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Abstract

We introduce the concepts of fuzzy (7,s)-semiopen sets and fuzzy (7,s)-semicontinuous mappings on intuitionistic
fuzzy topological spaces in Sostak’s sense and then we investigate some of their characteristic properties.

Key words :

1. Introduction

The concept of fuzzy sets was introduced by Zadeh
[11]. Chang [2] defined fuzzy topological spaces. These
spaces and its generalizations are later studied by sev-—
eral authors, one of which, developed by Sostak [10],
used the idea of degree of openness. This type of gen-—
eralization of fuzzy topological spaces was later re-
phrased by Chattopadhyay, Hazra, and Samanta [3], and
by Ramadan [9].

As a generalization of fuzzy sets, the concept of in-
tuitionistic fuzzy sets was introduced by Atanassov [1].
Recently, Coker and his colleagues [4,6,7] introduced in-
tuitionistic fuzzy topological spaces using intuitionistic
fuzzy sets.

Using the idea of degree of openness and degree of
nonopenness, Coker and Demirci [5] defined intuitionistic
fuzzy topological spaces in Sostak’s sense as a general-
ization of smooth fuzzy topological spaces and in-
tuitionistic fuzzy topological spaces.

In this paper, we introduce the concepts of fuzzy
(r,s)-semiopen sets and fuzzy (r, s)-semicontinuous
mappings on intuitionistic fuzzy topological spaces in
Sostak’s sense and then we investigate some of their
characteristic properties.

2. Preliminaries

Let I be the unit interval [0,1] of the real line. A
member p of I¥ is called a fuzzy set of X. By 0 and 1
we denote constant maps on X with value 0 and 1,

respectively. For any p e I X u° denotes the comple-

ment 1 — f. All other notations are standard notations of
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intuitionistic fuzzy topology in Sostak’s sense, fuzzy (7, $)-semiopen set, fuzzy (r,s)-semicontinuity

fuzzy set theory.

Let X be a nonempty set. An intuitionistic fuzzy set
A is an ordered pair

A= (/*LA: ’YA)

where the functions py: X—I and v4: X—I denote
the degree of membership and the degree of non-—
membership, respectively, and p,+ v, < 1.

Obviously every fuzzy set # on X is an intuitionistic
fuzzy set of the form (i, 1 —p).

Definition 2.1 [1] Let A= (us,7v4) and B={ug,v5) be
intuitionistic fuzzy sets on X. Then

(1) A< B iff ug < pg and v4 = vp.

(2) A=B iff AS B and B< A.

Q) A= (4, a)-

(4) ANB=(paNptg, YaV8).

5) AUB=(paV g, 74NV8).

®) 0.=(0,1) and 1.=(1,0).

Let f be a map from a set X to a set Y. Let
A= (u4y4) be an intuitionistic fuzzy set of X and
B=(pp,7vp) an intuitionistic fuzzy set of Y. Then:

(1) The image of A under f, denoted by f(A) is an
intuitionistic fuzzy set in Y defined by

FA) = (flpa), 1= F(1 —7)).

(2) The inverse image of B under f, denoted by
FY(B) is an intuitionistic fuzzy set in X defined by

f_l(B):(f—l(llB):f_l(VB))-

A smooth fuzzy topology on X is a map T:I*—I
which satisfies the following properties:
(L TO)=T1)=1.
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2) T Ape) = T )AT (ks ).

3 T(Vu) = ANT().
The pair (X,T) is called a smooth fuzzy topological
space.

An intuitionistic fuzzy topology on X is a family T of
intuitionistic fuzzy sets in X which satisfies the follow-
ing properties:

no,1_eT.

(2) If A, A, € T, then AiNA, e T.

(3)If A;€ T for all ¢, then UA; € T.

The pair (X, T) is called an intuitionistic fuzzy topo-
logical space.

Let I(X) be a family of all intuitionistic fuzzy sets of

X and let IQI be the set of the pair (r,s) such that
r,s€ Iand r+s5s< 1.

Definition 22 [5] Let X be a nonempty set. An in—
tuitionistic fuzzy topology in Sostak’s sense (SolFT for
short) 7=(1,7) on X is a map 7: I(X) —I®I which

satisfies the following properties:

(70 )=7(1.)=1and (0. )=7(1_)=0.
2) n(ANB) =7 (A)A7 (B) and

T(ANB) <1 (A)Vr(B).
3 n(UA,) = A1 (4;) and 1, (UA;) < Vr(4)).

