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INTUITIONISTIC FUZZY TOPOLOGICAL GROUPS

KuL Hur*®, YouNG BAE JUN® AND JaNG HYUN Ryou®

Abstract. In this paper, we introduce the concepts of intuition-
istic fuzzy subspaces, intuitionistic fuzzy topological groups and
intuitionistic fuzzy quotient groups. And we investigate some of

their properties.

0. Introduction

In 1965, Zadeh [14] introduced the concept of fuzzy sets as the gener-
alization of ordinary sets. After that time, several researchers [6,7,12,13]
have applied the notion of fuzzy sets to algebras and topological group
theory.

In 1986, Atanassov [1] introduced the concept of intuitionisitc fuzzy
sets as the generalization of fuzzy sets. Recently, Coker and his col-
leagues [4,5,8], and Lee and Lee [11] have applied the notion of intu-
itionistic fuzzy sets to topologies. Also, several researchers [2,3,9,10]
introduced the concepts of intuitionistic fuzzy subgroups, subrings and
ideals using intuitionistic fuzzy sets.

In this paper, we introduce the concepts of intuitionistic fuzzy sub-
spaces, intuitionistic fuzzy topological groups and intuitionistic fuzzy

quotient groups. And we investigate some of their properties.
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1. Preliminaries

We will list some concepts and results needed in the later sections.

Forset X, Y and Z, f = (f1,f2) : X — Y x Z is called a complex
mapping if f1: X - Y and fo: X — Z are mappings.

Definition 1.1[1]. Let X be a nonempty set. A complex mapping
A = (pa,va) : X — I x I is called an intuitionistic fuzzy set(in short,
IFS)in X ifps: X — Iand v4 : X — I are mappings, and pg+v4 < 1.

In this case, p4 and v4 denote the degree of membership (namely
pa(x)) and the degree of nonmembership(namely v4(x)) of each z € X
to A, respectively.

It is clear that every fuzzy set A in X is an IFS in X having the form
A = (ua, prac) (See Example 2.4 in [4]).

We will denote the set of all the IFSs in X as IFS(X).

Definitions 1.2[1]. Let X be a nonempty set and let A = (p4,r4) and
B = (up,vp) be IFSs on X. Then
(1) ACBiff pug < pp and va > vp.
(2) A=Bif ACBand BC A.
(3) A° = (va, pa).
(4) ANB = (pa A B, va Vvg).
(5) AUB = (uaV pB,va Avp).
(6) [JA=(na.1 = pa). <> A=(1-va,va)

Definition 1.3[4]. Let {A4;}ics be an arbitrary family of IFSs in X,
where A; = (pa,,v4,) for each ¢ € J. Then

(a) nAi = (/\tU“Ai?\/l/Ai)'
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(b) UAI = (V HA; /\ VAi)'

Definition 1.4[4]. 0. = (0,1) and 1. = (1,0).

Result 1.A[4, Corollary 2.8]. Let A, B,C, D be IFSs in X. Then
() ACBandCCD=AUCCBUDand ANCCBND.
(2)AcBandACcC=AcCBNC.

(3 AcCBand BCC = AuBcCC.

(4 AcCBand BCC=ACC.

(5) (AUB)* = A°N B¢ (AN B)° = A°U B
(()‘)ACB:>BCCAC

(7) (A9)° =

(8) 1, =0,0¢, = 1.

Definition 1.5[4]. Let X and Y be nonempty sets and let f : X —» Y

a mapping. Let A = (ua,va) be an IFS in X and B = (up,vp) be IFS

on Y. Then
(a) the preimage of B under f, denoted by f~!(B), is the IFS in X

defined by:

FHB) = (f"Hrs), fH(ve)),
where f~1(up) = ug o f.
(b) the image of A under f, denoted by f(A), is the IFS in Y defined
by:
f(A) = (f(ua), f(va)),

where for each y € Y

Vies-1y ta(@) iff7Hy) #0,

f(uA)(y)={ 0 ) =0

and

floa)y) =

b

{ Ases-riy val@) iff1y) #0,
1 iff Hy)=10
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Result 1.B[4, Corollary 2.10]. Let A, A;(< € J) be IFSs in X, let
B,Bj(j € K)IFSsin Y and let f : X — Y a mapping. Then
(1) A1 C A2 = f(A1) C f(A2).
(2) B1 C By = f~'(B1) C f1(Ba).
(3) AcC f7H(f(4)).
If f is injective, then A = f~1(f(A)).
(4) 7(f-1(B) C B.
If f is surjective, then f(f~!(B)) = B.
(5) F (U B;) = U S (By).
(6) FHUNB;) =N F7HBy).
(7) F(UAs) = U F(4s).
(8) f(NAi) €N f(A).
If f is injective, then f([ A:;) =) f(4:).
(9) f(1.) = 1., if f is surjective and f(0.) = O~.
(10) f~1(1~) = 1~ and f71(0.) = O..
(11) [f(A)]¢ C f(A®), if f is surjective.
(12) 171(B°) = [F (B

Definition 1.6[4]. Let X be a set and let A, p € I with 0 < A+ pu < 1.
Then the IFS C(y ,y in X is defined by : for each z € X, C(, ,)(z) =

(A ), e, peg (@) = A and ve, , (T) = p

2. Intuitionistic fuzzy topological spaces and subspaces

Definition 2.1[4]. Let X be a nonempty set and let T C IFS(X).
Then T is called an intuitionistic fuzzy topology(in short, IFT) on X in
the sense of Lowen, if it satisfies the following axioms :

(T1) For each o, € I witha +3<1,Cup €T.



Intuitionistic Fuzzy Topological Groups 167

(Ty) For any G1,Go € T, G1NGy e T.

(T3) For any {Gataer CT, Uper Ga € T

In this case, the pair (X, T) is called an intuitionistic fuzzy topological
space(in short, IFTS) in the sense of Lowen, and each member of T is
called an intuitionistic fuzzy open set(in short, IFOS)in X. A € IFS(X)
is called an intuitionistic fuzzy closed set(in short, IFCS) in X if A¢ € T.

We will denote the set of all the IFTs on a set X as IFT(X), and the
set of all IFOSs and the set of all IFCSs in an IFTS X as TFO(X) and
IFC(X), respectively.

Definition 2.2. Let (X,T) be an IFTS and let A € IFS(X). Then
the collection T4 = {UNA € IFS(X) : U € T} is called the induced
intuitionistic fuzzy topology(in short, IIFT) on A. The pair (A, T4) is
called an intuitionistic fuzzy subspace(in short, IFSP) of (X, T).

