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GENERALIZATION OF WHIPPLE’'S THEOREM FOR
DOUBLE SERIES

ARJUN K. RATHIE, VIMAL K. GAUR,
YonG Sup KiM AND CHAN BONG PARK

Abstract. In 1965, Bhatt and Pandey have obtained an analogue
of the Whipple's theorem for double series by using Watson’s theo-
rem on the sum of a 3F5. The aim of this paper is to derive twenty
five results for double series closely related to the analogue of the
Whipple’s theorem for double series obtained by Bhatt and Pandey.
The results are derived with the help of twenty five summation for-
mulas closely related to the Watson’s theorem on the sum of a 3 F5
obtained recently by Lavoie, Grondin, and Rathie.

1. Introduction

The generalized Kampé de Fériet function introduced by Srivastava

and Panda [5] is defined and represented in the following manner:
FI}?:q;-k (aP) : (bq); (Ck)
| () = (Bm)i ()
. i ?zl(aj)r+s H?:](bj)'r Hle(cj)s iz
o T e emes T (B Ty ()5 7 !

where, for convergence,

,y
(1.1)

(i) ptg<i+m+1l,p+k<l+n+l,|z| <oo, |yl <oc,or
(i) p+g=l+m+1,p+g=Ii+n+1, and
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27T+ Y7 T <1, ifp >
max{|z|, |y|} < 1, ifp <L
(1.1) reduces to the Kampé de Fériet function [3] in the special case
g =k and m = n.
In 1965, Bhatt and Pandey [2] obtained the Whipple’s theorem for
double series by using Watson’s theorem on the sum of a 3F> with unit

argument. Their result is given by

2:1;1 CL],I-G] bl,b’l
F2:0;0 1 L1
c1, 1 +2by + 20 —c;: —;—
(1.2) _ 2172020 (e )D(1 + 2by + 2V, — 1)
F(% + %Cl - al)I‘(%al + %Cl)r(l + b+ bl] - %Cl - %al)

1
X .
F(% — %Cl + %al + by + b’l)
In 1992, Lavoie, Grondin and Rathie [4] generalized the Watson’s

theorem which is given in the next section and they have obtained twenty
five results closely related to the Watson’s theorem. In the same paper,
they have also obtained a large number of special cases of their results.

The aim of this paper is to derive twenty five results for the double
series closely related to the Whipple’s theorem for the double series
obtained by Bhatt and Pandey (See (1.2)). A few interesting special

cases have also been considered.

2. Results required

The following result will be required in our present investigation.

Transformation formula [1]:

(2.1)

_ D) (f)I(s) P e—a, f—as
F(a)I‘(s+b)I‘(s—+—c)3 g s+bs+ec

1],
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where s =e+ f —a —b— ¢ and Re(s) > 0.
Generalized Watson’s theorem [4]:

(2.2)

a,b.c
3f2 [ i N
gla+b+i+1),2c+
1

o T Gak 04 b D0t [§] )
= i

T(3)T(a)
(Dle—ga-30-l5l+4+3)
I'(b)
{B r(3a+=G0) 1(d0)
X ij - Y - -
"Te—dat i+ ()-SR0 (1)) N §b+ 4+ [4)
ey Mja+ 27 DIGE ¢ 3) )

Oe= ot [H+ G20 - (1)) e~ 3o+ [4])
for i,5 = 0,41, 42. [z] is the greatest integer less than or equal to x

and its absolute value is denoted by |z|. The coefficients A; ; , B;; and
C; ; are recorded in the tables at the end of the paper.

3. Main summation formulae

The results to be established are

a1l —a;1+i+j:b1;d 1]1
L1I+20 +26] —¢p +1:—;— !
A 20 +21 204201 (e Dby + B, — §)T(1 + 2by + 28] — c1 +4)
J I'(a)T(5)T(261 + 26 — j)T(er — ar)
T+t - g+ (4] + 0 - - -
N7 2 720 e~ 7 )
P (3 o + E2E)

2:1;1
F2:0;0
C

2
(3.1) x {B,-,j ; 7 .
P (bo+bh— 5~ der + dar+  + [4] - G20 - (-1))
5 T(5+b1+b — 3c1— 3a1 + 39)
Mot for- B )
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F(%C —%a1+ 1+4]l)
+Cij . +1 1)7 ;
F(b1+b’1—]—%+“2 + [+ S (—1)1))
y T(by +b) — 2e1 - a4 +5i+1)}
— —
M+ % -1-7- 5+ (5
for i, =0,+1,42.
The coefficients A; ;, B; ; and C; ; can be obtained from the tables of

Aij, Bi; and Cj j given at the end of this paper by simply changing a to
¢1 —ay, bto 1+2b; +2b) —¢; —ay + ¢ and ¢ to by + b — j, respectively.