The (X,7)=(X,7,7) is said to be an intuitionistic
fuzzy topological space in Sostak’s sense (SolFTS for
short). Also, we call ,(A) a gradation of openness of A

and 7,(A) a gradation of nonopenness of A.

Definition 2.3 [8] Let A be an intuitionistic fuzzy set in
a SoIFTS (X,7,,73) and (r,s) € IQIL Then 4 is said
to be

(1) fuzzy (r,s)-open if m{A)>r and 7,(A) < s,

(2) fuzzy (r,8)-closed if ,(A°) > r and 7, (A") < s.

Definition 2.4 [8] Let (X,7;,72) be a SolFTS. For each
(r,s) € IQI and for each A € I(X), the fuzzy (1,$)
—interior 1s defined by
int(4,r,s)=U{BeI(X)|A2 B,
B is fuzy (r,s)—open}

and the fuzzy (r, s)-closure is defined by

cl(4,r,s)=nN{Be I(X)|A C B,

B is fuzzy (r,s)—closed}.

The operators int: I(X)xXIQI—->I(X) and cl: I(X)
X 1®I—I(X) are called the fuzzy interior operator and
fuzzy closure operator in (X,7,,7;), respectively.

Lemma 25 [8] For an intuitionistic fuzzy set 4 in a
SolFTS (X,7,7) and (r,s) € IR],

(1) int(A,r,s) =cl(A%r,s).
(2) cl(A,r,s8) =int(A° 1, 5).

Let (X,7) be an intuitionistic fuzzy topological space
in Sostak’s sense. Then it is easy to see that for each
(r,s) € I®I, the family 7, defined by

Try={A €I(X)|n(A)=r and ,(A) <s}
is an intuitionistic fuzzy topology on X.

Let (X, T) be an intuitionistic fuzzy topological space
and (r,s) € I®IL Then the map T : I(X)—>IQI de-
fined by

(1,0) if A=0_,1_,
T")(A) =4 (r,s) if Ae T—{0_,1.},
(0,1) otherwise

becomes an intuitionistic fuzzy topology in Sostak’s
sense on X.

3. Fuzzy (r,s)-semiopen sets

Definition 3.1 Let A be an intuitionistic fuzzy set in a
SolFTS (X,71,72) and (r,s) € I®QI Then A is said to
be

(1) fuzzy (r,s)-semiopen if there is a fuzzy (r,s)
-open set B in X such that BE A € cl(B,n,s),

(2) fuzzy (r,s)-semiclosed if there is a fuzzy (7,s)
—closed set B in X such that int(B,r,s) € A € B,

It is obvious that every fuzzy (r,s)-open ((r,s)
—closed) set is a (r,8) semiopen ((r,s)
-semiclosed) set but the converse need not be true
which is shown by the following example.

fuzzy

Example 32 Let X={z,9) and let 4 and A: be in-
tuitionistic fuzzy set of X defined as

A (z)=(0.6,0.3), A (y)=1(0.3,0.5);
and
A, (z)=1(0.8,0.1), A;(y)=1(0.5,0.4).
Define 7: I{X) — I®I by

(1,0) if A=0_,1_,
r(4) = (n(A)m(A) =1 (5,5) if A=A,
(0,1) otherwise.

Then clearly (73,72) is a SolFT on X. The intuitionistic
1 1

. L. 1 1
53 }-semiopen which is not (—,?)

fuzzy set Az is ( 5

-open. Also, A; is (l,——l-)—semiclosed which is not
273
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(%, % )-closed.
Theorem 3.3 Let A be an intuitionistic fuzzy set in a
SolFTS (X,7,7) and (r,s) € IRI Then the following
statements are equivalent:

(1) A is a fuzzy (r, s)-semiopen set.

(2) A® is a fuzzy (r, s)-semiclosed set.

(3) cl(int(A4, r,5),r,s) 2 A,

4) int(cl(A°,r,s),r,8) € A"

Proof. (1) — (3) Let A be a fuzzy (r,s)-semiopen set
of X. Then there is a fuzzy (r,s)-open set B in X
such that BS A < cl(B,7,s). So

B=int(B,r,s) € int{A,r,s).
Hence
ACc(B,r,s) Scl(int (4, r,s)).

