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Quotient semiring of a k-semiring by semiprimary k-fuzzy ideals
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Abstract

In this paper, we define and study the semiprimary k—fuzzy ideals in a commutative %—semiring and characterize
the quotient semiring R/A of a k—semiring R by a semiprimary k—fuzzy ideal A. In particular, we show that

every zero divisor of R/A is nilpotent.

Key Words

1. Introduction

Chun, Kim and Kim [2] constructed an extension of a
k—semiring and studied a k—ideal of a k— semiring.
The first author et al[3] constructed the quotient
semiring of a A—semiring by a k—ideal. Liu [9]
introduced and studied the notion of fuzzy ideal of a
ring. Following Liu, Mukherjee and Sen [12] defined and
examined fuzzy prime ideals of a ring. Kumbhojkar and
Bapat [5,6] defined and studied the ring R/J of the cosets
of the fuzzy ideal J.

Yue [14] introduced the concept of a primary L —fuzzy
ideal and a prime L— fuzzy ideal, and proved some
fundamental propositions. Primary fuzzy ideals were
further investigated by Malik and Mordeson[11].

Kumar [7] extended the concept of fuzzy ideal to
fuzzy semiprimary ideals in a ring. Also Malik and
Mordeson [10] gave the necessary and sufficient
conditions for a fuzzy subring or a fuzzy ideal A of a
commutative ring R to be extended to one A° of a
commutative ring S containing R as a subring.

Kim and Park [4] defined and studied the notion of the
k—fuzzy ideal in a semiring, and they also introduced
and studied the quotient semiring R/A of a k— semiring
R by a k—fuzzy ideal A.

The purpose of this paper is to define and study the
semiprimary 4&—fuzzy ideals in a commutative k—
semiring and characterize the quotient semiring R/A of
a k—semiring R by a semiprimary k—fuzzy ideal A.
In particular, we show that every zero divisor of R/A is
nilpotent.
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2. Preliminaries

In this section, we review some definitions and some
results which will be used in the later section.

Definition 2-1[2]. A set R together with associative

binary operations called addition and multiplication

(denoted by + and - respectively) will be called a

semiring provided:

(1) addition is a commutative operation,

(2) there exists 0=R such that x+0=x and ®=0x=0
for each xR,

and

(3) multiplication distributes over addition both from the
left and the right.

Definition 2-2[2]. A semiring R will be called a 4—
semiring if for any a,b€R there exists a unique
element ¢ in R such that either b=a+c¢ or a=b+c
but not both.

Definition 2-3[3]. A non-empty subset/ of a semiring
R is called a subsemiring if [ is itself a semiring with
respect to the binary operations defined in R A
subsemiring [/ is called an ideal of R if »€R, a<€]
imply ar and rasl.

Definition 2-4[3]. An ideal I of a semiring R is called
a k—ideal if 7+ a=l implies »&I for each »eR and
each asl.

Let R be a k—semiring. Let R be a set of the same
cardinality with R—{0} such that RNR =@ and let
denote the image of a=R—{0} under a given bijection
bya. Let @ and © denote addition and multiplication
respectively on a set R=R UR as follows:
a+ b if a, bR
(x+y) if a=x",b=y <R
c if a€R, b=y <R ,a=y+c¢
ol if asR, b=y <R ,atc=y,

aP b=
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where ¢ is the unique element in R such that either
a=y+c or a+c=y but not both, and

ab if a, b€ R

| xy ifa=x,b=3yeR
Ob={10) if aeR, b=y R
(xb)" ifa=xeFR, 6 beR,

It can be shown that these operations are well defined.

Theorem 2-5[2]. If R is a then

(R, ®,0®) is a ring, called the extension ring of R.

k— semiring,

Remark. Let ©Oa denote the additive inverse of any
element ae R and write a®(©b) simply as @®b. Then it
is clear that @' =86a and a=84" for all a=R.

Note that if R is a k—semiring with identity, then R
is a ring with identity.

Theorem 2-6[2]. Let R be a %-semiring, I an ideal,
and I'={a'eRlesI}. Then I is a k—ideal of R if
and only if T=IUI' is an ideal of the extension ring
R, called the extension ideal of I.

Note that if R is a k—semiring and R is the
extension ring of R, then each ideal of R is the
extension ideal of a k—ideal of R and each A—ideal of
R is the intersection of its extension ideal and R (see
2n.

Let R be a k—semiring and R its extension ring.
Let I be a k—ideal of R and I its extension ideal of
‘R. Define a relation a=b by a®b 1, where a, beR.
Then this relation is an equivalence relation on R. Let
a®I be the equivalence class containing acR
determined by =. Let R/I={a®la=FR} be the set of all
equivalence classes determined by =.

