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A Study on Developing an Efficient Algorithm
for the p-median Problem on a Tree Network*

Geon Cho**

8 Abstract #—

Given a tree network on which each node has its own demand and also stands for a candidate location of a potential
facility, such as plant or warehouse, the p-median problem on the network (PMPOT) is to select less than or equal
to » number of facility locations so that the whole demand on a node is satisfied from only one facility and the total
demand occurred on the network can be satisfied from those facilities with the minimum total cost, where the total
cost is the sum of transportation costs and the fixed costs of establishing facilities.

Tamir(1996) developed an O(p«®) algorithm for PMPOT which is known to be the best algorithm in terms of
the time complexity, where = is the number of nodes in the network, but he didn't make any comments or explanation
about implementation detalls for finding the optimal solution. In contrast to Tamir's work, Kariv and Hakimi(1979)
developed O(p*#?) algorithm for PMPOT and presented O(»®) algorithm for finding the optimal solution in detail.

fn this paper, we not only develop another O(p»?) dynamic programming algorithm for PMPOT that is competitive
to Tamir's algorithm in terms of the time complexity, but also present O(») algorithm that is more efficient than
Kariv and Hakimi's algorithm in finding the optimal solution. Finally, we implement our algorithm on a set of randomly
generated problems and report the computational results.

Keyword : p-median, facility location, dynamic programming, tree network
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o F8% A7) dAEAEA T stEA dA
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Al et AAle dEez AFFHA YA E
A (facility location problem) %9 sl p-vt]
¢t #A( p—median problem)S E&] Y E A(tree
network) 3.2 A3l 0|23 - HEA FH
A FACl 284 gaA Al aelE(poly-
nomial time algorithm)-& 7§@3] ¥ 1z} ek,
PAAAEAE WA o2 EXFGo} A o
o oheFst ool el Aol g dAA
A F A (uncapacitated facility location problem :
UFLP), A|gk-g2ko] gl YA 4 A& A (capacita-
ted facility location problem : CFLP), p—-AE &
A( p—center problem), p-RItI¢t A 528 F
EHolA 53] p-vltet EAle 34, F3L, &
FAH B FIFANAL 5 A & dE FRY
A7} FoiA ivta JHgst ZF FEYAE 4]
A 2 TGS Yehy Z AA2RE 7 &
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o] AGe WA YALAAEAY T E
AEes JA4A H X3 E A (concentrator lo-
cation problem), o] X}l A| A8 A A FA (pi-
peline system design problem) 3 & B2 &
ok A AT HAEE FAolth

p-ulitt EAlE ol& FAs & 7w
E9A(underlying network)2] Felo]| wz} vE
ARt HIEYZ oA 9] p-m|t]et FA|( p-median
problem on a general network : PMPOG)$}t E#
YIEHZ Aol A9 p-mtigt FA|( p-median pro-
blem on a tree network : PMPODEZ FEHt}
PMPOG<E Kariv and Hakimi(1979), Garey and
Johnson(1979) &9l <3 NP-hard¥le] Z¥H3U
on F%e FE2H(heuristic) Y5 B
t}3k4] Al 7Hpseudo-polynomial time) Y1 EE
o] #&84 A/ Slvth Emst and Krishna-
moorthy(1998) = 4% 2 FAY AAA A5 %
Aake AggFo] gle p-3B Yt EA(un-
capacitated p—hub median problem)E A&
FAl(shortest path problem)<} #2841 (branch—
and-bound method)& &3t HAsE T3
38& AA8HY .21, Baldacci et al.(2001)2 %
£l & p-vjet FAl(capacitated p-medi-
an problem)E F & 8T A (set partitioning
problem 2 ¥4 3lsle] ol& F= HFH dxnF
S AAEA T Drezner(199%5)= 22 A|HE9 9
7} oln] A doke MRS pY MEE
Ao i A& AAsHE 2R p-vHd &
Xﬂ(condltlonal p-median problem)el] g FE=

