2Zn}. In particular,
v e p+ U+ V. Noting that (u+ U + V)N F(u) = ¢, we conclude that
v & F(u). It is a contradiction. Hence G is a generalized KKM mapping
with respect to F.

Since F € KKM(Y,Z), the family {Gz : x € Y} has finite in-
tersection property, and so we conclude that NMycy Gz # ¢. Choose

N ENeyG(z) CK Ch(T(Y)),thenne K\(z+U+V),forallz Y.
Since € h(T(Y)) C T(Y)+V C Y + V, hence there is an zg € Y such
that n € o+ U+V. But n € K\(zo+U+V'), we have reached a contra-
diction. Therefore, we have proved that for each 8 € A, thereiszg € YV
such that (zg +Ug + V)N Fag # ¢. Let yg € (zg+ U+ V) N Fxg.
Since {yg} C K and K is compact, we may assume that {yg} con-
verges to some y, € K, and since {zg} C Y, we assume {zg} con-
verges to x,. The closeness of F' implies that (z,,y,) € G, so we
have y, € z, + V, and y, € F(z,) = h(T(x,)). Choose z, € T(x,)
such that y, = h(z,). Noting that z, — h(z,) € V, we obtain that
2, EMa)+V =y +V ca, +V+V Ca, +V+V +V, and
T(zy) N (z, +V +V +V) #£ ¢, for any V € N, which just as before,
implies 7" has a fixed point z € X. O
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