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The control scheme using fuzzy modeling and Parallel Distributed Compensation (PDC)
concept is proposed to provide asymptotic tracking of a reference signal for the flexible joint

manipulators with uncertain parameters. From Lyapunov stability analysis and simulation
results, the developed control law and adaptive law guarantee the boundedness of all signals in
the closed-loop multi-input/multi-output system. In addition, the plant state tracks the state of

the reference model asymptotically with time for any bounded reference input signal.
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1. Introduction

Fuzzy logic controllers are generally applicable
to plants that are poorly understood in mathe-
matics and where the experienced human opera-
tors are available. However, the fuzzy control
has not been regarded as a rigorous science due
to the lack of the guarantee of the global stabi-
lity and acceptable performance. To overcome
this drawback, since Takagi-Sugeno (TS) fuzzy
model (Takagi et al., 1985) which can express a
highly nonlinear functional relation in spite of
a small number of fuzzy implication rules was
proposed, there have been significant research on
the stability analysis and systematic design of
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fuzzy controllers (Tanaka et al., 1992; Wang
et al., 1996 ; Chen et al., 1996) . In their researches,
the nonlinear plant is represented by a TS fuzzy
model and the controller design is carried out
based on the fuzzy model via the so-called Par-
allel Distributed Compensation (PDC) scheme
and Linear matrix inequality based optimization
(Hong et al., 2003).

Many researches on the control of flexible joint
manipulator have been done such as the model
based approaches which include feedback lin-
earization scheme (Khorasani et al., 1990) and
invarient manifold scheme (Khorasani et al,
1985a ; Khorasani et al., 1985b) robust control
(Spong, 1987) and adaptive control (Lozano et
al.,, 1992 ; Chen et al., 1989). However, although
the joint flexibility has demonstrated some po-
tential merits, the difficulty with modelling and
controlling such -a flexible mechanical system
with high performance made most robot designers
prefer to manufacture mechanically rigid arms
with stiff joints. Hence, in this paper, we will
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tackle the problem of controlling for flexible
joint robots via fuzzy modeling and fuzzy model
based controller and propose a complete solution
to solving the problem of model uncertainty.

In order to deal with the uncertainties of non-
linear systems, in the fuzzy control system litera-
ture, a considerable amount of adaptive schemes
have been suggested (Chen et al., 1996 ; Spooner
et al., 1996). An adaptive fuzzy system is a fuzzy
logic system equipped with an adaptive law. The
major advantage of adaptive fuzzy controller over
the conventional adaptive controller is that the
adaptive fuzzy controller is capable of incorpora-
ting linguistic fuzzy information from human
operators (Wang et al.,, 1996 ; Tsay et al., 1999).
Most of them were based on the feedback lin-
earization scheme or indirect adaptive approach
in which the approximating ability of the fuzzy
system was utilized or an online adaptation sche-
me was usually used to estimate the unknown
structure and parameters of the system and an
appropriate controller was then designed to con-
trol the plant to satisfy a desired performance
(Fischle et al., 1999 ; Leu et al., 1999). However
they all used the original nonlinear plant model
as the platform of the stability analysis. If the TS
fuzzy modeled plant model can be available, the
adaptive scheme based on the obtained TS fuzzy
model is much prefer. Hence, in this paper, to
control the flexible joint manipulator, we present
direct adaptive fuzzy controller based on TS fuzzy
model reference approach, in which the desired
process response to a command signal is specified
by means of a parametrically defined reference
model, for MIMO plants with poorly understood
dynamics or plants subjected to parameter uncer-
tainties. We utilized TS fuzzy model for flexible
joint manipulator configurations with uncertain
parameters and PDC as the controllers. The adap-
tation law for adjusting the parameters in feed-
back and feedforward gain of PDC controller is
designed so that the fuzzy modeled plant output
tracks the reference model output.

2. T-S Model Based Control

Consider the continuous-time nonlinear system

described by the Takagi-Sugeno fuzzy model.
The 7th rule of continuous-time TS model is of
the following form :

Ri:If x,(¢) is M{ and --- and x,(¢) is M;
Then % () =A:x(t) +B:ul(t)

where x7(t)=[x1(£), x2(8), ==, xn(8)]
u"(H=lw(t), ua(8), -, un(t)].
Given a pair of input (x(#), u(#)), the final
output of the fuzzy system is inferred as follows:

(1)

s () { Ax(£) + Biu(8))
(=1

i (2
iglw;‘<t)

where w,-(t)=f[1Mf(x,-(t)), and Mj(x,;(8)) is
the grade of mét_nbership of x;(#) in M.

