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PERTURBATION OF WAVELET
FRAMES AND RIESZ BASES I

JIN LEE AND YOUNG-HwaA HaA

ABSTRACT. Suppose that ¥ € L%(R) generates a wavelet frame
(resp. Riesz basis) with bounds A and B. If ¢ € L*(R) satis-
fies |P(&) — $(&)] < k(l—ﬁ% for some positive constants a,y, A
such that 1 < 14+« < v and A2M < A, then ¢ also generates a

2
wavelet frame (resp. Riesz basis) with bounds A (1 -/ M /A)

2
and B (1 + A/ M/ B) , where M is a constant depending only on
a, v, the dilation step a, and the translation step b.

1. Introduction

A wavelet frame is some generalization of a wavelet. While a C*°-
function with exponential decay can never generate an orthonormal
wavelet basis, it can generate a wavelet frame. A well-known exam-
ple is the Mexican hat function, the second derivative of the Gaussian
e~%*/2; if we normalize it so that |[¢]]z = 1 and ¥(0) > 0, then

b(a) = —

A =1fAq 2y —52)2
\/571' (1—2x%)e
(see Daubechies [5] p.75). Wavelets and their generalizations provide
very efficient building blocks for most of the classical function spaces.
They offer flexible methods for studying integral operators and partial
differential equations. They are particularly effective for analyzing func-
tions with multifractal structure, and indispensable tools for signal and
image processing.

In practical applications, approximations are often used, whence the
stability problem occurs. Some guarantee that small perturbation does
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not alter the main property of the wavelet and their generalizations is
thus needed.

For given a > 1,b > 0, and ¥ € L?(R) a family of functions v, ,, is
defined by

Ymn(z) = a“m/2¢v(a_mx —bn), m,nez,

where the constant a is called the dilation step, and the constant & the
translation step. An L?-function 1 is said to generate a wavelet frame
or a wavelet Riesz basis if the family {¢m, »} is a frame or a Riesz basis
for L?(R), respectively.

R. Balan showed in [1] that if ¢ generates a wavelet frame and "
and 121\’ have some smoothness and boundedness, then ¥ with slightly
perturbed translation step still generates a wavelet frame. This is not
an exact answer to the stability problem. But, a result by S. Z. Favie};
and R. A. Zalik gives a partial answer. They showed in [6] that if v
has a compact support and ¥ with an integer dilation step generates a
wavelet frame (resp. Riesz basis), then a function ¢, slightly perturbed
from v in their Fourier transforms, also generates a wavelet frame(resp.
Riesz basis). We obtain the following results which extend this result
by removing the restrictions on the dilation step and the support.

THEOREM. Suppose that 1 € L?>(R) generates a wavelet frame with
bounds A and B. If ¢ € LX(R) satisfies [(¢) — $(&)] < Agleleys for
somel < 1+ a < v and XM < A, then ¢ also generates a wavelet

frame with bounds A(1 — A\\/M/A)?, B(1 + A\\/M/B)?
THEOREM. Suppose that 1) € L?(R) generates a wavelet Riesz basis
with bounds A and B. If ¢ € L?(R) satisfies 'w &) — §)‘ < A(1+l§l)’7

for some 1 < 1+a <y and \2M < A, then ¢ also generates a wavelet
Riesz basis with bounds A(1 — \\/M/A)?, B(1 + \\/M/B)?

2. Definitions and preliminary results

In this paper the Fourier transform fis defined by

~ 1 izt
= — d ’
() o /Rf(a:)e T
and so || f|l2 = ||f]lz for all f € L*(R). Now a frame is defined as follows.
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DEFINITION 1. A family {1;};cs of elements in a Hilbert space H is
called a frame if there exist positive constants A and B such that for all
feHn,

AlFIP < DI < BIfIZ
jeJ
The constants A and B are called frame bounds.

A frame can be thought of as a kind of generalized basis. It contains
more than enough elements. But, such redundancy allows flexibility.
The frame condition can be split into the upper frame condition and
the lower frame condition. The upper frame condition gives Bessel se-
quences.

DEFINITION 2. A sequence {4);};c of elements in a Hilbert space H
is called a Bessel sequence if there exists a positive constant B such that
for all f € H,

Zl(f,wmz < B|If]I%.

The constant B is called a Bessel bound.

A Bessel sequence {9;};cs can be characterized in terms of the so
called pre-frame operator T : {2 — H, defined by T'({c;}) = > et G
If the series ) .. ;c;4; converges (Le., T({c;}) is well-defined) for all
{¢;} € [2, then it follows that T is bounded, and the adjoint T* : H — I2
of T is given by T*f = {(f, ;) }. Since the boundedness of T* corre-
sponds to the Bessel condition of the sequence {4;};cs, the following
theorem is obtained.