Note that T4 does not in general satisfy the axiom [T7]. However the

following holds.
Proposition 2.3. T4 satisfies the axioms (72) and (73):

Proof. Let G1,G9 € Ty4. Then there exist Uy,Uy € T such that
Gy =UNAand Go =UsNA, e, Gi = (py, AN pa, vy, V va) and
Go = (pu, A pa,vu, Vva). Thus Gi NG = (png, A pe,, Ve, V va,)
= ((kvy A pa) A (po, A pa), (o, Vva) Vv, Vva))
= ((koy A bw,) A pas (vu, vV ve,) V va)
=(U1NUz)NA.

Since Uy, Uy e T, U1 NU € T. So G1 NGy € Ty.

Now let {Ga}aer C Ta. Then G, € T4 for each a € T, i.e., there
exists a Uy € T such that G, = UyNA, ie., Gy = (ur, Aea, (vu, Vra))
for each o € T". Thus:
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UaEF Ga = (VQEF(“UQ A /—LA)v /\aeF(VUa \ VA))
= ((Vaer #Ua) A tas (Nger vua) V va)

= ((Uaer Ua) N A.
Since {Un}aer €T, Uper Ua € T- So Uyer Ga € Ta. Hence Ty satis-
fies the axioms (T3) and (T3).

Definition 2.4[4, 10]. Let (X,Tx) and (Y,7y) be IFTSs and let f :
X — Y a mapping.

(1) f is said to be intuitionistic fuzzy continuous(in short, IF-continuous)
if for each V € Ty, f~1(V) € Tx.

(2) f is said to be intuitionistic fuzzy open(in short, IF-open) if for
each U € Tx, f(U) € Ty.

Definition 2.5. Let (A,7T4) and (B,Tg) be IFSPs of IFTSs (X, Tx)
and (Y, Ty), respectively and let f: X — Y a mapping.

(1) f is called a mapping of (A,Ta) into (B,Tg), denoted by f :
(A, T4) — (B, Tg), if f(A) C B.

(2) A mapping f : (A,Ta) — (B, Tp)is said to be relatively intuition-
istic fuzzy continuous(in short, relatively IF-continuous) if f~}(VYNA €
Ty, for each V € Tp.

(3) A mapping f : (A,T4a) — (B,Tp) is said to be relatively intu-
itionistic fuzzy open(in short, relatively IF-open) if for each U € Ty,
fU) € Tp.

Proposition 2.6. Let (A,7T4) and (B,Tg) be IFSPs of IFTSs (X, Tx)
and (Y, Ty ), respectively and let f : (X, Tx) — (Y, Ty) an IF-continuous
mapping such that f(A) C B. Then f: (A,T4) — (B,Tp) is relatively

IF- continuous.

Proof. Let V' € Tg. Then there exists a V € Ty such that V' =
VN B. Since f: (X, Tx) — (Y,Ty) is IF- continuous and V € Ty,
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f~YV) € Tx. On the other hand, f~HV)NnA = f~1(V)nfH{B)NA.
Since f(A) C B by (2) and (3) of Result 1.B, A C f!}(B). Thus
VYN A=f"YV)NA. So f~H(V')N A € Ta. Hence f is relatively

IF- continuous.
The following is the immediate result of Definition 2.4:

Proposition 2.7. Let f: (X, Tx) — (Y,Ty) and g : (Y, Ty) — (Z,T7)
be IF- continuous(resp. IF- open]. Then go f : (X,Tx) — (Z,T7) is IF-

continuous[resp. IF- open].

Proposition 2.7". Let (A4,T4), (B,TB), (C,T¢) be IFSPs of IFTSs
(X,Tx), (Y,Ty), (Z,Tz), respectively. Let f : (A,T4) — (B,Tp) and
g : (B,Tg) — (C,T¢) be relatively IF-continuous|resp. relatively IF-
open], respectively. Then go f : (A,T4) — (C,T¢) is relatively IF-

continuous|resp. relatively IF- open].

Proof. Suppose f: (A,T4) — (B,Tg) and g : (B,Tp) — (C,T¢) are
relatively IF- continuous, respectively. Let W € T. Since g is relatively
IF- continuous, g~ }(W) N B € Ty. Since f is relatively IF- continuous,
F g '(W)Nn BN A € T4. On the other hand,

S W) A BN A= g (W) N £ BN A
=(go f) ' W)NfHB)NA
=(go f) Y (W)nA. (by(2)and (3) of Result 1.B)
Thus (go f)"Y(W)N A € T4. Hence go f is relatively IF- continuous.

Suppose f : (A,Ta) — (B,Tg) and g : (B,1B) — (C,T¢) are rel-
atively IF- open, respectively. Let U € T4. Since f is relatively IF-
open, f(U) € Tg. Since g is relatively IF- open, ¢g(f(U) € T¢. But
g(f(U)) = (go f)(U). Thus (go f)(U) € Tc. Hence go f is relatively
1F- open.
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Definition 2.8. Let T be an IFT on a set X and let B C 7. Then B
is called a base for T if for each U € T either U = Cy_ or there exists a
B’ ¢ B such that U = | B'.

Definition 2.8. Let (X,T) be an IFTS, let A € IFS(X) and let
B C T4. Then B is called a base for T4 if for each U € T4 either
U = Cy., or there exists a B’ C B such that U = |JB'.

It is clear that if B is a base for an IFT T on aset X and 4 € [FS(X),
then B4 = {UNA:U € B} is a base for T4.

The followings are the immediate results of Definition 2.5, Definition
2.8 and Definition 2.8':

Proposition 2.9. Let f: (X,Tx) — (Y,Ty) be a mapping and let B
a base for Ty. Then f is IF- continuous if and only if for each B € B,
f_l(B) € Tx.

Proposition 2.9'. Let (A,Ty), (B, T) be IFSPs of IFTSs (X, Tx), (Y, Ty),
respectively. Let B’ a base for Tg. Then f : (A,T4) — (B, Tp) is rela-
tively IF- continuous if and only if for each B’ € B/, f~Y(B')N A € T}y.

Definition 2.10. Let 71,75 € IFT(X). Then T} is said to be finer
than T(or T; is said to be coarser than Tb) if the identity mapping
idx : (X, Th) — (X, T3) is IF- continuous, i.e., To C T}.

Definition 2.11. Let f : X — Y be a mapping and let Ty an IFT on
Y. Then the family Tj-1 = {f~'(U) € IFS(X) : U € Ty} is called the

mverse image of Ty under f.
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It is clear that T's-1 is the coarest IFT on X for which f : (X, Tj-1) —
(Y,Ty) is IF- continuous.