(3) — (1) Let cl(int(A,r,s),rs) 2 A and take
B=int(A,r,s). Then B is a fuzzy (r, s)-open set and

B=int(A,r,s) € A < cl(int(A4,r,s),r,s)
=cl(B,r, s).

Thus A is a fuzzy (7, s)—semiopen set.
(2) & (4) It is similar to the proof of (1) « (3).
(3) & (4) It follows from Lemma 2.5.

Theorem 34 Let (X,7,72) be a SoIFTS and
(r,s) e IR

(1) If A is fuzzy (7, $)-semiopen and int(A,r,s) S
Bc cl(A,r,s), then B is fuzzy (7, s)-semiopen.

(2) If A is fuzzy (1, s)-semiclosed and int{A,r, s)

C B < cl(A,r s), then B is fuzzy (r, s)-semiclosed.
Proof. (1) Let A be a fuzzy (7, s)-semiopen set and
int(A,r,s) € BS cl(4,r,s). Then there is a fuzzy
(r,s)-open set C such that CE A< cl(C,rs). It
follows that
C=int(C,r,s) S int(A,1,5) € A S cl(4,r,s)
c c{cl(Cm,8),1,8) =cl(C;r, s)

and hence
Ccint(A,ns)c B& cl(4,r,s) € cl(C,1,s).
Thus B is a fuzzy (7, s)-semiopen set.
(2) Similar to (1).

Theorem 35 Let
(r,s) € IRL
(1) I {AJ} is a family of fuzzy (r, s)-semiopen sets of

(X,7,72) be a SoIFTS and

X, then UA, is fuzzy (7, s)-semiopen.
(2) If {A) is a family of fuzzy (7, s)-semiclosed sets
of X, then NA; is fuzzy (r, s)-semiclosed.
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Proof. (1) Let {A} be a collection of fuzzy (r,s)
~semiopen sets. Then for each i, there is a fuzzy (7, s)
-open set B, such that B, € A,< cl(B,r, s). Since
n{UB)= An(B) =7 and R(UB) < Vi(B;) < s,

UB; is a fuzzy (r, s)-open set. Moreover,
UB, € UA, € Ucl(B,7,s) €c(UB,1s).

Hence UA; is a fuzzy (r,s) -semiopen set.
(2) It follows from (1) using Theorem 3.3.

Definition 3.6 Let (X,7;,73) be a SoIFTS. For each
(r,s) € I®I and for each A € I{X), the fuzzy (r,s)
-semiinterior is defined by
sint(A,r,s)=U{Be I(X)|ADB,
B is fuzzy (r,s)—semiopen}

and the fuzzy (r, s)-semiclosure is defined by

scl(Ad,n,s)=N{Be I(X)| A< B,
B is fuzzy (r, s)—semiclosed }.

Obviously scl(4,7,s) is the smallest fuzzy (r,s)
-semiclosed set which contains A and sint(A4,r,s) is
the greatest fuzzy (r,s)-semiopen set which is con-
tained in A. Also, scl(A,r,s)=A for any fuzzy (7,s)
-semiclosed set A and sint(A4,r,s)= A for any fuzzy
(7, s) -semiopen set A. Moreover, we have

int(A,r,s) € sint(A4,r,s) = A
< scl(4,r,s) € cl{(4,r,s).

Also, we have the following results:

(1) scl(0_,7,8)=0_, scl(1_,7,s)=1_.

(2) scl{(A,r,s) 2 A.

(3) scl(AUB,r,s) 2scl(A,r,s)Uscl(B, r,3).

(4) scl(scl(4,r,s),7,5)=scl(4,r,s).

(5) sint(0_,7r,s)=0_, sint(1_,7,s) =1_.

(6) sint(A,r,5) € A.

(7) sint(ANB,r,s) € sint(A,r, s)Nsint (B, 1, s).

(8) sint(sint (A, r, s), 7, s) =sint (4,1, s).
Theorem 3.7 For an intuitionistic fuzzy set A of a
SoIFTS (X,7y,7) and (r,s) € IQI, we have:

(1) sint(A,r, s)°=scl(A°,r,s).

(2) scl(A, 7, s) =sint (A%, s).
Proof. (1) Since sint(A,r,5) € A and sint(4,r, s) is
fuzzy (r,s)-semiopen in X, A°< sint(4,r,s)° and
sint(A, 7, 5)° is fuzzy (r, s)-semiclosed in X. Thus

scl(A°, 7, s) < scl{sint(A4,r, s)°,r,s)
=sint(A,r, s)".

