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Successive Interactions of a Shock Wave
with Serially Arranged Vortices
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Navier-Stokes computation based on a new simplified model is proposed to investigate the
interactions of a moving shock wave with multiple vortices arranged in the serial manner. This

model problem simulates shock-vortexlet interactions at the shear layer of a compressible vortex
often observed in the experiment. Applying the Foppl’s idea, we extended the Rankin’s model
generally used for the description of a single vortex to the multi-vortex version. The acoustic

pulses accelerated and decelerated are successively generated and propagated from each

shock-vortex interaction, which simply explains the genesis of eccentrically diverging acoustic

waves appearing in the experimental photograph.
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Model
Nomenclature
A . Accelerated shock wave
a . Speed of sound
Ay, -+, As | Interactive waves by acceleration
D : Incident shock in the experiment
Dy, D», D . Diverging acoustic waves
I > Incident shock wave
L, -+, I, : Interactive waves by deceleration
M . Shock Mach number (= Us/ =)
My max . Maximum flow Mach number
(= Umax/Aco>
n . Number of vortices
Ds . Static pressure
dp . Acoustic pulse pressure
(=p(r) —p(n))
v > Distance from vortex center
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Ye . Radius of vortex core
Unex . Maximum tangential speed
Us . Shock speed

Ve . Tangential velocity

X . Interval between vortices
¢ . Velocity potential

g . Azimuth angle
Subscripts

c . Vortex center

) > Index of vortex

o0 . Free stream value

1. Introduction

The shock-vortex interaction radiating quadru-
pole acoustic pulses has been a popular problem
in the field of compressible fluid dynamics and
aero~acoustics because it is regarded as a key
sound source of jet screech noise and an im-
portant material for the understanding of more
complicated problems such as shock-boundary
layer interactions. Dosanjh and Weeks (1965)
experimentally visualized the interaction of a
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traveling shock with the Karman vortex street
downstream from a cylinder. However, their mea-
surement technique did not satisfy the sufficient
resolution to investigate properly the complex
wave physics inside the vortex, and therefore
their interest is soon directed to a more elementa-
ry problem such as the interaction of a planar
shock with a completely isolated vortex.

During the last two decades, many papers
have introduced various simplified models on
shock and single vortex interaction (Ribner,
1985 ; Ellzey et al., 1995 ; Chatterjee, 2000). They
succeeded to clarify the quadrupolar structure
along the wavefront of the disturbed shock wave
interacting with a vortex. The sound source inside
the vortex core is now fully understood owing
to the develpment of high-resolution numerical
schemes to solve Euler and Navier-Stokes equa-
tions (Inoue and Hattori, 1999 : Grasso and
Pirozzoli, 2000).

As we now understand more about the shock-
single vortex interaction, however, our interest
returns to an advanced problem, i.e. shock and
multi-vortex interaction, which can be one of the
building block of nonlinear interaction between
Mach waves and eddies in the compressible tur-
bulent flow : see Liu and Lele (2002), for exam-
ple.

In this paper, a new conceptual model of the
serially arranged multiple vortices is suggested,
based on the classical Rankin vortex model and
the Foppl’s idea. This model imitates the shock~
vortexlet interaction at the shear layer of the
strong vortex in a previous experimental study of
the present authors (Chang and Chang, 2000).
When a shock wave impinges on the compres-
sible shear layer, the small vortices generated by
Kelvin-Helmholtz instability can interact with
the incident shock. The diverging acoustic waves
of eccentric shape is regarded as the result of
shock-vortexlet interaction. The objective of this
study is to develop a proper computational model
simplifying the orginal physics.

2. Models

The conservative form Navier-Stokes equations

for light gases are solved with setting the Prandtl
number as a constant (0.71) and the viscosity is
an ordinary function of local temperature by
Sutherland law and Stokes’ hypothesis (Chang
and Chang, 2002). A conventional TVD (total
variation diminishing) method with third order
in spatial accuracy and second order in temporal
accuracy is used for the numerical investigation
of the system of equations (Chang and Chang,
2001). The QUAG (quadrilateral unstructured
adaptive grid) technique is applied to obtain a
finer resolution on the sharp gradient of waves
(Chang et al., 2001).