4. Proof

In order to prove (3.1), by noting (&)m+4n = (@ + m)n(a)m and start-
a1, az; b, by
C1,C2; — —

ing with (1.1), we have
1 1]
oo

Z( 1)m+n(a2)m+n(b1) (b’ )n

rigr (c1)man(c2)menmin!

2:1;1
FZOO

p“/]sa

3
I

i a1 + m)n( al) (az + m)n(a2)m(b1)m(b’1 )n

= (a +m)a(er)mlez + m)a(c2)mmlin!

NERANGE:

ay)m( Z (a1 +m)n a2+m) (B)n
‘ (e1)m(c2 mm' (c1 + m)n(eo +m)nn!

1]

Now by using (2.1) and taking @ = a1 + m, b = a2+ m, ¢ = ¥,

3
i

p%g

(al)m(a2)m(b1)m F a1 +m,as +m, b’l
(c1)m(c2)mm!

cL+m,

0

3
I

e=ci+mand f = cy+m and observing that s = ¢; + 3 — a1 —az — ¥},
stb=c+cp—a—b+m s+c=c+cm—a;—~a,e—a=c—a
and f —a=cy — a;, we get

_ Z (a1 m(az)m Um Pley + m)l(cy +m)
— m(e2)mm!  Tlay + m)T{e1 + ez —ay — by +m)
w I(c1+02—al—a2~b)
[lcr +¢2 — a1 - ag)
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’
1 — a1, ~ay, e+ e —ar —ay— b

% 3k
c1+ex—ap —b +myc1+e—a; —ay

Generalization of whipple’s theorem for double series
l]
_ Ple)T(c2)T(c1 + e —ag - az — b))
I'(a1)l(er +ca =~ ay = 8))T(c1 + ¢2 — a1 — az)
XZ : m(b1)m : €1 —ai,c3—ap,c +c2 —ay —az — by
m(c1+cQ—a1—b) c1t+ex—a;~b +m,e1te2—ay —az
— (CI)F(CL?)F(Cl +c2—a; —ay — b/l)
(al)F(Cl +ep—ar —b)l(er +c2 —ay ~az)
(az)m(b1)m (c1 — ar)nlc2 — a1)n

Xzzm'(c1+cz—a1—b’) (c;+czma1—b'1+m)n

m=0n=0

:

{e1 +e2 —a1 —az —by)y
(C] + Cog —ay — ag)nn! )

But it is easy to see that

(c1+e2—ar — by +maler +c2—ag — b)m

=(Cl +cz—ay — bfl +'n.)m(C1 +cy —ay — bll)n

ai,as :l:rl,l’)’ll1 11|

Ci1,C2 Ty
L(e1)T(e2)l (1 4-c2 — a1 — ag — b))
F(a )F61+Cg—a1 b’l) (61+C2—¢‘11*a2)
o az)m(b1)m (c1 — ar)nf{cz — a1)n
X
ﬂ;);m'cl+02—a1—b’+n) (€1 +c2—a1—b)n
(Cl —+ C2 —ay —ag—bl)n
(C] + e — a1 — az)nn!
_ L(c1)C(e2)er + c2 — a1 — az — b))
Ca1)T(er + ¢ — a1 — )1 + e2 — a1 — ag)
XZ cl—al 02—(1.1) (Cl+02—a1—ag—b’l)n
Cl+62—a1 - ) (C]"I"Cg—al —ag)nn!

i Jm(b1)m
(c1 + c2 — a1 — by + n)mm!

m=0
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F(C])F(CQ)F(Cl +cr—ay —az — b’l)
F(a1)(c1 + 3 —a; — b’l)F(Cl +c2—a) —as)

XZ (c1—ai)nlez = a1)alcr + 02 —ap —ag — V),
(c1 +cz—ar —b)alcr + c2 — a1 — ag)yn!

an b]
x 2 F} ’

cir+c—ar—b +n

Using the well-known Gauss’s theorem [1], we get after a little simplifi-
cation

I'(e)(e2)l(c1 + €2 — a1 —ag — b))
Fla)T(e1 +c2 — a1 — b))t + c2 — a1 — ag)

y i (c1 — a1)n(c2 — a1)nlcr + c2 — ay — ag — b))y
oy (Cl +c; —a; — b’l)n(q +c—a; — ag)nn!

y Pleg+eo—ar— 8 +n)(c1+c2—ay —as ~ by — by +n)
F(C1+62—al—bl —b’1+n)F(Cl+CQ—a1—ag—b'1+n)
(e (e2)T{e1 + cg —ay —ag — b))
F(al)r(cl +cp—a; — ag)l“(cl +eco—a; —b — bl])

% f: (Cl — al)n(CQ - al)n(cl +c2—ar —ag — bl - b’l)n
= (1 +co—ar —aghn(ci+eca—ay— b — b )nn!