In order to design fuzzy controllers to stabilize
fuzzy system (Eq. (2)), we utilize the concept of
PDC. The PDC controller shares the same fuzzy
sets with fuzzy model, Eq. (2) to construct its
premise part. That is, the PDC controller is of the
following form :

R!:If x:(¢) is MY and -~
then u(#) =—Kux ()

where xT(#)=[x1(#), x(8),
=1, -, [

Given a state feedback x(f), the final output
of the fuzzy PDC controller, Eq. (3) is inferred as
follows :

and x, (%) is M,i(3)

S xn(t)] and

S (8) K (£)
u(ty=—"——— (4)
gwi(t)

where w; () =f[1ﬁ4f(x](t))

By substitutifl_g the controller, Eq. (4) into the
model, Eq. (2), we can construct the closed-loop
fuzzy control system as following :

(%)

A sufficient condition for ensuring the stability of
the closed-loop fuzzy system, Eq. (5) is given in
Theorem 1, which was derived in the research
(Wang et al., 1996).
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Theorem 1: The equilibrium of a fuzzy control
system, Eq. (5) is asymptotically stable in the
large if there exists a common positive definite
matrix P such that

G5P+PGij=—Qij (6)

foralli, j=1,2, -, 1
where Gi;=A;—B:K; and Q.; is a positive defi-
nite matrix.

The design problem of model based fuzzy con-
trol is to select K;(j=1, 2, ---, [) which satisfy
the stability conditions, Eq. (6). In the research
(Wang et al., 1996), the common problem was
solved efficiently via convex optimization techni-
ques for LMI's (Linear Matrix Inequality) (Hong
et al., 2003). However, the fuzzy PDC control,
Eq. (4) does not guarantee the stability of system
in the presence of parameter uncertainty. More-
over, the design of the control parameters is not
possible for the systems whose parameters are
unknown. In order to overcome these drawbacks,
in this research, an adaptive control scheme is
developed for the plant models whose parameters
are unknown.

3. Adaptive Model Reference
Fuzzy Control

In this section, an adaptive model reference
fuzzy control scheme for MIMO TS fuzzy system
is developed. Consider again the nonlinear plant
represented by the TS model, Eq. (1) or Eq. (2),
where state x& R” is available for measurement,
AERY™™ B,ER™ ({=1, -+, [) are unknown
constant matrices and are controllable. The con-
trol objective is to choose the input vector u< R?
such that all signals in the closed-loop plant are
bounded and the plant state x follows the state
XnER” of a reference model specified by the
system

1
212 wi(x) #j(x> {(Am) $Xmt (Bm) ijr}
. i=1j=1
Xm— 7 1 (7)
22 wi(x) ()
where (An) ;ER™" (§=1, -+-, [) satisfy the sta-
bility condition of fuzzy system given in Theorem

1 and r&R?is a bounded reference input vector.
The reference model and input r are chosen so
that x,(#) represents a desired trajectory that x
has to follow.

If the matrices A;, B; were known, we could
apply the control law

iﬂj(x) (—=K*x+L}r)
u==t ; (8)

where g (x) =w;(x), and obtain the closed-loop
plant

$1500: () 5 () {(Ae= BK?) x+ BiLtr)
x= = 1 1 (9)

22 wix) w(x)

i=1j=1

Hence, if K& R?™”, and L}E R are chosen
to satisfy the algebraic equations

Ai_BiI{j*z (Am) i B;Lj = (Bm) i (10)

then the transfer matrix of the closed-loop plant
is the same as that of the reference model and
X (#)— xn(t) exponentially fast for any bounded
reference input signal r(#). However, the design
of the control parameters is not possible for the
systems whose parameters are unknown. To over-
come this drawback, in this research, following
controller is developed for the plant models of
which parameters are unknown.