g duES MEstdd. a2l E Christofides
and Beasley(1982), Boffey et al.(1984), Ahn et
al.(1988), Hribar and Daskin(1997) &o] p-vlrict
BAE F= FEag dugdssS M
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PMPOTE 0-1 A¥A5AE 2F(0-1 linear
integer programming model) 22 FA83 5 9]
o EF Eg] 724 4L F B8Fowy
34 AlZHpolynomial time)C.2 HA&HE Fal=
g0l 3 ol e Aot Cav-
alier and Sherali(1986)E 423 % 3 (demand
density function)”t 727 U %(piecewise uni-
form)d< 713t E7 18 Z(tree graph) ol
A9} 2-ujtiet At A<l e =(chain graph)
dollXe] 53 p-vtiet FAl(stochastic p-me-
dian problem)& F+& #3& ¢alz]E(exact algo-
rithm)S AAS2™, Burkard et al.(2000)
vhA A (nuclear plant), A% #F# A (military de-
pot), 22#7] v B (garbage dump) T & 7]
3]\’ (obnoxious facility)2] Yx]AAEA <t A&
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Fe =29 7E YEH 7 =B A
FRYAE o)
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FAHAY duEEL oo PMPOTY 3
Zk(optimal value)= AMsl= d1dE F 7MF
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A AEe T o] T#2(recursive formula)ol &
313 e Aol EAo|t}. a8y Tamir(19%6)E
EfY == Afo] EH3 AHod F /Y &
FHoE S (partition)d F AL ol &3ty &
2 27k ANG daEse] ARb ERE7) Karv
and Hakimi(1979)¢] ¢xgre} olg2xoz ¢
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Ao},

wts B AT e o] 422 Tamir(199%6)
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A FHAY gaEe NS EE ¢uE
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B} 9943 O(n)AZt SRYEL NEgozH
PMPOTE &8 ol #dd st $88AE
Fed & 9 Lol3A 82 F UEE stax
gt ol 8 93] ¥ delxe v dHeach iter-
ation)PHe} HA R EE 2] (complete subtree)?] S E
(root) & o] MMM (reversed depth first
search order)E e} o]EdtHA A Fk(optimal
value)S HHAFEED Fo2 A3 Allshe
84S AT}, £3 Tamir(1996) £ Hall-
dorsson et al.(1999)0] AAIF Eg)doM9 n=
A Bl izt 24 7|HSs 8oz 2 A
TFAA AA g PMPOTS] HHzh& Atste 53
A dneFe] AL BRET 0(pn® )P B
o]z} ghet,

B =S gg o] FAE 2FdME
PMPOTS] 0-1 AEAZ-AE 23& st 3%
A= HA dnt EE] YEY A7t Bolokat most)
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o3l o] o]&3le] PMPOTS HAgh& Allsle
FAAY guglEd 4FHE T duES
AN EF 0|59 Azt BRIt 47 0(pn?),
O(n)Y& BT 43goxe & AelA A
dngEE CAAR =H3t A7 714 §39
TA S dig H2E ARE AN upAg 5
T2 Ao 2 gt}

2. PMPOTY] 0-1 A¥ATA% 28

Fukek Eg] W E$ A(undirected tree network)
T=(V,E)7} FoiA4 Adda 7H4dsak ol
Lnbe QAFRA D Avz e
1 B "‘rE} E “=EE(nodes)? Agolx
o] ==& Ho| - A (depth first search
order)o] 93 0FH »7HA M5} FoEo gk
HRgt E={(p, i) 1 ieV}ie 499 F
vES AF%E olAS(arcs)d JFOEH e

= ;9] A9 M8 x=(predecessor node)E Y
E}LHE} o] W xE 0L BE »E(root node)E 4
ERle BHl3] poe RAHA AT, HAY p,
=—1lojgtn Mgt Ef YEHR FANE
Ao F k== 4,j(i<)E A2 % Z(path)
r[,i1(ZL o[, 7D7F Fd3A EREH =%
ES V\{0}2 ¥t dl-g(one-to-one corre-
spondence) &AI §17] W&o BE i V\ {0}l
tiste] ok3 (p,i)E 73] ofd (2 FANT
Atk B B A g3 e F kR v}
g AR
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(1) (8 v]£2] 7} : indivisible demand as-
sumption) B =T 3y, 7 =504
ST7HE FFa%FS & AMAERRE A
7 FFHA 7