Conversely, since A° < scl(A%r,s) and scl(4° 1, s) is
fuzzy (r,s)-semiclosed in X, scl(4°,7,s)°S A and
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scl(A°, 1, s)° is fuzzy (r, s)-semiopen in X. Thus

scl(A°, 1, s) = sint (scl(A°, 7, 5), 1, 8)

C sint{A,r, s)

and hence sint (A, 1, s)° € scl (A, r,s).
(2) Similar to (1).

Definition 3.8 Let f: (X, 7, 72) — (Y, wy, un) be a map-
ping from a SolFTS X to another SoIFTS Y and
(r,s) € IQI. Then f is said to be

(1) fuzzy (r,s)-semicontinuous if f'(B) is a fuzzy
(r, s)-semiopen set of X for each fuzzy (r,s)-open set
Bof Y,

(2) fuzzy (r,s)-semiopen if f(A) is a fuzzy (r,s)
-semiopen set of Y for each fuzzy (r,s) -open set A of
X7

(3) fuzzy (r,8)-semiclosed if f(A) is a fuzzy (r,s)
-semiclosed set of Y for each fuzzy (r,s) -closed set 4
of X.

It need not be true that f and g are fuzzy (r,s)
-semicontinuous ((r, ) -semiopen and (7, s)-semiclosed,
respectively) mappings then so is g » f. But we have the
following theorem.

Theorem 39 Let (X,7,72), (Y,wi,wp) and (Z,04,0,)
be SolFTSs and let f: X —>Y and ¢g: Y —>Z be map-
pings and (r,s) € IQI Then the following statements
are true:

(1) If f is a fuzzy (r, 8)-semicontinuous mapping and
g is a fuzzy (7, s)-continuous mapping, then g o f is a
fuzzy (7, s)—semicontinuous mapping.

(2) If fis a fuzzy (r, s)-open mapping and ¢ is a fuz
zy (r,$) semiopen mapping, then g  f is a fuzzy (r,s)
-semiopen mapping.

(3) If fis a fuzzy (r,s)-closed mapping and ¢ is a
fuzzy (r,s)-semiclosed mapping, then ¢  f is a fuzzy
(r, s} -semiclosed mapping.

Proof. Straightforward.

Theorem 3.10 Let f: (X, 7,72) — (Y, w, u») be a map-
ping and (r,3) € I®QI Then the following statements
are equivalent:

(1) fis a fuzzy (7, s)-semicontinuous mapping.

(2) f71(B) is a fuzzy (r,s)-semiclosed set of X for
each fuzzy (r, s)-closed set B of Y.

) int{cl(f"(B),nr,s),7,8) < f ' (cl(B, r,s)) for
each intuitionistic fuzzy set B of Y.

@) f(int(cl(A,r,s),7,8)) < cl(f(A),r,s) for each
intuitionistic fuzzy set A of X.

Proof.(1) «» (2) It is obvious.
(2) — (3) Let B be any intuitionistic fuzzy set of Y.
Then cl(B,r,s) is a fuzzy (r,s)-closed set of Y. By

2), f(cl(B,1,5)) is a fuzzy (r,s)-semiclosed set of
X. By Theorem 3.3,

f 7 (cl(B, r,8)) 2 int(cl(f~' (cl(B, 7, 8)),7,8),7,8)
2 int{cl(f~ ' (B), r,s),r5s).

(3) — (4) Let A be any intuitionistic fuzzy set of X.
Then f(A) is an intuitionistic fuzzy set of Y. By (3),

F i (cl(f(A),r,s)) 2 int(cl(f'f(4),rs),1s)
o int{cl(4,r, s),7,8).

Hence

cA(f(A),r,8) 2 ff (A (f(A),7s))
2 f(int(cl(4, r,s),rs)).

4) — (2) Let B be any fuzzy (r,s)-closed set of Y.
Then f~'(B) is an intuitionistic fuzzy set of X. By (4),

f@nt (cl(f " (B),r, 5),1,8)) € cl(ff ' (B),r5s)
Ccl(B,rns)=hB

and hence
int(cl(f(B),ns),1s)
< ff(int(cl(f " (B), 1 5),7,8))
< f71(B).

Thus f~'(B) is a fuzzy (r, s)-semiclosed set of X.
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