Theorem 2-7[3]. Let [ be a k£—ideal of a k— semiring
R and 1 its extension ideal of extension ring R. Then
a®I=(a+DNR, where a=Rr.

Theorem 2-8[3]. Let I be a k—ideal of a %— semiring
R. Then R/I={a®IllasR} is a k—semiring under the
two operations

(aBDD (V@) = (a+ H)PI and (aPNO(HDD = (ab)PI.

Definition 2-9[4]. A fuzzy ideal of a semiring R is a
function A : R — [0, 1] satisfying the following
conditions:

(1) Alx+»=>min{A(x), A}

(2} A(xy)=max{A(x), A(»)} for all x,yeR

Lemma 2-10[4]. Let A be a fuzzy ideal of a semiring

R. Then A(x)<A(Q) for all xR,

Definition 2-11[4]. Let A be a fuzzy ideal of a
semiring R. Then A is called a k—fuzzy ideal of R
if A(x+y)=AQ0) and A(y)=A(0) imply A(x)= A(0).

Definition 2-12[4]. Let A be a fuzzy subset of a
semiring R. Then the set

A={xeRAz24 (+<[0,1]) is
subset of R with respect to A.

called the level

Theorem 2-13[4). Let A be a fuzzy ideal of a
semiring R. Then the level set A, (t<A(0)) is the

ideal of R.

of a
each

Theorem 2-14[4]. Let A be a fuzzy ideal
semiring R. IfA, is k—ideal of R for
t(<A(0), then A is k—fuzzy ideal of R.

However, the converse of Theorem 2-14 does not hold
by the following example.

Let R=2Z", the set of nonnegative integers. Define a
fuzzy subset A of R by

1 if x(2)
- % if xe(2,3)—(2)

0 if x=2"—(2,3).
Then A is a Ak—fuzzy ideal but
A, ={xEZ*IA(x)2% }=1(2,3) is not k—ideal of R.

2

However, if A is a k—fuzzy ideal of R, then
Ap={xeRA(x)=AQ)} is also k—ideal of R.

In general, It is not true that if A is a fuzzy ideal of
a semiring R, then A, (+<A(0)) is k—ideal of R, for
we have the following example.

Example 2-15[4]. Let R=2", the set of nonnegative
integers and let [=(2,3) be an ideal of R generated by
2 and 3. Define a fuzzy subset A of

R by

if xel

1
A(")_{o if xel

Then A is a fuzzy ideal but A z=17 is not k—ideal of
R.

Definition 2-16[9]. A fuzzy ideal of a ring R is a
function A : R — [0,1] satisfying the following axioms

(1) Alx+y)=min{A(x), A()}
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(2) A(xy)=max{A(x), AW}
3) A(—x)=An

let R be a commutative A—semiring, R its
extension ring. If A is a fuzzy ideal of R such that all
its level subsets are k—ideals of R, then
R= tymAt' R= ;E%JW;Z’ and s>t if and only if

A.CA, if and only if A,CA,. Thus we have the
following theorem.

Theorem 2-17[4]. Let R be a commutative FAk—

semiring, R its extension ring. Let A be a fuzzy ideal
of R such that all its level subsets are k—ideals of
R. Define the fuzzy subset A of R by for all
xR, A(x)=sup{tlxe A, telmA}). Then A is a
fuzzy ideal of R.

Theorem 2-18[4]. Let A be as in Theorem 2-17.
Then A is an extension of A.

Definition 2-19[4]. Let A be as in Theorem 2-17 and
let A be an extension ideal of A The fuzzy subset
x+A: R— [0,1] defined by (x+A)z2) = A(z®x") is
called a coset of the fuzzy ideal A.

Theorem 2-20[4]. Let R R, A and A be as in
Theorem 2-17. Then x+A=y+ A{(x,yeR) if and only

if A(x®y)=A(0).

Theorem 2-21[4]. Let A be as in Theorem 2-17 and
A an extension ofA. If x+A=utA
y+A=v+A (x,y, u,veR), then

1) x+yt+A=ut+v+A

(2) xy+tA=w+A

and

Theorem 2-21 allows us to define two binary
operation "+" and ” - " on the set R/A of cosets of the
fuzzy ideal A as follows:

(x+A)+(y+A) =x+y+A
and
(x+A) - (y+A)=xyt+A

It is easy to show that R/A is a semiring under these
well-defined binary operations with additive identity A
and multiplicative identity 1+ A. In this case, the
semiring R/A is called the factor semiring or the
quotient semiring of R by A.

Theorem 2-22[4]. Let A be as in Theorem 2-17 and
A an extension

of A. Then RIA=R/A p.

3. Main results

In this section, we have some properties of the
quotient ring R/A of all fuzzy cosets of a semiprimary
k—fuzzy ideal A of a commutative k—semiring R.
Throughout this paper unless otherwise R is a
commutative £—semiring with identity.