Definition 2.12. Let f : X — Y be a mapping and let Tx an IFT on
X. Then the family Ty = {U € IFS(Y) : f~'(U) € Tx} is called the

image of Tx under f.

It is clear that Ty is the finest IFT on Y for which f : (X, Tx) —
f
(Y, Ty) is IF- continuous.

Definition 2.13. Let {(X,,7a)}aer be a family of IFTSs, let X =
[Toer Xa, let (X,Tx) an IFTS and let T the coarest IFT on X for
which 7, : (X,T) — (Xqa,Ta) is IF- continuous for each a € I', where
T 1s the usual projection. Then T is called the intuitionistic fuzzy prod-
uct topology(in short, IFPT) on X and denoted by [[,cr T, and (X, T)
a intuitionistic fuzzy product space(in short, IFPS).

The following is the immediate result of Definition 2.8 and Definition
2.13:

Proposition 2.14. Let {(Xq4,74)}acr be a family of IFTSs and let
(X,T) the IFPS. Then T has as a base the set of finite intersection of
IFSs in X of the form 7;'(Uy), where U, € T, for each o € T

Let {X;},j = 1,---,n, be a finite family of sets and for each j =
1,---,n, let A; € IFS(X;). We define the product A = H}l:_l A; of
{4}, 7 =1,---,n, as the IFS in X = [[}_, X; that has membership
mapping and nonmembership mapping, respectively given by : for each

(xla"' w’l’n) € X7

pa(x) =pa, (@) A Apa,(xy) and va(z) =va, V- Vg, (x,).
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It follows from the above Definition 2.13 and Proposition 2.14 that if
X; has IFT Tj,j = 1,--- ,n, then the IFPT T on X has as a base the
set of IFPSs of the form [];_, U;, where U; € T} for each j = 1,--- ,n.

Proposition 2.15. Let {X;},5 = 1,--- n, be a finite family of sets
and let A = []7_, A; the IFPS in X = [T}=) X, where 4; € IFS(X))
for each j =1,---,n. Then 7;(A) C A, foreach j =1,--- ,n.

Proof. Let x; € X;. Then f, () (25) = 75 (pa)(zy)
= V(zlq.,_ za)ens (z;) palzi, - zn)
=V, ,zn)e@l(xj)[NAl (21) Ao A pa, (20)]
= Vaexi B A A, (@) A AV e, i (20)
< pa,(z4)-

and

Vry(4)(25) = m5(va)(z;)
= /\(z1.~- ey () va(z1, -, 2p)
- /\(le- ,zn)ew;I(zj)[VAl (z1) V- Vg, (2,)]
= (Psrex, v GO) Ve Vi, (25) VooV (A e, vag ()
> pa;(zj)-

Hence 7;(A) C A; for each j =1, - | n.

Proposition 2.14". Let {(X;,T})},7 = 1,--- ,n, be a finite family of
IFTSs, let (X, T) the IFPS and let A = [1j-1 A, where 4; € IFS(X))
for each j = 1,--- ,n. Then the IIFT T4 on A has as a base the set of
IFPSs of the form H;lzl Uj, where U; € (1)) 4, for each j =1,--- n.

Proof. By the preceding remark. T has a base
B={[[;_,Uj:U; €T foreach j=1,--- n}.
Thus, by Definition 2.8'. a base for T is given by
Ba={(II}-,U))NA:Uj €T} foreach j=1,-- ,n}.



Intuitionistic Fuzzy Topological Groups 173

On the other hand, ([T}, U5) N A = [[,(U] N1 4y) and Uj N 4; €
(Tj)a, for each j = 1,---,n. Let U; = U/ N A; for each j = 1,--- ,n.
Then ‘

Ba= {H?:I Uj :Uj € (Tj)a, foreach =1, ,n}.

By an abuse of notation, we will denote the IFSP (A,T4) by H?Il
(45, (T5) 4,)-

Proposition 2.16. Let {(Xq,Ta)}aer be a family of IFTSs, let (X,T')
the IFPS, let (Y,Ty) an IFTS and let f : Y — X a mapping. Then
f:(Y,Ty) — (X,T) is IF- continuous if and only if my o f : (Y, Ty) —
(Xa, Ta) is IF- continuous for each a € T'.

Proof.(=): Suppose f : (Y,Ty) — (X,T) is IF- continuous. For each
a €T, let Uy € T,. By the definition of T, 7;1(Uy) € T. By the
hypothesis, f~1(7;1(Us)) € Ty. But fHn3 (Us)) = (ma o f)71(Ua).
Thus (74 0 f) Y (Us) € Ty. Hence mg 0 f : (Y, Ty) — (Xa,1s) is IF-
continuous.

(«<): Suppose the necessary condition holds and let U € T. By
Proposition 2.14, there exists a finitie subset I” of I" such that U =
Naer 7o L (Uy) and Uy € Ty for each o € IV, Since mq 0 f : (Y, Ty) —
(Xa, Ty) is IF- continuous for each a € I, (7, o f)~1(U,) € Ty for each
a € T'. Thus f~Y(r;Y(Uy)) € Ty foreacha € I'. So(\,ep £ 175 (Ua))
€ Ty. On the other hand, N cp [ (75 ' (Ua)) = FHNwer Ta ' (Ua)) =
fYU). So f~Y(U) € Ty. Hence f: (Y.Ty) — (X, T, -1) is IF- contin-

uous.
The following is the immediate result of Proposition 2.16:

Corollary 2.16. Let {(Xa. Tx.)}acr. {(Ya,Tv,)}aer be two fami-
lies of IFTSs and let (X, Tx). (Y.Ty) the respective IFPTSs, where
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X =Tlaer XaandY =[] ,cr Yo Foreacha €T, let f, : Xo — Y, bea
mapping. Then the product mapping f = Haer fo: (X, Tx) — (Y,Ty)
is IF- continuous if and only if f, : (X, Tx, ) — (Y, Ty,) is IF- continu-
ous for each a € I, where f(z) = (fa(7a(x))) for each x € Haer Xa.

Proposition 2.16". Let {(X;,T})};, j =1,---,n, be a finite family of
IFTSs, and let (X, T) the IFPS. Foreach j = 1,--- ,n, let A; € IFS(Xj)
and let A = [[7_; A; € IFS(X). Let (Y,Ty) be an IFTS and let
B e IFS(Y). Then f: (B,Typ) — (A, T4) is relatively IF- continuous
if and only if mjo f : (B, Ty,B) — (Aj, (T})4,) is relatively IF- continuous

foreach j=1,---  n.