(2) (2184 74 : contiguity assumption) THF
xE joA 8THE FF8%F0] k= i
ARG AAAMEZRE FFEANGE B2

7[;' i1 Q= BE wmoM a3HE
SR EF = jEEE FFFHo Ak

F8 8 7S 74 AHolAM HAHE =9
Fo] AF v AMANAHZRE FFHIE ¢
o3y, AHA 7ML ETzE Ze bENA
o] EA(F, 9499 F A9e 983t 42 &
datthg 2 wkedshe vig @A 7HHe2H
g Aol A LAF = Fago] g PAANHER
B EHoA= B4 o] F A+
Aol A AHA ““351 =
g AL ZRE FHH S Yu|gith o] F
7tA 74 stelM e @ *3"“]’ﬁi—r51 Fre8Y
& FEWE =289 JEH 258 dFde of
Age] JAgL FoIz HEHF 5 —x-‘\’l Ege ¥
TE#(subtree) & o731 ASS & F 3o, o]
© PMPOT7F p7l olste] AAAAEE FTHoE
gto] EgjE FREZE B¥e 4% EgE
A (tree partitioning problem)¥d < & & Ut

Ao} F xE 4 jol et == o fF =
= 79 AR AA=E piE v, 39 e
xEE FAAA o M R =ER YR
T2t p;=p i8S & £ glon pie FYHR
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& agshe 3=
£ 5935 59
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FoFL FEAY Y A8FHE F F5HE
1, @ == 7o e A
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3 = 1, @k == o AAA el HxET
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ol W w,;, fi= &°| °hd AFE(non negative
integers)2 738 x;, v, BAWRTE(decis-
ion variables)& YERATH ES g;( - )E HAY
Z 718k (nonlinear increasing function)ztz &
ARH 02 ¢; = gi(d(4,7) 2 UHEPE & e,
B3] g;( )7t A Ffodle dde/
gaA T FEulee] IR HEE o ¢,
=w;xd(4,/)& BAE F ok & dF9ME
HY} g;( - )E A¥FEA ALE 7MQ@h o]
A (PMPOTE 0-1 A¥ASFA Y E¥oz F4
gt tht 2

(PMPOT)
min gfiy,- + g ]é Ci X
s.t. i:zox,-,:l, 7=0,1,2,,n ()
X< Xy, ,7=0,1,2,>,n (2
TR 4Li=0,1,2,,n 3
g}yiSP (4)

xij’yie{oy 1}9 l;]= 0’132)'",7‘

(PMPODNA EXEFE AR M0 4
I AAE BANEREE 7 w29 25038
FEANIIEH 2858E Fu49 & ygio
Ak ()& 7 =2oA BAHE F4230] 3
AANAZRE AF F5H & Yehla(indi-
visible demand constraints), <4 ()= whek &
xE9 FFaFo] T AMANHZRE FHATY
32 k=0 Y =& T3 54T Az
B S5ES Ansir] FAnpyog O w9 O A
AAAE AFEE A= Ao JE BE w29 &
FaFo| FUT AMNLERE FEEE Y
Heontiguity constraints). =3 A4 )L »&

io] AAFAIAHo] MAER] go ojE msoA
BAEE 2% T 2HE 229 4 984S
YERNH(S, v, =001 x,;=09< uEhd), A