Let us assume that K*, L} in Eq. (10) exist,
i.e., that there is sufficient structural flexibility to
meet the control objective, and propose the con-
trol law

EIC ADESY AT

u

(1)

where, K;(#), L;(¢) are the estimates of K, L},
respectively, to be generated by an appropriate
adaptive law.

By adding and subtracting the desired input
term, namely,

g;uj(x){ —B:(Kx—L}r) }/g/zj(x)

in the plant equation and using Eq. (10), we
obtain
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1

2 2 wi(x) 45(x) (Am)

=1j=

Xx=—" x

i=1=
+ T r (12)

f L1

2 23wi(x) 145(x)
Furthermore, by adding and subtraclting thelesti-
mated input term multiplied by Z;w,-Bi/ Z}w,
that is,

gw,-B,- le;#j(x){(K}(t)x—Lj(t)r)}

[ N +u
2w jgluj(x)
in the reference model (Eq. (7)), we obtain
3150 () 15 (x) (An)
xm__l—h—l - Xn
gljgwi(x) (%)
zl:é wz(x) ﬂj(x) (Bn) ij
+EV r (13)
22 23w (x) 115 (x)
=1j=1
;hgw,(x)ﬂ,(x)Bi(Kj(t)x—Lj(t) r+u)
| ZIIZl)wi(x) (%)

By using Eq. (12) and Eq. (13), we can express
the equation of the tracking error defined as
e(t) 2x(t)—xnlt), ie,

2190 () 5x) (A

o= i=lj=l [ e
22w (x) g (x)
o
EEWi(x>#j(x)Bi(—Kjx+Ljr)
+l=1J=1 -
Z}Z}wi(x)#j(x)

where K;=K;(t) —K; and L,=L;{¢) —L}.

In the dynamic equation, Eq. (14) of tracking
error, B; is unknown. We assume that L} is
either positive definite or negative definite and
define I '=L% sgn(l;), where =1 if L} is
positive definite and [=—1 if L] is negative

definite. Then B;=(Bn) ;L™ and Eq. (14) be-
comes

=17=1
L. (15)

Z}Z}wi(x)#j(ﬁ
Now, by using the tracking error dynamics, Eq.
(15), we derive the adaptive law for updating the
desired control parameters K, L} so that the
closed-loop plant model, Eq. (12) follows the
reference model, Eq. (7). We assume that the
adaptive law has the general structure

K(t)=F;(x, xn €, 1)
L=G;(x, xn, e, 1)

(16)

where F; and G; (i=1, -+, [) are functions of
known signals that are to be chosen so that the
equilibrium

K=K}, Lp,=L}, e.=0 (17)

of Eq. {15), Eq. (16) have some desired stability
properties.
We propose the following Lyapunov function
candidate
V<ea R"j, EJ)
l e e 18
=eTPe+Z:tr(KJ~TEK,-+LJ~TE~L,-) (18)
=
where P=P7>0 is a common positive definite
matrix of the Lyapunov equations (An) 5P+
P(An) 5<=Qufor Qy=QL>0 (4, j=1, -, [)
all whose existence is guaranteed by the stability
assumption for An. Then, after some straight-

forward mathematical manipulations with the
following properties of trace,

(i) tr (AB)=tr(BA)
(i) tr(A+B)=tr(A) +tr(B)
for any A, BER™"
(iil) tr (vxT) =xTy for any x, yE R™

we obtain the time derivative V of V along the
trajectory of Eq. (15) and Eq. (16) as
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200
V=—d S —

ELE[W:( )/11( )

i‘,éwi(x)ﬂ,(x)KfB(Bm)?jsgn(lj)
2ty |
X R (x) ()
1=1

EEw(() 4 (x) LI (Ba) s sen(l)

[
PexT+§KH}K; (19)

oy 2 Pe r’+ﬁlf,zl}f,~
Z]hzw.( o i(x) g
In the last two terms of Eq. (19), if we let
SKITK,
[
2 2w (x x) 115 (x) KIT;(Ba) 5 sgn(l;) (20)
=== 1 Pe x"
gFEIw;( x) 15 (x)
SIink,
L -
22 wix) p(x) LIT;(Bn) T sgn(l;) (21
i=1j=1 P Pe rT
Z}Ziw,( x) 1 (x)

we can make V to be negative, i.e.,

130 (%) 15 (%) Qi
V=—el 4 e<0  (22)
2w (x) 1 (x)

i=15=1

Hence, the obvious choice for adaptive law to
make V negative is

| 2w () (B sen(l)