Definition 3-1. A fuzzy ideal A of a semiring R is
called fuzzy semiprimary if for any fuzzy ideals B and
C of R, the conditions BCSA and B(x)>A(x™) for
some xR and for all meN together imply that given
yeR, there exists zn&N such that C(»)<A(y") where
N is the set of natural numbers.

This definition which is given in a semiring is similar
to the Definition 3-1 of [7].

Theorem 3-2. An ideal I of a commutative semiring
with identity R is semiprimary if and only if yx,, the
characteristic function of [ is a fuzzy semiprimary ideal
of R.

Proof. It is similar to the proof of Theorem 3-1 and
Theorem 3-2 of [7].

Theorem 3-3. If R is a commutative semiring with
identity and A is any semiprimary fuzzy ideal of R,
then A,, where teIm(A) is a semiprimary ideal of
R.

Proof. It is similar to the proof of Theorem 3-4 of [7].

However, the converse of this theorem is not true by
the following example.

Example 3-4. Let Z* denote the semiring of nonnega-
tive integers. Define a fuzzy subset A : Z* — [0,1] by

ty if x=<16>,

e if xe<8>—<167,
AW ={,, if xe4>—<(8>,
ts if xeZ"—<{4>,

where 1>tp>tp it 0.

Then A is a fuzzy ideal of Z* and the chain of level
ideals of A is given by <16> < (8> (<4>< Z"*

Define fuzzy subsets B and C: Z* — [0,1] by

B if x€<16>, where t,< <1

B(x):(o if x=Z'—<16)
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and C(x)=¢, for all x=Z",
Clearly B and C are fuzzy ideals of Z* and

if xe<16>
otherwise

(BNO)(%) ={ A

Further BC< BN C< A.
But  B(16)=8>t,=A(16™ for all
C(5)=1t¢> t3= A(5") for all neN. It follows that A is

not fuzzy semiprimary. However, each level ideal of A
is semiprimary.

meN and

Lemma 3-5. Let A be as
A(0)<A(y) for some x,yE R,

Ax®y)=A(x)=A(y®x).

in Theorem 2-17. If
then

Proof. It is clear that A(x®y)=A(yBx’). We must
show that A(x®y')= Alx).
Ax)=A(x)=A(xDyBy)

=min{ A(xDy’), A}
= A(x®y),

since A(x) < A(») and

Ax®y) = min{ Ax), A(»)}
=Ax)=A(x).

Thus A(x)=A(xBy).

Theorem 3-6. Let R, R, A and A be as in Theorem
2-17. If A is a semiprimary fuzzy ideal of R, then
every zero divisor of R/A is nipotent.

Proof. Let x+ A be any zero divisor of R/A. Then there
exists nonzero fuzzy coset y+A inR/A such that
(x+A)y+A)=A. So A(xy)= A(0) by Theorem 2-20.
Since A is fuzzy semiprimary, A p is semiprimary by
Theorem 3-3. Thusx™=A, or y"eA, for some
Letx™eAg  then A(x™=A4(0). So
AN<AW0)=Ax™ for all reR, If A(DN<CAE™ for
some »eR, then by Lemma 3-5, A(r®(x™))=A(»).
If A(N=AQ0) =A(x™), then x",r€ A; and so
A(r®(x™)) =A(0) =A(0) =A(»). Thus in any
event, it is shown that A(»@(x™)’") = A(») for all reR.
Ar®(x™)=(x"+ AP, (x"+A)»=A>)
for all »€R. Hence x+ A is nilpotent. In case y"eA,

m, nEN.

Since

for some neN, then a similar argument will confirm
that y+ A is nilpotent.

Theorem 3-7. Let A be as in Theorem 2 17. and
R/A the semiring of all fuzzy cosets of A in R. If
every zero divisor of R/A is nilpotent, then the ideal
A is a semiprimary k—ideal of R.

Proof. Let xyeAp Then A(xy) = A(0).
2-20, xy+A=A. By hypothesis, (x+A4)"=A or
(y+A)"=A for some m,neN. Thus A(x™ = A(0)
or A(y™")=A(0) for some m,neN. Hence Ap is

By Theorem

semiprimary and Az is k—ideal by the condition of A.
This completes the proof.

From Theorem 2-14, Theorem 2-22, Theorem 3-3,
Theorem 3-6 and Theorem 3-7, we have the following
result.

Corollary 3-8. Let A be a semiprimary fuzzy k—ideal
as in Theorem 2-17.

Then the following statements are equivalent.

(1) Ap is a semiprimary k—ideal of R.

(2) every zero divisor of R/A is nilpotent.

(3) every zero divisor of R/Aj is nilpotent.
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