- F(CI)F(CQ)F(CI +c2 — a; — az — b] — b’l)
Fle)(ep +eca—ay —a)l(c1 +¢2—a; — by — b'l)

/
—aj,cg —ay,c1+cx—ay —ax—b — b 1
cl+62—a1—a2,c1+cz—a1—b1—b’l

Now, here, if we take a2 = 1 —a1+i+7 and ¢ = 1+2b; +2b] — 1 +1,
then for i, j =0, %1, +2, we have

X3F

2:151
F2

ar,1+ar+i+7:b;b, 111]
e, 1420 426 —cp4+i:— =1
T(e)T(1 + 2by + 26, — ¢ + )by + ¥, — )
T(a1)L(2bs + 26, — 5)T(1 + by + ¥, — a1 +1)
c a1,1+2b1+2b1c,—a1+zb1+b1~JH
14+by+b —ay +1i,20) +2b] — 5

x 3F




Generalization of whipple’s theorem for double series 125

The right hand side can now be summed up by generalized Watson’s
theorem (2.2) by taking e =c¢1 — a1, b= 1+2b1 +2b] —c; —a; +i and
c=b +b) — j, and we get after some simplification

1,1}

A 221420 20421 (e Dby + B — )T(1 + 2by + 28] — ¢y + )
I I'(a)D(5)F(201 + 26 — )¢ — a1)
D(bi+ 8 — + [4] + Pl(@ - i - 5 - 142
I(1+42b + 2] —c1 — a1 +1)
{ r (3o~ o + )
P(bi+¥—j—ber+dar+4+ M - (- (1)
F(-l— + by —l—b’ - %Cl — %al + lt)
[(3c1+ 3a1 — J+H)

a1 —ar +i+j7: b, ¥

F2A:1\;l
200 o1, 1426y + 20 — 1+ —

:05

x

+Cy; F(%Cl_ %al—l— 4
I‘(b1+b’1—j—£2l+%l+[~’;—1]+ 4“(1—(—1)1‘))

F(b1+b’1—%c1—%a1+%i+1)}

N(G+% 55—+ 4]

for i, = 0,4+1,+2. This completes the proof of (3.1).

5. Special cases

Some interesting special cases of our summation formula (3.1) are

1, 1]

221D Dby + b — 1)I(1 + 26y + 2b] — 1)
C(a)l(3)0(2by + 26, — 1)I(e1 — a1)

given below:

1. Fori=0, 5 =1, we have

Paan a;,2—ay : by; by
20,0 c1,1+20 + 26 —c1: —
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P(by +8) — $)l(a — 1)
I'(1+2b + 2b’1 —c1 —ap)
{ I‘(%Cl — %(11 (b +b’1 - %C] - %al + %)
T'(by + b’l -~ %Cl + l(l] - %)F(lcl + lal -1)
_ F(%C] — %al + ) (b] -+ b’ c1 — 2a1 + 1)
Lo+ — %cl +1a1)T(3e1 + a1 — 3) }

(5.1)

2. Fori=1, =0, we have

a1,2 —aj bl;ba
C],2+2b1+2b11 —Cy:—;—
_ 22020t (o )D(by + )02 + 261 + 267 — 1)
(a — BT (a)T(3)1'(2b1 + 26))T (1 — ay)
. r'(by +b’ ) (a1 — 1)
F(2 + 201 + 2b’ —C1 — G.l)
N {F(%Cl — %al + %)F(l + by + bll — %Cl - %al)
T(by + b’ ~ s+ 2a)l(3ey + Lay — 1)
INETR )I‘(b1 + b —3c1 — Lay +3) }
NG bl - 501 + 2a1 + Z)F(2cl + %—al — 1)

2:1;1
F2:D;0

‘1,1

(5.2)

3. Fori =1, j= -1, we have

1 —ay by b
ai ay 1 by by ’1’11!

lel
20,0 1,2+ 2+ 20—yt —;—

1

2202020100 )T (by + b + 1)T(2+ 26y + 26] — e1)T(by + b + 3)
T {a=b)T(3)(2by + 26) + 1)T(cy — a)I(2+ 2by + 26; — ¢ — a1)

(5.3)

I(e1 — ga1 + )01+ by + b — Cl—-ax)
{l"(bl + b -3+ 1+ 2a)l(3e + $a1 — 3)
T(fe1 — ga1)0(by + b — 3c1 — 2ay + 3)