K;=K;(1) L1 Pex’
22 wi(x) g5 ()
. == (23a)
Zw,-(Bm)u 7
=15 —~— b sgn(l;) Pe x
g‘iw, { 21/4 }
L 23w (x) 1 (x) (Bw) §; sgn (1)
Li=L;(t)="— Per’
2 2wi(x) 5 (x)
=14=1 (23b)

Theorem 2 : Consider the plant model, Eq. (2)
and the reference model, Eq. (7) with the control

law, Eq. (11) and adaptive law, Eq. (23). As-
sume that the reference input r and the state xXn
of the reference model are uniformly bounded.
Then the control law, Eq. (11) and the adaptive
law, Eq. (23) guarantee that

(i) K(t), L(t), e(x) are bounded
(ii) e()—0as f—

Proof.

From Eq. (18) and Eq. (22), it directly follows
that V is a Lyapunov function for the system,
(Eq. (15), Eq. (16)), which implies that the equi-
librium given by Eq. (17) is uniformly stable,
which, in turn, implies that the trajectory K (t),
L(#), e(t) are bounded for all f>>0. Because
e=X—Xn and xpE%, we have that x=4%.
From Eq. (11} and r&%., we also have that
uE %, ; therefore, all signals in the closed-loop
are bounded.

Now, let us show that eE%. From Eq. (18)
and Eq. (22), we conclude that because V is
bounded from below and is nonincreasing with
time, it has a limit, i.e.,

lim V{e(®), Ki(t), Li()) =Vo<oo  (24)
From Eq. (22) and Eq. (24), it follows that

l
2 wittiQs;

® r|a=
o

edr=— fo “Vdr= Ve~ V) (25)

where
Vo=V (e(0), K;(0), L;(0))
On the other hand, from 0<w;<1, 0</4<1, and
Jain (Q)) || € P< €7 Qije < Amax (Q:) | €[

we have

(@0 e P er] 225
in \ &/i5) jmin]| € e 7 e
= Wil (26)
S{ /1max ( Qij) }max” e ”2
where
{ Arnin(Qij) }minzmin { Amin ( Qu) , *** Amin ( Qu) }

{ Amax(Qij) }maxzmax { /imax( Qu) , "y Amax ( Qll)}

After inserting Eq. (26) into Eq. (25), and
straightforward manipulation, we have
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(Vo=Va)  _ (% o (Vo= Vi)
{/Lmn(Qij) }m&n ﬁl “ e“ dts{/%max(Qij) }max

which implies that e=%. Because e, K, L
r&%, it follows from Eq. (15) that éeE%,
which, together with €€ %, implies that ¢(#)— 0
as { — oo,

4. Numerical Examples

In this section, the validity and effectiveness of
the proposed controller are examined through the
simulation of tracking control for a flexible joint
manipulator.

The control objective is to follow a given tra-
jectory qu(¢) and to produce a torque vector &
such that the trajectory error approaches 0 as
{ — oo, In the simulation, we examine the effects
of parametric variation on behaviors of the
closed-loop systems with the proposed TS model
based adaptive control scheme.

In order to apply the suggested Adaptive Fuzzy
Control (AFC), we need a TS fuzzy model rep-
resentation of the manipulator.

After the T-S fuzzy model was proposed there
have been efforts to construct an efficient T-S
fuzzy modef for a given nonfinear system. If the
T-S fuzzy model {s not exactly modeling the
nonlinear system, the designed controller may not
be able to guarantee the control performance and
the stability of the closed loop control system.

To develop a systematic procedure, a T-§ fuzzy
modeling method, exact T-S fuzzy modeling has
recently been developed. The basic idea of exact
T-S fuzzy modeling for nonlinear systems has

Fig. 1 Flexible joint manipulator configuration

first been discussed in the work (Kawamoto,
1996). Here, the word “exact” means that the
defuzzified output of the constructed T-S fuzzy
model is mathematically identical to that of the
original nonlinear system.

