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HAUSDORFF DIMENSION OF DERANGED CANTOR
SET WITHOUT SOME BOUNDEDNESS CONDITION

IN-S00 BAEK

ABSTRACT. A deranged Cantor set(without the uniform bounded-
ness condition away from zero of contraction ratios) whose weak
local dimensions for all points coincide has its Hausdorff dimension
of the same value of weak local dimension. We will show it using an
energy theory instead of Frostman’s density lemma which was used
for the case of the deranged Cantor set with the uniform bound-
edness condition of contraction ratios. In the end, we will give an
example of such a deranged Cantor set.

1. Introduction

Under the bounded geometry of contraction ratios of perturbed Can-
tor sets, we ([1]) studied their Hausdorff and packing dimensions. We
([2]) also investigated the Hausdorff dimension and the packing dimen-
sion of a certain deranged Cantor set whose contraction ratios are uni-
formly bounded. Recently we ([3]) used an energy theory related to
Hausdorff dimension to give a lower bound for a perturbed Cantor set
whose contraction ratios are not necessarily uniformly bounded away
from zero.

In this paper, we also apply the energy theory to some special de-
ranged Cantor sets to find their Hausdorff dimensions. We only consider
a particular deranged Cantor set whose lower and upper Cantor local
dimensions ([2]) coincide.

2. Preliminaries

We recall the definition of the deranged Cantor set ([2]). Let I =
[0,1]. Then we obtain the left subinterval I ; and the right subinterval
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I of I, by deleting the middle open subinterval of I inductively for
each 7 € {1,2}", where n = 0,1,2,--- . Consider E, = Ur¢fyaynlr.
Then {E,} is a decreasing sequence of closed sets. For each n, we put
| La | /| Ir|=¢crpand | Ira | /| I |= cro for all 7 € {1,2}",where | I |
denotes the diameter of I. We call F' =, En a deranged Cantor set.
We note that if y € F, then there is o € {1,2}" such that 2, Lo =
{y} (Here olk = 41,142, -- ,ix where o = 41,42, - , ik, tk+1," - ). Here-
after, we use o € {1, 2}N and y € F as the same identity freely.
We ([2]) recall the local Hausdorff dimension f(o) of ¢ in F
f(o) =inf{s > 0: h*(0) = 0} = sup{s > 0: h*(0) = o0}
where the s-dimensional local Hausdorff measure
k(o) = likrgiréf(cf +ea)(copna + o) (G + 2)  (Copa + Coppa)s
and dually the local packing dimension g(c) of ¢ in F
g(o) =inf{s > 0: ¢°(c) = 0} = sup{s > 0: ¢°(c) = o0}
where the s-dimensional local packing measure

¢°(0) = limsup(c] + c3) (1,1 + CG1,2)(Coa,1 + Co2,2) (o1 T+ Copi2)-

k—oc

We recall the s-dimensional Hausdorff measure of F :
H*(F) = lim H§ (F),
where H(F) = inf{} >> | | Upn |°: {Un}3%, is a é-cover of F'}, and the
Hausdorff dimension of F :
dimg (F) = sup{s > 0: H*(F) = oco}(= inf{s > 0: H*(F) = 0})([4]).

Also we recall the s-dimensional packing measure of F :
o0 oo
p*(F) =inf{)_P°(F,): |J Fn=F},
n=1 n=1

where P*(E) = lims_,o P{(E) and P§(E) = sup{d roq | Un |°: {Un} is
a é-packing of E }, and the packing dimension of F :
dimy,(F) = sup{s > 0: p°(F) = co}(= inf{s > 0 : p°(F) = 0})([4]).
We note that a deranged Cantor set satisfying ¢;,1 = an41 and ¢, 2 =
bn+1 for all 7 € {1,2}", for each n = 0,1,2,--- is called a perturbed
Cantor set ([1}).

We are now ready to study the ratio geometry of the deranged Cantor
set.
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3. Main results

In this section, F' means a deranged Cantor set determined by {c.}
andd, =1—(cr1+¢r2) >d>0forall 7 € {1,2}" with n € N and for
some d > 0.

LEMMA 1. h*(0) = 0 if s < f(o) and ¢*(0) =0 if s > g(o).
PRrOOF. It follows immediately from the definitions of f anf g. O

From now on, we assume that F' satisfies f(o) = g(o) = s for all
o € {1,2}" for some real number s € [0,1). We call a deranged Cantor
set F' satisfies the uniform boundedness condition of f and g if F satisfies
the following two conditions that if v < f(o) = s then there exists A > 0
such that for all o € {1,2}" r}(0) = (cf + ) (Y, + o) +
cg|2’2)---(c§|k’l + cg|k,2) >A>0forall k€ N and if u > g(o) = s
then there exists B < oo such that for all o € {1,2}" r¥(0) = (% +
c’lzt)(cgll,l +C1;|1,2)(Cg'|2’1 +CZ|272) . (cglk,l +Cg|k,2) S B < 0 for all k (S N.