Proof. (=): Suppose f : (B,Ty.B) — (A,T4) is relatively IF-
continuous. Clearly 7; : (X,T) — (Xj;,T;) is IF-continuous for each
j=1,---,nand, by Proposition 2.15, 7;(A) C A; foreachj=1,--- ,n.
Then, by Proposition 2.6, m; : (A,Ta) — (Aj,(T})a,) is relatively IF- -
continuous for each j = 1,--- ,n. Hence mjo f : (B,Ty,p) — (A;, (1})4;)
is relatively IF-continuous for each j =1, - ,n.

(«<): Suppose the necessary condition holds. Let U = Uy x --- x Uy,
where U; € (Tj)a, for each j = 1,---,n. By Proposition 2.14°;, the
set of such U forms a base for T)4. On the other hand, f~}(U)N B =
ST N A U OB = (Py((ri 0 )7 [U;) A B). Since
w0 f o (B, Ty,s) — (Aj,(Tj)a,) is relatively IF-continuous for each
j=1,---,n, f/{U)N B € Ty p. Hence, by Proposition 2.9, f :
(B, Ty g) — (A, T4) is relatively IF-continuous.

Corollary 2.16". Let {(X;,Tx,)}, {(Y;;Ty;)}, j = 1,---,n, be two
finite families of IFTSs, let (X, Tx), (Y,Ty) the respective IFPSs. For
each j = 1,---,n, let A; € IFS(X;), B; € IFS(Y;) and let A =
[T-1 4 B = [T}-, Bj be the IFPSs in XY, respectively. If f; :
(Aj. (Tx;)a;) — (Bj: (Iy;)B,) is relatively IF-continuous for each j =
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1,---,n, then the product mapping f = [}_, f; : (A, Tx .4) — (B, Tv,B)

is relatively IF-continuous.
Proof. Tt is analogous to the proof of from Corollary 2.16.

Proposition 2.17. Let {(X;,Tx;)}, {(Y;,1y;)}, 7 = 1,--- ,n, be two
finite families of IFTSs and let (X,Tx), (Y,Ty) the respective IFPSs.
If f; : (X;,Tx,) — (Y, Ty;) is IF-open for each j = 1,--- ,n, then the
product mapping f = [[;_, fj : (X, Tx) — (Y, Ty) is IF-open.

Proof. Let B = {[[;.,U; € IFS(X) : U; € Tx; for each j =
1,---,n} and let Cy_ # U € Tx. Since B is a base for T, there is a
B’ C B such that U = |JB'. Since each member of B’ is of the form
[[}-, Uj; we can consider B’ as {11 Uja}aer indexed by . Then
U =Uger H;‘:l Uja- Let y € Y such that f~!(y) # 0. Then

tran(y) = flpu)(y)

= Vies1y pu(2)

= Veesr1) Puper ., ;.0 )

= Viesr) Vaertipy, v, (2)

= Vaer vzlefl_l(yl) o vZntn_l(yn)[/j“Ul,a(zl) A= Ny, o (2n)]
= VQQF[(Vzleffl(yl) HU; o (Zl) AN A (\/znef;l(yn) HU,, o (Zn))]
= Vaerltnwi ) @) A A g n ) (4n)]

(y)

= NUaEI‘ n;zjl fj(Uj.a) (y)

= VaeF MH?:1 £

j,a)

and
vian(y) = fFlvu)(y)
= Nees-ryy ()
= Naer1(9) Woer M7, Uya (2)
= /\zef~1(y) /\aerl/n}':1 U o z)
= Nacr /\zlefl‘l(yl) o Aerr i e (21) Ve Vi, (20)]
= /\O.EF[(/\z]Efl_l(yl) vu o (21)) Ve VAL e 521 (m) Wna (20))]
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= NaerlVawra) W) V- Vg w0l
= /\aeF M7y £5(U ]a)(y)
Paer M-, 5@ ]a)(y)
Thus f(U) = UQGFH fi(Uja). Since f]- is IF-open for each j =
L ,n, fj(Uja) € IFO( ;) foreachj =1,--- n. Then H;l:l [iWUja) €
IFO(Y). So Uaer [T}—, fi(Uja) € IFO(Y). Hence f is IF-open.

Proposition 2.17". Let {(X;,Tx,)}, {(Y;,1y;)}, j = 1,--- ,n, be two
finite families of IFTSs and let (X, Tx), (Y,Ty) the respective IFPSs.
For each j = 1,---,n, let A; € IFS(X;), B; € IFS(Y;) and let

H] A, B = H ', Bj be the IFPSs in X,Y respectively. If
f] : A; — Bj is relatively IF-open for each j = 1,--- ,n, then the prod-
uct mapping f = H?:l fi : (A, T4) — (B, 1) is relatively IF-open.

Proof. Let B = {H;ZlUj € IFS(A) : Uj € (Tx;)a, for each j =
1,---,n}. Then by Proposition 2.14°, B is a base for T4. Let U €
T4. Then there is B’ C B such that | JB' = U. We can consider B’ as
{IT}=1 Uja}aer indexed by I'. Then U = Uyer [[-1 Uja- As in the
proof of Proposition 2.17, it follows that

FWU) = Uaer IT=1 fi(Usa)-
Since f; is relatively IF-open foe each j = 1,--- ,n, f(U) € Ts. Hence
f is relatively IF-open.

Lemma 2.18. Let (X1,71), (X2,1%) be IFTSs. Then the constant
mapping ¢ : (X9,Tp) — (X1,11) given by c(z9) = ap € X for each

T9 € X9, is IF-continuous.

Proof. Let U € T} and let 29 € Xo9. Then

pe-1qny(x2) = Mg )(r2) = pre(rs) = py(ao).
Similarly, we have v.-1y(r2) = vp(ag). Let pp(ao) = o and let
vp(ag) = 3. Consider C, 3). Since U € IFS(X1), a + 38 < 1. Then
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C(a,ﬁ) € IFO(XQ) On the other hand, MC—l(U)(IEQ) =q = ,LLC(Q,G)(CCQ)
and v-1py(22) = 0 = vc, 5 (22). Thus N U) = Cla,p)- Soc H(U) €
IFO(X,). Hence c is IF-continuous.

Proposition 2.19. Let (X1,71), (X2,T3) be IFTSs and let (X, T’) the
IFPS. Then for each a; € X1, the mapping i : (X2,T2) — (X, T) defined

by i(z2) = (a1, z2) for each zy € X3, is IF-continuous.

Proof. By Lemma 2.18, the constant mapping i1 : (X2,T2) — (Xi1,11)
given by i;(z9) = a; for each 29 € X, is IF-continuous. On the other
hand, the identity mapping iz : (X2,72) — (X2,73) is IF-continuous.

Hence, by Proposition 2.16, i is IF-continuous.