2.1 Single vortex model
We start from the Rankin vortex model. The
tangential velocity profile is defined as

Unax ;:, 1497
¢
Vo= (1)

Y4
Umex 70, rere

The flow field is divided into two regions: the
rigid-body rotational core of constant angular
speed and the irrotational outer flow. No artifi-
cial term is added in Eq. (1) to isolate the vortex
from the outer fluid since we found that there is
no noticeable precursor interference effect if
the initial position of the incident shock wave is
farther than x=—207.. The numerical parasitic
wave generated by the vortex-induced flow is not
so serious in such a large distance. Other proper-
ties can be evaluated from the force equilibrium
in the centrifugal direction with the adiabatic or
isentropic condition : see the detail in Chang and
Lee (2002).

The interactional result of a planar moving
shock with the single vortex of Eq. (1) is given
in Fig. 1(a)-(d), computed from the experi-
mental condition of Dosanjh and Weeks (1965).
The numerical initial conditions are Ms=1.29,
Unax=177m/s, and #.=2.77 mm, converted to
SI units. Fig. 1(a) shows isopycnics at 78 us after
the incident shock passes through the origin or
the initial vortex center. This numerical image is
equivalent to Fig. 1(b), a Mach-Zehnder inter-
ferogram quoted from the original paper of
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Dosanjh and Weeks. Fig. 1{c) is the zoomed-in
five-level adaptive grids for the capture of
Fig. 1(a) instant. The full computational domain
of 75mmX75 mm contains 45,718 nodes and
43,000 elements. Along the two circumferences 7
and 7, centered on the vortex in Fig. 1(a), the
pressure is sampled versus & respectively. The
difference of two pressures is defined as the a
coustic pulse pressure Jp plotted in Fig. 1(d),
which shows a good agreement with other mo-
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(c) Quadrilateral unstructured adaptive grid

dels: empirical formula of Dosanjh and Weeks
(1965), theory of Ribner (1985), and numerical
analysis of Ellzey et al.(1995), etc. This graph
has four local extremums (a couple of maximum/
minimum set), which is a quadrupole.

2.2 Multi-vortex model

In the extension of the single vortex model to
the multiple vortices, we apply the old idea of
Foppl (1913). If each vortex core is treated as

(b) Experimental interferogram, Dosanjh and Weeks
(1965)
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Fig. 1 Shock-single vortex interaction model
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singularity, or a concentrated vortex, the irrota-
tional flow field out of the core is determined
simply as the sum of all potentials produced by
each vortex. Therefore, the effect of every vortex is
superposed to calculate the point velocity at the
far field ; see Fig. 2. This assumption is exactly
valid only for the vortex dynamics in ideal flow,
but here we extend it to this distributed vorticity
case.

The initial distribution inside the core (¥ < 7¢)
of each vortex is fixed like Eq. (1) because the
effect of other vortices is negligible compared
with the rotational motion induced by its own
vorticity. If the vortex spacing is more than X =
107¢, this assumption becomes more reliable. The
tangential velocity at the outer region (r=7,) is
given by Foppl’s idea

Vo= 31 Unax ~224 @)
=1 | 7]

where

| 7 |=v (x—%c,) 2+ (y— ye,1) 2

In the classical vortex dynamics, the center of
vortex is considered as a sigularity while the
outer flow region is irrotational. The superposi-
tion of velocity potentials is allowed because the
isentropic compressible flow is governed by the
following equation :

Fé
oy* (3)
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Fig. 2 Schematic of the present multi-vortex model

If the initial background flow is stationary, the
Mach numbers M.=M,=0. Therefore, Eq. (3) is
written down

V=0 (4)

where the irrotational
method of superposition is valid at least in the
initial condition.

From the value of V, obtained in Eq. (2),
pressure and density distributions can be com-
puted with just several iterations. After a Buc-
kingham’s pi analysis, three main parameters for
shock and milti-vortex interaction problem are
extracted : Ms, Mymex, and X/ 7.