LEMMA 2. If there exists B < oo such that for all o € {1,2}"
ri(o) = (A +e3) (g1 12) (Coa o) (Gt Coppe) S B <00
forallk € N, then 3 c; oy |I-[* < B for allk € N.

PROOF. It is obvious from the comparison between > ¢ oy | 17|
and r¢_; (o).

THEOREM 3. If f(0) = g(o) = s for all 0 € {1,2}" with the above
uniform boundedness condition of f and g, then dimy (F) = s.

PROOF. Assume that d,j, = 1 = (Con,1 + Cojn2) > d > 0 for all
o € {1,2}" and all n € N and for some d > 0.

We may assume that s > 0 to show that dimg(F) > s. Let0<t < s
and s — t = ¢. Consider s =t + %,sz =t+3.

We define a set function u by

I
M = o
where ., (7) = (' + &3')(c7j,1 + Si1.0) (Gl + Clag) + (Claiy +
cjin_m) for each 7 € {1,2}".

Clearly u(I;) = p(I-1) + p(lr2) for all 7 € {1,2}" for all n =
0,1,2,---. Then p is extended to a mass distribution on F (see [4,
Proposition 1.7}).
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Clearly liminfr}' ;(0) = oo from s; < s = f(0) by Lemma 1. Fur-
ther from the uniform boundedness condition of f , there is A > 0 such
that u(l;) < ”" for all 7 € {1,2}",n =0,1,2,-

From the umform boundedness condition of g, since s1 + (s1 — s3) >

ratE1=92)(5) < B < 00
for all n for some B < oo.

For z,y € F, Ay denote the interval of E,, that both x and y belong
to with largest integer n.

By slight abuse of notation, we write I € Ej to mean that the interval
I is one of the basic intervals I, of Ej, where 7 € {1, 2}*.

If zpy € Ey , then for 7 € {1,2},

/ /w—IT l - yI ™" dp(@)dp(y)

< 207 T ) (I 2)

A
A2

Now we see that Y- oy oy |[I[*174 < {(1 — d)**"*}*B for each k =
1,2,---, noting that a”_t b2~ t<(1—d)**tforeachi=1,2,---,k.

Hence
/ / |z — y| T du(z)dp(y)

=SS [ [ k@

< 2d”

k= OIEEk ~y=I
I 2s1—t
cay ¥ B
k=0re{1,2}*
t
SQd BZ{ d)*27 1} < 0.

Since p is a mass dlstrlbutlon on F, dimg(F) >t (see [4, Theorem 4.13
a)]) for every t < s. Hence dimgy(F) > s.

By the uniform boundedness condition of g, limsup (o) < B for all
u > s for some B > 0. From Lemma 2, liminsze{Lz}n |I-|* < B for
u > 8. Noting ¢; <1 —d, dimy(F) < s. O

Noting that for every o € {1,2}" in a perturbed Cantor set F, f(o)
is the lower Cantor dimension dimg (F') ([1], [3]) and g(o) is the upper
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Cantor dimension dim(F) ([1], [3]), we easily get the following Corol-
lary.

COROLLARY 4([3]). If F is a perturbed Cantor set such that dimg(F)
= dimz(F') = s, then dimy (F) = s.

PRrOOF. Clearly a perturbed Cantor set has the uniform boundedness
condition of f and g. O

EXAMPLE 5. Easily we can find a deranged Cantor set whose f(o) =
gloc) =sforall o € {1,2}N with ¢171 = an42 and ¢1 72 = bpy2 and
Cor1 =y o and cpro = b, forall 7 € {1,2}", for each n = 0,1,2, - - -
and liminf of contraction ratios is 0. Then clearly it satisfies the uniform
boundedness condition of f and g above and its Hausdorff dimension is
S.

CONJECTURE 6. Consider a deranged Cantor set whose f(o) =
g(o) = s for all o € {1,2}" with €111 = Gny2 and c172 = byyo and
€171 = Gpyg and c2172 = b5 and c22171 = alh,, and c01-0 =
by 4, for all 7 € {1,2}", for each n = 0,1,2,--- and liminf of con-
traction ratios is 0. We conjecture that it satisfies the uniform bound-
edness condition of f and g and its Hausdorff dimension is s. Further
we conjecture that its packing dimension is s also.
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