T Ty + b - to+ia + DTEa + dan) }

4, Fori= -1, 7 =1, we have

ay, 1 —ay:bp3b) '1 1]

F2:1:1
z0:0 61,2 + 2b1 + 2b’1 —Cy . ’
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2226202370 )T(by + b — 1)T(2b1 + 261 — )T (bi + 51 — §)
F(%)I‘(%l + 2b’ - 1) (Cl - al)F(2b1 + 26’1 -1 — al)
y {F(%Cl - %al + ) (b1 + b, 201 - -0,1)
F(bl + bll - ;Cl + 201)F(201 + 2(11 - 5)
F(l —1a1)[’(b1+b’1 —%Cl —%(114“%)}

(5.4)

4 2¢
T(by + 6] — C1 + %a1 - %)F(%Cl + %al)

5. Fori =0, j = —1, we have
F;é’ol al,—alzbl;b’l ’1’1
c1, 1+ 2b +2bi —C1 ==
2Bt 2-2ai1D(e )T by + b + D1+ 26y + 20 —c))T(ba + 8 + 3)
T(3)T(26; + 2b] + 1)T{cy — @1)T(1 + 26y + 2b] — 1 — @)

(5.5)

{F(; al)I‘( +b1+b’ ——Cl "1{11)
(b1+b1 Cl+ a1—|— )F(2C1+-(11)
T(icy — ay + PN(by + V) — 301 — Ja; + 1)}
L(by + b, ~ 3c1 + a1 + DI (Ger + 3a1 + 3)

6. Fori= -1, 7= —1, we have
ai, —1- aj bl;bll
c1,2b1 —}-26’1 —C1 ;= —
920420200227 (o )T (by + B + 1)I(2b1 + 28] — e))T' (b1 + b + 3)

T(3)T(261 + 26, + 1)T'(cy — a1)T(2by + 2] — c1 — ay)

2:1;1
FiL

11,1

(5.6)

(2by + 2b) — )T (3er — a1 + H)T(by + ) — 2e1 — Fa1)
{ O(by + ¥, ~ de1+ 2a1 + DI (Fe1 + 3a1 + 3)
(cl)I’( c] — —al) (bl + b — 2c1 —a1 + %)

T(by + b — Lc1 + dai + 5)[(3cy + 301 + 1)}

Similarly, other results can also be obtained.
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Table for 4,

-2

-1

2 N?LV?LM:?L; N?LLw?|ﬂ :T@Lw?nfc »?u?_w?ni; Eiia!_..w:?ufu
1 = a5 oty T

0 T 1 1 1 D

-1 L 1 2 2 o1

-2 . 1 1 2 G
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Table for B,

-2 -1 0 1 2

2 cla+b-1) a+b-1 a(2c —a) 2c{a+b—1) Aza
—(a+1)b+1)+2 +h(2c—b) —2c+1 —(a—b)2%+1

1 c—a—1 1 1 2c—a+b 2e(e+1)

—(a=-b)c—=b+1)
0 {c—a—=1){c~b-1) 1 1 1 {c—a+1}{c—b+1)
+He-1Dc-2) +e{e+1)

-1 2(c—1){c—2) 2e—u+b-2 1 1 c—b+1
~(a—b)c~b—1)

-2 A_g—2 Ae—)(a+b-1) a(2c—a) a+b-1 cla+b—1)

—(a—b)2+1 +b(2c=b)—2c+1 —{a-1)(-1)

Agz =2{c+ {2+ s +b—-1) —ala—1) —b(b— )} — (@ = b= 1){a = b+ 1){(c + 1)(2c— e — b + 1) + ub}

Acgoz=2(c~1){c~-2{{2c—){a+b—1) —ala+ 1} =b{pb+ 1) +2} — (6 —b— 1)(a — b+ 1){(c = 1){2c ~ a — b —3) + ab)
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Table for ¢, ;

-2 -1 0 1 2
2 —4 —(4c—a—-b-13) -8 —(8c? —2c(a+b~1) —4{2c+a—b+1)
—fa—-b2+1) (2c—a+b+1)
1 —(c—a—1) -1 -1 —(2c+a-b) —{2c(c+ 1)
+a=b{c—a+1)}
0 4 1 0 -1 -4
-1 2(c—1)(c—2) 2ct+ta=-b=-2 1 1 c—a+1
+(a-b)fc—a—-1)
-2 4(2c—a+b-3) 82 —2(c—1){a+b+7) 8 dc—a-b+1 4
(2¢+a-b-3) —(a—b)2 -7
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