~E2) VENZ A4 p-rir)ek FAol BF B8 DF Ae] B AT 61

F4 e F AWALY A7t vg Foi F
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3. FHAY daels
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g F U5S 44 ¢ F Aok 97, (23 1]
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B=E a ol43d [19 29 Zo] o} Ed
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3 ol EE Tl His (T]E T vl gle
x=9 AEE UEUH #(T)e T9 FERE
(F, »(T)=min{jljeTHE Ueliz F A
VL EE A7 Vi={jeV|key[0,i]),
Ey={(p:,D]ieV,\{k}}&L B 9 T(k)=
(Vi EDE #(T(R)=1/ T9 SAREER
(complete subtree)7t B¢ & Ut oA PM-

g F& A dnd5E TAHLE AA
8t7] Aol olo] FHEF w4 (recursion formmila)
& WA AAELA gk olE HM(PMPODE
T(k)o2 AR A& HEEA] (PMPOT) 1
of 3 &% gk(optimal value)s tha3} Zo| ¥
1A 2 Ao sled ol T(k)Y FE &=
kA LA E £RE FEAINE Y A
Aol digk 9] i & 27] faM e Bl ie T(k)
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of 3t7] WjFolr}. -
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gte] AAAAe]l T(k)Wdl H8 & Us
o] (PMPOT) 7yl W =gk
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o] Mo} T k= 7} xE koA 2A

T FRE FEAEAN EF g7 o3t
AN Ho] T(k)Hel AXE + g we
(PMPOT) ppoll WI¥ X3

o] wf wheF =t pr} I =2 Gk k1) =
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F(i,k,0)=w,xd(G, AL AT F 9lor
Held B AFoME BE RE k% i T(k)
st G(i,k0) =2 7FQgt ¢ 4 =7}
ohd %=Z(non-leaf node) k2 289 FPrx
(immediate successor node)E u, v SAE(F,
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p.=0,~k), G, k, )& F(i, b, ¢)FL A
g o &EE (PMPOT) 1% (PMPOT) 1)

9 AFZ GG, u,q), GG, v,q), FG, u,q),
F(i,v,q) 5% oj&3ld thga o] 7 F
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Case 1) i=k ;°] ASE o] & AYAFA|A o]
FELE ko AXE AFolBZ Gk q)FE
A 2 ={(g, a1+ @=a—1, a,<IT(x)]|,
and ¢ <|T(v)}Y EE 924 (g1,g)°1 w3l
023 22 o 7HA Al g Hags AN
o2ZA 78 F AH[2d 3] F=2).

(D) £7F u, vellX BAHE TRE BT $FA7)

= A&, F(ku,q)+F(kv,q)E AL
() E7F uollA B FAHE FFAII v
A BFAHE FoE FFAINA = B¢

(%, F(k,u,q;)+ min )G(/‘, v, q2) 5 A4h

jeT(v
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A TARE FoE FFANA & F5
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@ k7t u,velA TAEE F2E BF FEA7]
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Z, min G(j, #, ;) + min G(7, v, g;) & A
jeT(u) j€T()

Case 2) i€ T(u) ; ©] %ol o9 g AiA
Aol T(u)dY x& jo AXE Zfolnz Q3
3 MR g3 ie wolA TAHE FRE FF
Aok A G kg)E AR 2={(g:.0)
lai+a:=q,1<q;<|T(%)|, and ¢, <|T(v)}}
o BE 92 (g1, ¢ W&l d&3 2L F 7}
2 A4 digt HAghs ANFOEN T F 9
iz 4] =),

1) 7t vl X BRHE 728 SIS BT
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RE = kO HXE Z2
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(33 4] MHAMO] T(v)A2 == joff MA|E
He
(=3

(38 3] iAol

2) 7t vl A EAHE F8E SFAA &=

AHE, G, u, ql)+ min G(/,v )& A
=T(v)

Case 3) ieT(v);°] ASE Case 294
AR A Q5= (g1, e) a1t @2=a¢ @
<|T(w)l, and 1< g, <|T(»)}¢] BEE Y&
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HARE ANFOZA Gl ka)FE T+
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D 7t voll A 2AEE 2.8 FFAE 4
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@) 7t vl A BAHE £2E8 FFAINA ¥E

BHE, min G, u, q1) + G, v, ) E AXD
jeT(u)