Proposition 2.19. Let (X1,71), (X2,T5%) be IFTSs and let (X, T) the
IFPS. Let Ay, Ao be IFSs in X1, X5, respectively and let A the IFPS in
X. Let a1 € X such that pg,(a1) > pa,(z2) and va,(a1) < va,(x2) for
each £ € X5. Then the mapping i : (A9, (T2)4,) — (A,T4) given by

i(z9) = (a1, z2) for each x9 € Xy, is relatively IF-continuous.

Proof. Let (r1,z2) € X. Then

Higag)(T1,T2) = i(pa, 1, z2)
— VI{ZEi_l(zl,Ig) MAZ(‘TIQ) le-l(:El’fL'Q) ?é 07
0 i fotherwise
[ nnle) ifn=a
0 ifotherwise '
and
Vitag)(T1,22) = i(va,) (21, 12)

— {/\Iée'i‘l(l'l.xz)yAz(IIQ) ifi_l(I’MIQ)?é@w

1 i fotherwise
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B { va,(T2) ifry = ay,

1 ifotherwise

On the other hand, pa(x1,z2) = pra, (x1) A pa,(z2) and va(xy, z2) =
va, (21)Vra,(x2). By the hypothesis, pa(z1, z2) > pa,(z2) and va(z1, 29)
< vay(x2). Thus pa(z1, 22) 2 picay(z1, 22) and va(zy, 22) < via)(z1, 22).
So i(A) C A. The proof of the relative IF-continuity of i is analogous to
the proof of the IF-continuity of ¢ in Proposition 2.19. This completes
the proof.

3. Intuitionistic fuzzy groups

Throughout this section and next sections, we will denote X as a

group.

Definition 3.1[10]. Let G € IFS(X). Then G is called an intuitionis-
tic fuzzy group(in short, IFG) in X if it satisfies the following conditions

(i) wal(zy) 2 pe(x) A pely) and ve(zy) < ve(x) V vg(y) for each
T,y € X,
(ii) pe(z™1) > pe(r) and vg(z™!) < vg(z) for each z € X.

Result 3.A[10, Proposition 2.6]. If G € IFG(X), then pg(z™?!) =
pG(z), va(z™') = ve(x) and pe(e) > pg(z), vale) < va(z) for each
z € X, where e is the unity of X.

Result 3.B[10, Proposition 2.9]. G € IFG(X) if and only if pug(zy™!)
> pe(x) A pe(y) and ve(zy™1) < vg(z) V ve(y) for each z,y € X.

Definition 3.2[9]. Let A be an IFS in a set X. Then A is sand to
have the sup property if for any 7' C X, there exists a tg € T such that
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A(to) = Uyer At), e, palto) = Aser 1a(t) and va(to) = Vier va(t).

Result 3.C[10, Proposition 2.13]. Let f : X — Y be a group
homomorphism.

(1) If G’ € IFG(Y), then f1(G') € IFG(X).

(2) f G € IFG(X) and G has the sup property, then f(G) €
IFG(Y).

Definition 3.3. Let f : X — Y be a group homomorphism and let
G € IFG(X). G is said to be IF-invariant if for any z;,z2 € X,

f(@1) = f(z2) = pe(m) = pe(re) and v () = va(za).
It is clear that if G is IF-invariant, then f(G) € IFG(Y).

For each G € IFG(X), let Xg = {z € X : pug(z) = pc(e) and
vg(z) = vg(e)}. Then it is clear that X is a subgroup of X. For
each a € X, let p, : X — X and A, : X — X be the right and left
translations of X into itself, defined by p,(x) = za and A,(z) = az,
respectively for each x € X. Then clearly p;' = p,-1 and \;1 = A\ 1.

Proposition 3.4. If G € IFG(X), then p,(G) = X\g(G) = G, for each
a€ Xg.

Proof. Let a € X¢ and let x € X. Then-

Poa(@) (@) = pa(pc)(2)
= VyEp;l(z) l"LG(y) = Vx:pa(y):ya I’LG(y) = Vy:xa—l #G(y)
> pe(za™) = pelz) A pala™) = pe(z) = pe(za™'a)
> pe(xa™) A pela) = pe(za™) A pg(e) = pe(za™)

- \/y za~? MG(y) Vyep (z )“G(y) = :upa(G)(I)'
Thus p,,(c) = be-
On the other hand,
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<ve(x) Vigla™) = vg(z) Vvg(e) = ve(z) = vo(zala)

< Vc;(:ca“l) Vvgla) = vg(za™t) vV vg(e) = ve(za™t)

= Nyzza1 Y6 (W) = Nyepz1(0) Y6 (¥) = vp,(6)(2)-
Thus v, (¢) = vg- So pa(G) = G. Similarly, we have \,(G) = . Hence
pa(G) = Aa(G) = G.

Proposition 3.5. Let f : X — Y be a group homomorphism and let
G € IFG(X). If G is IF-invariant, then f(UNG) = f(U) N f(G) for
each U € IFG(X).

Proof. Let U € IFS(X) and let V = UNG. Let y € Y such that
f~'(y) # 0. Then :
rrn)(y) = flev)(y)
= Vref'l(y) pv () = Vzef*l(y) punc(z) = Vzef~1(y)[HU(I)/\MG($)]
= (Veep-1(y) (@) A (Vyep-1() Ha(z)) (G is IF-invariant)
= prw) W) A gy (y)
= prunf)(y)-
Thus psvy = prannge)- Similarly, we have veyv) = veynys). Hence
fUNG) = f(U)n f(G) for each U € IFG(X).

4. Intuitionistic fuzzy topological groups

Proposition 4.1. Let G € IFG(X) and let a : X x X — X and
8 : X — X be the mappings defined relatively as follows: for any
T,y € X,

ofz.y) =y and B(x) = x~ L
Then o(G x G) C G and 3(G) C G.
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Proof. Let z € X. Then
Ha(Gx6)(2) = alpaxc)(2)
= Vizyca-1(:) Hexc(T,Y)
=V, —pyltc(@) A pely)]
< pa(zy)
= pa(z)

and
Va(axc)(2) = a(vexc)(z)
= Nay)ca—1(z) Yaxc(T:y)
= N.=zylve(z) V va(y)]
> vg(zy)
= l/(;(z).
Hence o(G x G) C G. Similarly, we have 3(G) C G.

Let G € IFG(X) and let T be a given IFT on X. Then, by Defini-
tion 2.2, (G, T¢) is an IFSP of (X, T") and (G,T¢) x (G,T¢) an IFSP of
(X, T) x (X,T).