THEOREM 3 ([7]). A sequence {4;};c s of elements in a Hilbert space
H is a Bessel sequence with a bound B if and only if szeJ Cj’l/)j”z <
BY ieslel? for all {¢;} € 2.

There are several equivalent definitions for a Riesz basis. We use in
this paper the following definition.

DEFINITION 4. A family {1;} ;e of elements in a Hilbert space H is

a Riesz basis if {1);};cs is complete, and there exist positive constants
A and B such that

2
A g <D eyl <BY gl
jed jed 9 jeJ

for all {¢;} € [%. The constants 4 and B are called Riesz bounds.
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The following theorem is used in the next section to show that a
frame with a certain property is, in fact, a Riesz basis.

THEOREM 5 ([4]). Let {¢;}jecs be a family of elements in a Hilbert
space H. Then the following statements are equivalent:
(i) {¥;};es is a Riesz basis with bounds A and B.
(ii) {¥;};es is an [?-linearly independent frame with bounds A and B.

Perturbation of a frame can be treated with the following theorem.

THEOREM 6 ([6], p.164). Let {1;};c be a frame in a Hilbert space H
with bounds A and B. Assume {¢;};e; C H is such that {y; — ¢;}jes
is a Bessel sequence with a bound M < A. Then {¢;};cs is a frame

with bounds A (1 - Mﬁq2wd3(y+¢%ﬁﬁf.

3. Main results and proofs

In the sequel, the dilated and translated versions v,, of a given
function 1 € L2(R) are always considered with some fixed dilation step
a > 1 and translation step b > 0. 1. Daubechies showed in [5] an estimate
which enables us to get bounds of wavelet frames in L?(R) : For any

¥, f € L*(R)
> K fYma)l?

mn€Z

(1) < %;’fnfu%{ sup 3 [B(ame)?

1<[¢1<a ey,

- 2 )5

where 3(s) = Bﬁ(s) = Sup; D ez [Y(a™E)[[W(a™E + s)|. We will use
this estimate to derive frame bounds.

The results of the following lemmas will be used in the proofs of the
main theorems. We first define a nonnegative function 7 by
s
Sy

where o and 7 are positive constants.

1(t) = Nay (1)
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LEMMA 7. If0 < o < <y and a > 1, then

a a’

a
M) <
D Ma™) S oyt sy

meZ

for all1 < |t| < a.

PROOF. Let 1 < |t| < a. Then,

mt‘a

m !amt‘a
ge:z ) Z (1 + |a™t|)7 Z (1 + [a™t|)Y
< Z la™ %+ lamt|°‘_7

m<0 m>0
< Z aa(m+1) + Z a(a——’y)m
m<0 m>0
a® a¥™«

0‘—1+a7"°‘—1'

COROLLARY 8. If0< a <~y and a > 1, then

a2 a2(’y—a)

sup n(a™)? < + .
lsltISGTnze:Z ( a?* —1 a‘?('y—a) -1

PROOF. Observe that 7% = 72, = 72a,2y. Since 0 < 2o < 27 by the
hypothesis, the result is then followed from Lemma 7. 0

LEMMA 9. If 0 < ¢ < <y and a > 1, then

(2) Bn(s) =sup Y n(a™t)n(a™t +s) < B(L+|s|)*7"
mezZ

where B = Bq, 4 is a positive constant depending only on a, a, and 7.

PRrROOF. The inequality is obvious when t = 0. If ¢t # 0, we can find
an integer k such that 1 < [t|/aF < a. Hence, if necessary, by replacing
t/a* and a™** with ¢ and m, respectively, it suffices to consider the
inequality only for the case 1 < |t| < a.

Assume 1 < |t| € a. For each fixed ¢t and s, an arbitrary integer m
falls into exactly one of the following three cases:

(i) l[a™t| > als|, (ii) la™t] < |s|/a, (iii) |s{/a < [a™t| < als].
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If |a™t| > als|, then

|a™t + s|@ _
<(1 ™t a7
(1+ |a™t + s|)Y — (14 a™t + i)

< (U ™t~ o)™ < (1 +als| — |s)*
= (1+ (@@= 1)[s)* < By(1+s)*,

n(a™t+s) =

where By =1ifa>2o0r By =(a—1)*"if 1 < a < 2. Hence,

(3) D n(@mt)n(a™t + s) < Bi(1+[s)*7 Y n(a™t).
@ @

Now, if |a™¢| < |s|/a, then

mt o
@8+ 81 g 4 jame 4 s)e

n(a™t + s) = A+t s =

m [0 '8' «
<1+ s = [a™t))*™7 < H'S'"a‘

N [1 " (1 B %) |s‘} B < By(1+|s))*77,
where By = (1 — 1/a)*". Hence,

@ S n(a™ (@™ +s) < Bo(1 +|s))* 3 n(a™).
(if) (i)

Finally, if |s|/a < |a™t| < as|, then
I Lt
n(a™t) < (14 |a™))*77 < [1 + E’S{] <a’m (1 + [s))* 7.