Case 4) 2 T(k) ; o] BFA%E Case 1)<
FABHA A @ ={(q1, @)1t a2=¢, g;<
| T(2)l, and g;<| T(v)1} S BE A4 (g1, q7)
of disl b3 2 o 7kx Ao g Higk

S ANSICEZN F(i,k q) @&
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(1) 7t u, vollA BREHE FRE BT FIA
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2) 17} wdlA BAEE £aTE FEAT|IL vl
A BAEE FRE FFAIIA &E A,

F(i, u,q;)+ min G(/,v a:)E AXD

jie v)
(3) 7} velA BAHE e FEAIII wdl
A HAHE e -&—."]71 2 &e 7§—°r(é,
m17r(1 GG, u,q) + F(i, v, g) & AA
JE u

4) {7t u, v LAHE F2E BF 254
X] o}_\_-_ 73 o,

(5, min G, , q,) + mlrz G(j,v,a)E A
T

jeT(u)

avio

[T8 5] WUAIMO| T(v)&e] = io MR
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(PMPOT) 7% (PMPOT) 1,81 AL
ol&3t (PMPOT) n»°l Wha HH GG, k, q)
& F(i, k@& T8 ©84E €& & it
o 312
(1) (%7130

BE ¥ x=Z(eaf node) ;& i+ BE ==

ol usle

G, =F;;
F(,7,0) : =gi(d(, ) =w; xd(j,i) ;

BE w2 ko jeT(k)d thste)

G(7,k,0): =00 ;

lﬂ

2

“e,
b

obd :=Z(non-leaf node) %< &3}
u, ve} A iAol $X]
i W o3 2 v 74 A8t

],
Arcg

2
ot
o2

meE ok
b
1 n

ox

gk,

Case 1) i=k;
G(k,k,Q) : :fk‘f' min

(a1.42) €8,

{min{F(k, u,q;), min G(j, u, 41)} +
jeT(u)

min {F(k, v,q3), min G(j, v, qz)]};
jeT(v)
Case 2) i« T(w) ;
G(i,k q) : =wyxd(k, i)+ min

(a1, 0) E 2
{G(i, u,qp)+ min{F(i, v, q2),
min G(j, v, (12)}} ;

jeT(v)

Case 3) i€ T(v) ;
G(i bk q) : =wpXd(k i)+ min

(01,02) S8
{G(z’, v,49)+ min{F(z’, %, q1),
min G(J, u, ¢1) }} ;

i€ T(u)

Py
Al

Case 4) [ «T(k) ;
Fli, kb q): =wyxd(k i)+ min

(g1,92) €824

{min {F(z', #,q,), min G(j, %, q;) }+
je T(w)

min{F(z', v, 42),. mTin GG, v, qg)}};
jieT(v)

el AR AR 24, 2y, 24, 245 Tamir
(1996)7} AAg F8AA ALGE FEjo u)S-
frAret FEIZ AP ol Fol| £ A7t
A R dagge Azt BEES O(pmh) 9
FHsted W Fo8H &89 134 % B
i AAZ 2 dAelA AANF #3243 Tamir
(1996)7F AA & &84 AAldl& A A FHZE
U AdAQ SHA s & Apol7t Ak A}
4 2 dFNe HHags SAREE der
AstS ALt 7 €3S AAS W Tamir
(199)= AA EgE ez 4 »=31 AE
)AL A2 FRe)EE ol §3he] MY
Bgoll A FEg & o]& 3 &3t At
= HolHo] Atk