Definition 4.2. Let T be an IFT on X. Let G € IFG(X) and let
(G,T¢) be the IFSP of (X, T). Then G is called an intuitionisti fuzzy
topological group (in short, IFTG) in X if it satisfies the following two
conditions :

(i) The mapping « : (G,Tg) x (G,Tg) — (G, T¢) is relatively IF-
continuous.

(ii) The mapping 3 : (G, T¢) — (G, Tg) is relatively IF-continuous.

An IFG structure and IIFT are said to be compatible if they satisfy
(1) and (ii).

Proposition 4.3. Let 7" be an IFT on X, let G € IFG(X) and
let v : X x X — X be the mapping defined by ~(x.y) = zy~! for
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any z,y € X. Then G is an IFTG in X if and only if the mapping
v: (G, 1¢) x (G, Tg) — (G, Tg) is relatively IF-continuous.

Proof. (=): Suppose G is an IFTG in X. Then, by Definition 4.2,
a:GxG — G, p: G — G are relatively [F-continuous. Moreover,
v = ao(lx x f) it is clear that v(G x G) C G. By Corollary 2.16’,
1x x (3 is relatively IF-continuous. Then a o (1x x ) is relatively IF-
continuous. Hence 7 is relatively 1F-continuous.

(«<=): Suppose the necessary condition holds. By Result 3.A, ug(e) >
pa(z) and vg(e) < vg(x) for each x € X. By Proposition 2.19’, the
canonical injection i : G — G'x G given by i(y) = (e, y) foreach y € X, is
relatively IF-continuous. But 8 = yoi. So f is relatively IF-continuous.
Thus 1x x (3 is relatively IF-continuous and o = yo (1x x 3). So « is

relatively IF-continuous. Hence G is an IFTG in X.

Definition 4.4. Let (A,7T4) and (B,Tg) be IFSPs of IFTSs (X, Tx)
and (Y, Ty), respectively and let f: X — Y a bijection.

(1) f is called an intuitionistic fuzzy homeomorphism(in short, IF-
homeomorphism) if it is IF- continuous and IF- open.

(2) f: (A, Ta) — (B,Tp) is called a relatively intuitionistic fuzzy ho-
meomorphism(in short, relatively IF-homeomorphism) if it is relativeiy

IF- continuous and relatively IF- open and f(A) = B.

Let G be an IFTG in a group X carrying IFT T. Then, in general,
the translations p,, Az, @ € X are not relatively IF-continuous mappings

of (G, T¢) into itself. However, we have the following special case.

Proposition 4.5. Let X be a group with IFT T and let G be an IFTG
in X. Then for each a € X¢, the translations p,. A, are relatively IF-

homeomorphisms of (G, T¢;) into itself.
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Proof. Proposition 3.4, pa(G) = A\(G) = G for each a € X¢. Let
a € X¢ and let 1 : G — G x GG be the canonical injection given by
i(y) = (a,y) for each y € X. Then A\, = a 0. Since a € Ge, pg(a) =
nale) and vo(a) = vale). Thus pgla) > paly) and vo(a) < va(y)
for each y € X. It follows from Proposition 2.19’ that i : (G, Tg) —
(G, Tg) x (G,Tg) is relatively IF-continuous. By the hypothesis, o is
relatively IF-continuous. So A, is relatively IF-continuous. Moreover,
A1 = A;-1. The relatively IF- continuity of p, and p; ! is shown simi-

larly.

5. Homomorphisms

Let f : X — Y be a group homomorphism, let Y have an IFT Ty
and let G be an IFTG in Y. Then the mapping f given rise to on IFT
T on X, the inverse image under f of Ty, and, by Result 3.C(1), it also
given rise to an IFG in X, the inverse image f~1(G) of G.

Proposition 5.1. Let f : X — Y be a group homomorphism, let
Ty € IFT(Y), let T the inverse image of Ty under f and let (G, (Ty)¢)
an IFTG in Y. Then the inverse image f~1(G) of G is an IFTG in X.

Proof. Consider the mapping yx : X xX — X defined by vx (x1, z2) =
le2—1 for any z1,72 € X. We well show that the mapping vx :
(fHG), T-1()) x (FTHG), Ty-1y) = (fF7H(G), Tj-1(c)) is relatively
IF-continuous. Since T is the inverse image of Ty under f, f: (X, T) —
(Y, Ty) is IF-continuous. Moreover f(f~'(G)) C G. By Proposition
26, f: (f_l(G),‘qu('C;)) — (G, (Ty)g) is relatively IF-continuous. Let
U € Ty-1()- Then there exists a V' € (Ty)g such that f~H(V) = U.
Let (z1,722) € X x X. Then :

Ho <ty (21 202) = 5 (po) (21, 22) = po (vx (21, 22)) = po(zizg ")
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= pp-1y(m1z5 ') = ) (@zy ') = py (f(zizy )
= pv (f(x)f(z5") = pv (F(=0) (f(22)) 7).
Thus M,Y)—(I(U)(xl,l'g) = pv(f(z1)(f(z2))™1). Similarly, we have Yoo
(z1,22) = vv{f(x1)(f(22))~!). By the hypothesis, the mapping vy :
(G, Tc) % (G, Tg) — (G, T¢) given by vy (y1,y2) = y1y; ' for any y1,y2 €
Y, is relatively IF-continuous. By Corollary 2.16°, the product mapping
Fx fo(f7HG), Ti-1a) x (FHG). Tp-1()) — (G, Ti)
is relatively IF-continuous. Now let (z1,22) € X x X. Then:

v (F@)(F(22) ™) =ty (F(@1), £(2)) = tipyc y-10421 vy (21, 22)

and

(f x f)~ n

=[yo(fx f)] V)N (fHG) x fHE)).

So v (V)N (f7HG) x f7HG)) € Ty-11¢) % Tp-1(c)s Loy vx = (fHG),
Ti-16)) % (fHG), Ti-1(cy) — (f"HG), Tf-1(¢)) is relatively IF-continuous.
Moreover, by Result 3.C(1), f~!(G) is an IFG in X. Hence, by Propo-
sition 4.3, f~1(G) is an IFTG in X.

Proposition 5.2. Let f : X — Y be a group homomorphism, let
Tx € IFT(X), let T the image of Tx under f and let G an IFTG in X.
If G is IF-invariant, then the image f(G) of G is an IFTG in Y.