As a representative case, we fix the initial
parameters :

assumption and the

Ms=1.5
Mv,male.o (5>
X/?’c=20

The values listed in Eq. (5) are selected from
the similar experiment (Chang and Chang, 2000 ;
Chang et al,, 2001). The five vortices (n=35) are
arranged serially on the positive x-axis from the
origin, and the incident shock starts from left
to right at x=—207,. The interactive wave pat-
terns are shown in the isopycnics of Fig. 3(a) - (f)
where 7.=5 mm.

3. Result and Discussion

3.1 Wave dynamics

The incident shock (/) impinges to five uni-
form vortices, slightly distorted by the clockwise
motion of vortices in Fig. 3(a). In the next Fig. 3
(b), the lower half part of /] denoted by A is
accelerated while the upper half part is captured
by the rightest vortex center (f;). The waves -1
and A-A, intersects in a Mach reflection type
(Ellzey et al., 1995). This iteraction is sketched
schematically in Fig. 4(a), which composes the
basis of multiple interactions.

In Fig. 3{c), the decelerated waves (I, L)
and the accelerated shocks (A, Az) are easily
discerned after the interaction with two vortices.
The outer a wave is located, or the lower sub-
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(a) Shock-single vortex interaction : see Fig. 3(b) (b) Shock-multiple vortex interaction : see Fig. 3(f)

Fig. 4 Schematic of shock-vortex interactions
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script mumber indicating that the wave is older,
the more rapidly it the smeared, but the vestige
still remains in the flow field as wiggled equal
density contours. After successive five interac-
-+ It and A, -+, As are
generated one after another: see Fig. 3(d)-(f).
All the speed of propagating waves cannot ex-
ceed the incident shock due to the so-called
entropy condition, so the accelerated pulses (Aj,
---, As) cannot cross I. This entropy condition is
the specific feature of shock and multi-vortex

tions, the waves [,

interaction compared with the single vortex case.
So they show the attached eccentric pattern like
Fig. 4(b). Recall that the vortex array initially
placed along the x axis is rotated clockwise by the
circulation of the other vortices.

3.2 Comparison with experiment
In a shock tube experiment performed by the

[ X _
Fig. 5 Experimental shadowgraph, Chang and
Chang (2000)

(a) Experimental model (Fig. 5)

present authors, the small vortices are originated
from Kelvin-Helmholtz instability at the shear
layer of vortex edge (Chang and Chang, 2000). In
the shadowgraph of Fig. 5, deverging acoustic
waves generated by the interaction of the inci-
dent shock and the vortexlets are observed as faint
eccentric circles. As shwon in the schematic dia-
gram Fig. 6(a), it seems that the waves Dy, D;, Ds
are porpagated from vortexlets though they might
be ambiguous in Fig. 5 due to the viscous diffu-
sion effect in the shear layer. Fig. 6(a) obviously
suggests that the diverging acoustic waves Dy,
Dz, Ds in the experiment should be equivalent
to the accelerated waves A;, A As compared
with Fig. 6(b), the sketch for the present numeri-
cal study. Then our last question is directed to
what is the decelerated pulses 5, L, L in the
experiment. Since they are buried in the core of
primary vortex, all the decelerated waves are
merged to a strong irregular wave at the root of
incident shock : see Fig. 5.

4. Conclusion

A computational research based on the new
conceptual multi-vortex model is proposed to
study the interactive mechanism of the shock
wave and serial vortex array. We started from a
Rankin’s single-vortex model, and extended it
by adopting Foppl’s idea to the multiple vortex
cases. The result of Navier-Stokes simulation
supports the hypothesis that the diverging acous-
tic waves in the experiment should be generated

—_—1
(b) The present model (Fig. 4(b))

Fig. 6 Comparison of two models
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by the shock and small vortices interaction inside
the compressible shear layer. Consequently the
weak eccentric waves consist of successive acc-
elerated pulses orignating from the interaction of
the incident shock with each small vortex.
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