Observe that if » € [|s|/a,]|s|), then a*r & [|s|/a,a|s|) for & > 2 or
k < -1, and if r € [|s],a|s|), then a®r ¢ [|s|/a,als|) for k > 1 or k < —2.
Hence there are at most two integers m satisfying |s|/a < |a™t| < als|.
Since n(a™t + s) < 1, we now get

(5) D n(a™t)n(a™t + 5) < 2077 (1+ |s])*77.
(iii)
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From the inequalities (3), (4), (5), and the fact that B; < Ba, we
thus obtain

Z n(a™t)n(a™t + s)

minZ

IA

B1) n(a™)+ By Y n(a™) +2a"%| (1+s|)*7"
L O (it)

-

< | By 2 n(a™t) + 2277
L mEL

1+ [sh*

We can now complete the proof by Lemma 7. O
Now one can easily see by the previous results that if & > 0,y >
a+1,a>1,and b > 0, then

(6) M=Mypany

27 2k 2k )12
-5 @t 3 o (5)m ()
b Lsslltui“ mze:Z e keZz,k:;éO ! ! b

is finite. In the following theorems, the constant M always refers to the
same constant defined in (6).

THEOREM 10. Suppose that ¢ € L?(R) generates a wavelet frame

with bounds A and B. If ¢ € L2(R) satisfies [{/(€) — #(6)] < Arofer

for some 1 < 14+ a < v and A\2M < A, then ¢ also generates a Wavelet
frame with bounds A(1 — A\y/M/A)?, B(1 + A\\/M/B)2.

ProoOF. By Daubechies’s estimate (1), we have

ST 1 Umn — dma)l?

mnez

s?fnfn%x[ sip 3 |lame) - dlame)|

IS|§|<am€Z

- T (e[ %)T”}

From the assumption,

sup 3 |B(ame) - dame)| <N sup > nlane’

1Llél<a ez 1<¢|<a
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and

ﬂ(s)—sgpzlw (@"€) - Jam)| [Bame + 5) - Bam¢ + 5)

meZ

supZ TEM(a™E + 5) = A2 By(s).

meZ

Hence, by the constant M defined in (6) we have

Z I<f7 wm,n - ¢m,n>'2

m,neZ

< v?gwnz[ sp 3 na™e)?

1<l¢l<a ez

R CIEICIN

< AM|If(3-

Therefore {¢mn — ¢mn} is a Bessel sequence with bound A2M, and the
proof is now completed by Theorem 6. O

THEOREM 11. Suppose that 1 € L?(R) generates a wavelet Riesz
basis with bounds A and B. If ¢ € L*(R) satisfies ){Z;(f) —5(5)1 <

)\(ﬂ% for some1 <14+ a < v and \X2M < A, t;ben ¢ also generates a
wavelet Riesz basis with bounds A(1 — A\\/M/A)?, B(1+ A\\/M/B)2.

ProoOF. By Theorem 5, 9 generates a wavelet frame with bounds
A and B, so by the assumption and Theorem 10, ¢ also generates a
wavelet frame with bounds A(1 — A\\/M/A)? and B(1 + \\/M/B)2.
Hence, by Theorem 5 again, it suffices to show that {¢m »} is (?-linearly
independent.

In the proof of Theorem 10, we have shown that {¢m  — qu,n} is a
Bessel sequence with bound A\2M. Let {¢mn} € 2. Then, by Theorem
3,

2

S)\zM Z Icm,nl2~
9 m,neZ

Z Cm,n(¢m,n - ¢m,n)

m,n€Z
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Hence,

Z Cm,n¢m,n Z Z cm,n"pm,n - Z cm,n(d’m,n"‘ﬁm,n)

m,nes 9 m,neZ 9 mn€L 2
1/2 1/2
2VA| Y lemnl?|  ~AM | Y lemal®
m,neZ mneL
1/2
> (VA-AM) | 3 lemal?
mnez

It now follows that “Zmn Cmn®Pmn , = 0 implies ¢pm,, = 0 for all

m,n € Z because VA — \WM > 0 by the assumption. Therefore,
{@mn} is [*-linearly independent. O
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