Proof. Suppose G is f-invariant. By the remark in Definition 3.3, f(G)
is an IFG in Y. Let U € Tx. Then, by Result 1.B(4), U C f~1(f(U)).
Thus there exists a family {Us}aer € Tx such that f~(f(U)) =
Uaer Ua- So f7Y(f(U)) € Tx. Since T is the image of T'x under f,
f(U) e T. So fis IF-open. Now let U € (Tx)i. Then there exists a
U’ € Tx such that U = U'NG. Since G is f-invariant, by Proposition 3.5,
f(U) = f(UINF(G). Since f is [F-open, f(U’) € T Then f(U) € Ty
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Thus f : (G, (Tx)e) — (f(G),Tyg)) is relatively IF-open. By Propo-
sition 2.17’, the product mapping f x f : (G, (Tx)g) x (G, (Tx)c) —
(f(G), T§(c)) is relatively IF-open.
Let V € Ty and let (21,72) € X X X. Then

Hiooigw -1y (@1:22) = [yy o (f x A 7Hpw) (@1, 22)

= pvlyy o (f x f)l(z1,22)

= pvyy (f(x1), f(z2))

= py (f(z1)(f(z2))™")

= py(f(x1)f(z5')) (Since f is a homomorphism)

= py(f(x125")) (Since f is a homomorphism)

= pv f(vx (1, 22))

= py (foyx)(z1,22)

= (f ovx) " (uv)(z1, 72)

= B o1y (T1 72)

, where vx : X x X — X is the mapping given by yx(z1,z2) = Tyt

ie.,

for each (z1,79) € X x X. Thus o=ty = Fron-1?
Similarly, we have v =

a - “w;<1<f—1<V>>' (FxH™ g L))
Y 1y 50 (X 7w (V)] = v (fF7(V)). Since G is IFTG
in X, vx : (G,(Tx)¢) x (G,(Tx)c) — (G,(Tx)g) is relatively IF-
continuous. Since T is the image of Tx under f, f : (G, (Tx)g) —
(f(G),Tf(c) is relatively TF-continuous. Then f x f : (G, (Tx)c)
(G, (Tx)a) = (f(G), Tyc)) x (f(G), Tf)) is relatively IF-continuous.
Thus (f x floyw : (G, (Tx)a) x (G, (Tx)c) — (f(G), Tf(c)) is relatively
IF-continuous. Since A is IF-invariant,

(f > 07y (V)NHG) x F(G)] = (f < ) e ' (V)IN(G % G).
So (fx ) 'y (VIN(F(G)x F(G))] € (Tx)
atively IF-open, (fx f)(fx f) " vy (V)N(f ) ( N € Treyx Ty

But (f x /)(f x )" hy (VIN(F(G) x F(G)) (MIN(F(G) x F(G)).
So fy;l(V)ﬂ(f(G)xf(G)) € TpayxTey- Hence f( Jisan [IFTGinY.

(Ix N1yt (V)]

¢ X (Tx)¢. Since fx f is rel-
(G
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Let X be a group carrying a fuzzy topology 7', let G an IFTG in X,
let N a normal subgroup of X and let ¢ the canonical homomorphism
of X onto the quotient group X/N.

Proposition 5.3. If G is constant on N, then G is p-invariant. Hence,
by Proposition 5.2, ¢(G) is an IFTG in X/N. In this case, ¢(G) is called
an intuitionistic fuzzy quotient group(in short, IFQG) and denoted by
G/N.

Proof. Suppose p(x1) = p(x2) for any 1,29 € X. Then 1N = x2N.
Thus there exist ny,no € N such that x1ny = xans. Since G is constant
on N, ug(z) = ug(e) and ve(z) = vg(e), for each x € N. Then :

pe(r) = pe(zanany ')
> pclx2) A pa(nenyt)
= po(z2) Apcle) (nani' € N)
= pg(z2)
and
vg(z1) = VG(J?anTLl_l)
< vg(z2) V ve(nany ')
= vg(z2) V vg(e) (ngnl_1 € N)
= ve(x2).
Similarly, we have pg(z2) > pa(z1) and vg(x2) < ve(zy). Thus vg(z) =

ve(z2). Hence G is p-invariant.

The following is the immediate result of Proposition 5.2 and Propo-

sition 5.3:

Proposition 5.4. Let X be a group having a fuzzy topology T, let G an
IFTG in X, and let N a normal subgroup of X. Let T, be the image of

T under the canonical homomorphism . If G is constant on N, then the
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IFQG G/N is an IFTG in X/N. In this case, T, is called an intuitionis-
tic fuzzy quotient topology(in short, IFQT) on X/N and G/N is called an
intuitionistic fuzzy quotient topological group(in short, IFQTG) on X/N.

Proposition 5.5. Let f : X — Y be a group epimorphism. Let
Tx € IFT(X), Ty € IFT(Y) and let f be both IF-continuous and IF-
open. Let G be an IFTG in X such that G is constant on the kernel
f7Y(e) of f. Let the quotient group X/s-1(.) have the IFQT T'. Then

(1) The IFGs G/f-1(¢) and f(G) are IFTGs in X/f-1() and Y, re-
spectively.

(2) The canonical isomorphism k : X/ -1,y — Y given by k(af~'(e))
= f(a) for each a € X, is a relative IF-homeomorphism of G/ -1, onto

f(G).

it Proof.(1) From Proposition 5.4, it is clear that G/ -1, is an IFTG
in X/s-1¢). Let Ty-1 be the inverse of Tx under f and let V' € T-1.
Then f~1(V) € Tx. Since f is surjective and IF-open, V = f(f~}(V)) €
Ty. Thus Tp-» C Ty. Now let V € Ty. Since f is IF-continuous,
f7Y(V) € Tx. Then V € Tj-1, ie,, Ty C Ty-1. So Ty-1 = Ty. Hence,
by Proposition 5.2, f(G) is an IFTG in Y.

(2) Let ¢ : X — X/f (e) be the canonical epimorphism. Then
clearly k : X/f!(e) — Y is bijective and f =koy. Let V' € (Ty) ¢(c)-
Since f : (G,(Tx)a) — (f(G),(Ty)q)) is relatively IF-continuous,
YV = oY (k1 (V")) € (Tx)e. Since G is an IFTG in X such that
G is constant on f~1(e), by Proposition 6.1, G/f~1(e) is an IFQG in
X/f1(e). Since ¢ : (G.(Tx)c) — (G/f7'(€),Te/s-1(e)) is relatively
IF-open, o(f~Y(V")) € Tg/s-1(e)- But o(f (V")) = k= }(V’). Thus
k=Y V') € Tg g1y So k= (G/fHe), Tasp-1e) = (F(G), (Ty) pe) is
relatively IF-continuous. Now let U € T;/f-1()- Since T is the image of
Tx under o, ¢~ (U) € (Tx)c. On the other hand, =1 (U) = f~1(k(U)).
Thus fY(k(U)) € (Tx)q. Since f: (G.(Tx)c) — (f(G), (Ty)fc)) is
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relatively IF-open k(U) € (Ty)s). So k is relatively IF-open. This

completes the proof.