A 24 715 R S
AT A AEg (PMPOTE
g5 Y ololrols 43 } g T(k)
el Aol HAg G(z,k,q)g} F(i kg)E 3t
71 YA E kY A FARE u, vl W3
T(u), T(v) oA HHgEol AA ALt
ojZok 37| Wi ¢iels PMPOTIAE
(PMPOD st HAZE 27 98 Tk F
E == BE 9 DFS &4 (reversed DFS order)&
ue} o] FatRA 919 &84S Hesi, dHHe
2 (PMPOD W3 HAHZe Oéniig”G (4,0,5)
oz 38 4 gtk 1384 G &, g9 A 9
3 ieT(k)olx o AXE BAANEZEE k9
Zradgo] FEHFIoR A (HF 4] () ¢
3yl k18 e BE =29 FF8FE (2
BE] 2&HAAY. g T(k)Ad 43E +
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e Hde AMANAE AFeE (TR -7y
(i, k1141308 & & slom Eg 4 4] 93
T(k)3E p7ll olate]l AARA o] dx] = o7
of 3t22 G(i, k, )M AH8H ggtS g3 upper
bound)& min {p,| T(£)|—|7[7 E]|+1})& &
% Qrh 28I Fi k)l W&AE i T\
T(k)ol™ k9| FFa%Fo] 4o AAg WAAA
BEXH ZZ2HAZOE T(k)¥ HAE 5 Ade
Hojo] AN ATE [ TRI-19¢ ¢ 5 A
om ARHoR A (4o 93l F(i,k q)olA A
L8 gz AL min{p, | TR -1} & &
Atk webd (PMPOTA et HAge 7 x=
i A8l g= min{p,|T(O) —I7[0, 1l +1} &<
OI%%&*HO srrl}isnnG(z',O,q)i T8 + glch
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20

100

10

10

fi [0, 10001,
d; €[1,20]

CPU Azt
(4 1 )

0.001

0.010

0.010

0.030

0.060

0.210

0.210

0.301

0.591

1.082

ave

0.010

0.012

0.023

0.036

0.078

0.266

0.245

0.337

0.643

1.295

max

0.020

0.020

0.030

0.051

0.130

0.321

0.350

0.400

0.731

1.442

AN A
HAN

ave

max

fi € [0, 1000},
d; €[1, 100]

CPU A7t
(&9 z)

0.010

0.020

0.030

0.050

0.080

0.140

0.260

0.200

0.311

0.601

1.242

ave

0.012

0.023

0.041

0.066

0.088

0.163

0.308

0.238

0.346

0.684

1.308

max

0.030

0.030

0.060

0.120

0.110

0.180

0.361

0.360

0.390

0.792

1.402

AN
AN

ave

f; € (5000, 10000],
di €[1, 201

CPU A1
(28 2)

0.010

0.020

0.020

0.050

0.070

0.120

0.240

0.220

0.281

0.641

1.112

0.017

0.021

0.035

0.079

0.091

0.151

0.302

0271

0.357

0.741

1.255

0.040

0.030

0.050

0.170

0.120

0.180

0.411

0.430

0.481

0.861

1.472

A A
AR N

1

1

2

fi €[5000, 100001,
di €[1,100]

CPU Azt
(39 2)

0.001

0.010

0.010

0.030

0.030

0.070

0.130

0.270

0.211

0.290

0.581

1.151

0.014

0.012

0.023

0.045

0.064

0.083

0.154

0.328

0.249

0.359

0.668

1.302

0.030 |

10.020|

0.030

0.080

0.090

0110

0.190

0430

0.280

0.521

0.761

1.442

AR
AN

1

1

2

f; €[10000, 20000]
di €l1, 201

CPUAIZH
(39 2)

0.001

0.010

0.020

0.030

0.020

0.070

0.140

0.260

0.201

0.301

0.601

1.042

ave

0.008

0.013

0.024

0.045

0.077

0.090

0.167

0.338

0.240

0.336

0672

1.247

max

0.010

0.020

0.030

0.080

0.180

0.121

0.191

0471

0.300

0.361

0.782

1.552

kA A
AX A

ave

max

f; {10000, 20000]
d; €[1, 100]

CPU At
(9 2)

0.001

0.010

0.010

0.030

0.050

0.070

0.140

0.230

0.190

0.310

0.601

1.161

ave

0.009

0.011

0.024

0.050

0.059

0.084

0.162

0.316

0.264

0.337

0.656

1.302

0.020

0.020

0.040

0.101

0.080

0.110

0.181

0511

0.480

0.360

0.801

1.583

AN A
AN
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