Consider the single link flexible joint mani-
pulator shown in Fig. 1 whose dynamics can be
written as

1=2X2

Xg=— M}EL sin xl—ébcl“x@

. (27)
X3=2;

)54':‘{]{“(361 —Xa) +% u

where, I, J are, respectively, the link and the
rotor inertia moments, M is the link mass, £ is
the joint elastic constant, L is the distance from
the axis of the rotation to the link center of mass
and g is the gravitational acceleration respective-
ly. x:(#) and xs(#) denote the link angular vari-
able and the actuator shaft angle respectively.

The system, Eq. (27) has a nonlinear term,
sin{x(£)). If this nonlinear term can be re-
presented as weighted linear sums of some linear
functions, then the TS fuzzy model of Eq. (27)
can be constructed. For this purpose, we first need
the following theorem.

Theorem 3: Consider the following nonlinear
term :

Jn=2x122"""%n, where x,& [ ]
It can be exactly represented by a linear weighted
sum of the form

fo=(

2

2 zlluizfs"'in.gfzis"'in)xl (28)

ipidgysdy
n X L )
where gizis‘"in:IIZ .Qi’,, #fzis'“in:IIZ 5 in which
= =
I is positive semi-definite for all x,&[Q 2.1,
defined as follows.

~x,~+52§
9-9

x— 5%
o= 0of

Ii= F= (29)

Proof.
Theorem 3 can be proved using inductive rea-
soning.
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If n=1, then Theorem 3 is obviously true.
When n=2, the nonlinear equation is fa=x1xz,
which can be represented as the weighted sum of
linear functions of x; as follows.

2
f2=< _Elxzizgiz >x1 =21 (30)
2=

where

*x2+.sz _ x2+.sz
G0 " oo
Assuming that Theorem 3 holds when #=£. then
the nonlinear function fr+1==X1%2"**Xr+1 can be

gl:nz, g’2=1—1223 M=

represented by a weighted linear sum of linear
functions of x; in the following form.

fk+l=(<A é /lizigmi,,gizigu-i,,)(FIHIQIHI-I'FZ}Z“-QZ’!“))XI

1gygyyip=1
2
=( . 2 ﬂx’zz‘3~-~i,,1gizi3--~i,1‘|‘#izi,~--i,.2gi,i3~-~i,2>x1 (31)
igigynyip=1
2
=<A X ﬂizia»--imgizia«»im)xl
ipdg,ign =1
Hence, Theorem 3 holds for all n.

Corollary 1: Assume x{#) <[ £]. The non-
linear term

Flx(8))=sin(x(#)) (32)

can be represented by a linear weighted sum of
linear functions of the form

F () =(Fuatx ) )x() (33

where

alx(t))=1, @(x(¢)) =@ and

m=n, w=I;

Csin(x () —ax (), x() —sin(x(2))
=z " (a0
for x(¢) *+0

=1, I3=0 for x(#) =0 and
a=sin"" (max (2, 2))

proof.

It follows directly from Theorem 3.

Using Corollary 1, an exact TS fuzzy model of
Eq. (27) can be represented as follows.

Plant rules:
Rule 1: IF x,(¢#) is about £ THEN
% (t) =Aiwx(t) +Biu(t)

Rule 2: IF x,(¢) is about £ THEN

2 (t) =Ax (t) + Baue () (34)
where
0 10 0 0 10 0
Mg ko, k algl ko k
B S I e e B
I I e e R
k -k k k
= 0_ = ——
] 7! 7T Ys)
0
0
Bi=B:=| 0
1
J

and the membership functions ‘abour £ and
‘about £ are, respectively,

_sin(n(8) —ami (1)

Litx) = (1—a) x: (£)
_ xi () —sin(x1(2))
Fz(h) = (1 _a) xl(t) (36)

for x1(#) #0
=1, =0, for x:(¢t) =0

where @=sin""(max (£;, 2)) and I} is positive
definite for all x1(¢) €[ £]. In the simulation,
(£, £] was chosen as [ —2.85 2.85].

Although the exact fuzzy model of the flexible
joint manipulator does not have any modeling
uncertainties since the deffuzzified output of the
TS fuzzy model is exactly same to that of original
nonlinear flexible joint manipulator Eq. (27), the
exact modeling scheme may have some demerit. If
the nonlinearities in the system model have very
complicated form or the number of them is very
large, the methodology presented in Theorem 3
can not be applied easily.