Let {X;}, 7 =1,2,--- ,n, be a finite family of groups and let X the
product group. Foreach j =1,2,--- ,n,let T; € IFT(X;) and let G; an
IFTG in X;. We define a complex mapping G = (ug,vg) : XxX — IxI
as follows : for each x = (z1, -+ ,z,) € X,

16 (x) = pG, (1) A+ A pe, (Tn)

and

ve(z) = vg,(z1) V- Vg, ().

Proposition 5.6. Let G is an IFG in X. In this case, G is called
the intuitionistic fuzzy product group(in short, IFPG) of the IFGs Gj,
j=1,2,--,n and denoted by G =[[}_, G;.

Proof. It is clear that G € IFS(X) from the definition of G. Let
r=(x1, - ,xn), y= (Y1, - ,Yn) € X. Then
pelzy™) = po(nyr ' zays )
= pe, (T1yr ) A A g, (Tayy ')
> ey (@1) A pey (Y] A A s (Tn) A pen (ya)]
= (e (@) A Ape, ()] Alpe, (Y1) A= A e, (Yn)]
= pa(r) A pa(y)
and
va(zy™) = ve(riyr - zayn )
= vg, (x1yr )V Ve, (2ayy )
< lve, (@) Vve, ()] V-V va, (an) V v, (yn)]
= [vg, (z1) V- Vg, (@] V ve, () V-V va, (yn)]
=vg(r) Vg(y).
Hence G is an IFG in X.
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Proposition 5.7. Let {X;},j = 1,2, ,n, be a finite family of groups,
and for each j = 1,2,--- ,n, let T; € IFT(X;) and let G; an IFTG in
X;. Let the product group X = H;-lzl X; have the IFPT T. Then
the IFPG G = H;-lzl G; is an IFTG in X. In this case, G is called an
intuitionistic fuzzy product topological group(in short, IFPT(G)).

We will denote the set of all IFPTG’s in X as IFPTG(X).

Proof. We define a mapping 11 : X XX — (X1 xX1)x---x (X x Xy)

as follows : for any = = (21, ,Zn), ¥y = (Y1, Yn) € X,

vz, y) = ((x1,91), - (Tns Yn))-
For each j =1, ,n, let m; : (X1 X X1) x - x (Xp x Xp) — Xj x Xj
be the mapping defined by as follows : ‘

mi((21,91), - (@0, Yn)) = (25, 95)
for each ((z1,41), +, (Tn,yn)) € (X1 X X1) X -+ x (X5 x Xp).
Then we can easily see that mj0v; : X X X — X; x Xj is [F-continuous
for each 5 = 1,---n. Thus, by Proposition 1.6, v; is IF-continuous.
Moreover,

(G x G) C (G x Gy) x - x (Gp x Gy).
So, by Proposition 2.6, v1 : (G x G) — (G1 X G1) X -+ X (G x Gy,) is
relatively IF-continuous.

Now we define a mapping vz : (X1 X X7) x -+ x (X, x X)) — X as

follows : for each ((x1,¥1),"  , (Tn,yn)) € (X1 X X1) X -+ X (Xn X Xn).

vo((xr, 1), (@, yn)) = (@ryr s oy )
For each j = 1,--- ,n, let f; : X; x X; — X, be the mapping defined by
fil(zg,y5)) = :rjyj_l for each (z;,y;) € X; x X;. Then, by Proposition
4.3, fj : G; x G; — G} is relatively IF-continuous, for each j =1,---,n.
Moreover, y9 = H;-lzl f;. So, by Corollary 2.16", 72 : (Gy x G1) X -+ %
(G, x G) — G is relatively IF-continuous.

Let v : X x X — X be the mapping defined as follows :

Yz, y) = zy !
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for each (x,;y) € X x X. Then clearly v = 72 0o v;. Thus ~ is IF-
continuous. So v : G x G — @ is relatively IF-continuous. Hence G is
an [FTG in X.

Proposition 5.8. Let {X;}, j =1,---,n, be a finite family of groups,
and for each j = 1,---n, let T; € IFT(Xj), N; a normal subgroup of
X; and G € IFTG(X;) such that G; is constant on ;. Let the quo-
tient groups X/N, where N = [[7_, N; and X;/N;, j = 1,--- ,n, have
the respective IFQT’s and let the product groups X = H?Zl X; and
[T}-1(X;/N;) the respective IFPT’s. Let G = [[}_; G; € IFPTG(X).
Then the canonical isomorphism ¢ of X/N onto H;L:1(X j/Nj) is a rel-
atively IF-homeomorphism of the IFQTG G/N onto the IFPTG []}_,
(X;/Nj).

Proof. Let ¢ : X — X/N be the canonical epimorphism defined by
o(x) = [z] for each £ € X and for each j = 1,--- ,n, let p; : X; —
X;/N; the canonical epimorphism defined by ¢;(z;) = [z;] for each
z; € Xj. Let H;‘Zl pj X — H?:l(Xj/Nj) be the surjective product
mapping. Then clearly co ¢ =[]’_, ;. Let [z] € X/N. Then

peyn([z]) = pelz)
= pre, 6, (71, Zn)
= pc (T1) A+ A pa, (2n)
= payn ([1]) A A pg, v, ([20])
= MH;ZI(G,/N,)(C([T]))
and
v n([z]) = vo(r)
= v, (a2
=vg, (1) V- Vg, (xn)
= veyn ([T1]) V- Vg, n, ([20])

= V1, (cy /vy (edlad)).
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By Proposition 5.4 and Proposition 5.7, G/N and []7_,(G;/N;) are
IFTG’s. Let V' be open in the induced IFT on [[7_, (G;/N;). By Propo-
sition 2.6 and Proposition 2.16, [[{_; ¢; : G — [T} Gj/N; is relatively
IF-continuous. Then o~ (c™(V")) = (IT}—, ©;) (V') is open in the
induced IFT on G. Since ¢ : G — G/N is relatively IF-open, ¢~ }(V”)
is open in the induced IFT on G/N. So ¢ : G/N — [[}_1(G;/N;) is
relatively 1F-continuous.

Now let U be open in the induced IFT on G/N. Then ¢~ 1(U) is
open in the induced IFT on H?Zl(Gj/Nj). By Proposition 2.17’, since
[T}=, ¢; is relatively IF-open, ([]}., i) HU)) = ¢(U) is open in
the induced IFT on [7_,(G;/N;). So c is relatively IF-open. Hence
¢: G/N — [1;_,(G;/Nj) is a relatively IF-homeomorphism.
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