An alternative TS fuzzy modeling technique,
the linearization method is often utilized to con-
struct a T-S fuzzy model for a nonlinear system.
The linearization based TS fuzzy modeling tech-
nique is the most popular as it is simple and the
consequent rule base becomes intuitive although
the modeling error inevitably exists.

By applying the Lyapunov linearization meth-
od (Slotine et al., 1991) at operating points
x1=—rm, 0, m, we obtain the TS fuzzy model for
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the robot manipulator as followings.

Rule 1 : IF #; is about —7 THEN x=Ax+Biu
Rule 2: IF x; is about 0 THEN #=Aox+ B (37)
Rule 3: IF x; is about # THEN £=Asx+ Bsu

0 1 0 0 0 1 0 0
Mgl k k Mgl k k
2 £y B Xy Ly

T TTTT

A=h= 0 001’A2_ 0 0 0 1
k _k k _k
J ’ 10 J ’ ]0 (38)

0
0

B=B=B:=| ¢
1
J

The whole state space formed by state vector of
the original nonlinear equations is partitioned
into three different fuzzy subspaces whose center
is located at the center of corresponding member-
ship functions (MF) shown in Fig. 2.

In order to apply the proposed adaptive fuzzy
control scheme, the reference model for the plant
state x to follow should be specified. In this
simulation, the closed-loop eigenvalues for each
subsystem are chosen to be the same, which in
turn make the reference model for each fuzzy
subspace to be the same and linear one as fol-
lowing :

0 1 0 0 0
0 0 1 0 0
1

—4 —10 —10 —5

The PDC controller shares the same fuzzy sets
with fuzzy model to construct its premise part.
That is, the PDC controller is of the following
form :

ZE (about 0)
1

NB (about — 1) PB (about 7)

» x (1)
-7 0 gl

Fig. 2 Membership functions

Ril If 21 is MFI

then u(t)Z”K[x1X2X3X4]T+Li7’<t) (40)

The feedback control gains K; and L; of each
fuzzy state feedback controller are updated by
adaptive law so that the closed-loop plant follows
the reference model, Eq. (39).

Now by using Eq. (23), we derive the adaptive
law for updating the elements of K; and L; so
that the closed-loop plant follows the reference

model.
K;(t) =14 -\ sgn(l) BLPe x”
Z;”f
- (41)
Li(t)={ 4\ sgn(l) BLPer"
J_gl#j

where BZ=[000 1].
The parameters of nominal plant model used in
this simulation are as follows.

I=003Kg'm®’, L=1m, £=31N.m

42
J=0.004 Kg-m?, and g=9.8 m/s* (42)

To test the adaptation abilities of the proposed
scheme, the mass of link is varied with time as
M (t) =0.2687+0.15 sin 37t and % is not known
exactly. The initial value for state x; is assumed
as x1=% and the initial parameter of % for the
adaptation, %(0) =28.

The designed adaptive fuzzy controller was
applied to the original nonlinear model of the
flexible joint maipulator, Eq. (27) in the simula-
tion. Figs. 3~5 show the simulation results of
regulation of joint angle with exact fuzzy model
(EFM) and linearization based fuzzy model
(LFM). From these figures, It is shown that the
regulation problem can be solved under para-
metric uncertainties. Figs. 6~8 show the tracking
control results with both EFM and LFM. In both
cases, the tracking can be accomplished success-
fully. The response characteristics of EFM based
control such as response time is better than that
of LFM based control. This is due to the fuzzy
modeling ability of LFM. If more fuzzy rules,
that is, linearization at more operating points can
be possible, the difference between both the
models can be reduced.
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5. Conclusions

In this paper, we have used exact fuzzy mo-
deling method and linearization based modeling
method to represent the flexible joint manipulator
and the adaptation law adjusts the controller
parameters on-line so that the plant output tracks
the reference model output. The developed adap-
tive law guarantees the boundedness of all signals
in the closed-loop system and ensures that the
plant state tracks the state of the reference model
asymptotically with time for any bounded refer-
ence input signal.
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