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THE IDEMPOTENT FUZZY MATRICES
Hong Your LEE, NAE GYEONG JEONG AND SE WON PARK

Abstract. In the fuzzy theory, a matrix A is idempotent if A2 = A
The idempotent fuzzy matrices are important in various applica-
tions and have many interesting properties. Using the upper diag-
onal completion process, we have the zero patterns of idempotent
fuzzy matrix, that is, the idempotent Boolean matrices. In addi-
tion, we give the construction of all idempotent fuzzy matrices for

each dimension n.

1. Introduction

The theory of fuzzy matrix is very useful in the discussion of fuzzy
relations. We can represent basic propositions of the theory of fuzzy
relations in terms of matrix operations. Futhermore we can deal with
the fuzzy relations in the matrix form. In the study of the theory of
a fuzzy matrix, a canonical form of some fuzzy matrices has received
increasing attention. For example, Kim and Roush [1,2] studied the
canonical form of an idempotent matrix in 1980 and 1981. Hashimoto
[3] studied the canonical form of a transitive matrix in 1983. Their main

result is:

For an idempotent (transitive, strongly transitive) fuzzy matriz R
there ezists a permutation matriz P such that T = [t;;] = P x R x PT

satisfies ti; < tgq, fori > 7.
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The above T was called the canonical form of an idempotent (transitive,
strongly transitive) fuzzy matrix by these authors. Clearly, the study
of this kind of canonical forms is important to develop the theory of a

fuzzy matrix.

We define some operations for fuzzy matrices whose elements are in
the unit interval [0,1]. First, for 2,y € [0,1], we define x Vy and z A y

as follows:
xVy=maz(z,y)

Tz Ay =min(z,y).

Next we define the following matrix operations for n x n fuzzy matrices
R = [ry} and S = [sy]:

“RV S =[ri; Vsiyl;

~RAS = [rij Asil;

CRxS=[(raNsy)V(riaAsy) V- (Pin A snj)l;

-RT = [r;]  (the transpose of R);

-R<S ifandonlyif ry;<s;; forall 4,;.

We define some special kinds of fuzzy matrices. A fuzzy matrix R is said
to be:

- transitive if R? < R;
-idempotent if R?= R

Accordingly, every idempotent fuzzy matrix is transitive.

2. The Properties of Idempotent Fuzzy Matrices

First we are examine some basic properties of idempotent fuzzy ma-
trices. They are useful in the following discussion. We know that all
1 x 1 fuzzy matrices are idempotent. Hence, in this paper, we deal only
with square fuzzy matrix that dimension n, n > 2. Let F} be the set of

all idempotent fuzzy matrices.
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Lemma 2.1. The set of all idempotent fuzzy matrices, Fy, is closed
under the following operations:
(i) permutation similarity

(ii) transposition.

Lemma 2.2 (In [3]). For an idempotent fuzzy marix R there exists
a permutation matrix P such that 7' = [t;;] = P x R x PT satisfies
tij < tji, for i > _]

We know the fact that the condition t;; < tj: in the above Lemma
is changeable to ¢;; > t;; by Lemma 2.1-(ii). Thus we will use the later

one from now on.

Definition 2.3. Let A be a fuzzy matrix. For some nonzero entry a
of A, Z(a) = [z;] is defined by
1 lf a< aig
Zij =

0 if otherwise.

Z(a) = [zi;] is called a zero pattern of A.

Example 2.4. If a fuzzy matrix

02 07 1
A=107 0 02],
03 1 0
then all its zero patterns are
0 01 0 11
Z(L)y=10 0 0|, Z0O7) =1 0 of,
010 010
011 111
Z(03)=11 0 0}, and Z0.2)= |1 0 1
110 1 10

Lemma 2.5 (In [1]). A fuzzy matrix is idempotent if and only if all

its zero patterns are idempotent.
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By the above Lemma 2.5, we examine the properties of (0, 1)-fuzzy
matrices and obtain a theorem and canonical form of the (0,1)-fuzzy
matrices. Thus we will be able to characterize the structure of the set
of all idempotent fuzzy matrices, Fr. Let B; be the set of all idempo-
tent (0, 1)-fuzzy matrices. In fact, By is the set of idempotent Boolean
matrices and is same as the set of all zero patterns that is idemopotent
fuzzy matrces. In this paper, the index set {1,2,3,---n — 1,n} will be
denoted by N.

Remark 2.6. For an n x n fuzzy matrix A, Ais in By and a;; = 1 if
and only if there exists a k € N such that a;x = 1 = ag;. This statement
follows from the fact that since A = [a;;] is idempotent, we must have
that a;; = Z:Z‘ a;xok; for all 4,7 € N. Another way of writing this
is to observe that A € By if and only if for all 1 R; = Zj R; where
j = {klex £ Ri} and C; = 3°; C; where j = {kle* < Ci}, Ri(C;) is an

row(column) vector, and eg(e¥) is in the standard basis.

3. The Idempotent (0, 1)-fuzzy Matrices

A matrix A of order n > 2 is said to be reducible if there exists a

permutation matrix P such that

papT— (B ¢
O D

where I3 and D are square matrices of order at least one. Otherwise A

is called irreducible.

Lemma 3.1. Let A = [a;;] be an n x n (2 < n) idempotent fuzzy
matrix. If a;; = 0 for some 7 and 7 in N, then each product a;rar; = 0
for all £ in V.

Proof. Tt is an immediate consequence of the fuzzy matrix product.

O
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Lemma 3.2 (In [4]). If A = [a;;] is an n x n irreducible idempotent

Boolean matrix, then A is entrywise nonzero.

From Lemma 3.2, we know that an irreducible n x n idempotent
Boolean matrix is entrywise nonzero and use only 1 or O entries in
By. Consequently, an irreducible idempotent (0,1)-fuzzy matrix may
be taken to be an entrywise 1 matrix, that is, J, = [1;;]. We state this

formally as follows:

Theorem 3.3. If A = [a;;] is an n x n irreducible idempotent (0, 1)-
fuzzy matrix, that is, A is an irreducible idempotent zero patterns, then

it is entrywise 1 (up to equivalences, as stated in Lemma 2.1).

Corollary 3.4. If A = [a;;] is an nxn idempotent (0, 1)-fuzzy matrix,

then A does not contain k-zeros where 0 < k < (n — 1).

Proof. Suppose that A is an n x n irreducible idempotent (0, 1)-fuzzy
matrix. Then A has no zeros by Theorem 3.3. We assume that A
is reducible. Then A have at least (n — 1)-zeros by the definition of
reducible. O

Let an n x n matrix A be given. Then either A is irreducible or there

exists a permutation matrix P such that

A1 *
PAPT =
0 Ag
in which A; is either irreducible or is 1 x 1 zero matrix, 1 = 1,--- , k.

This is called the Frobenious normal form of A. If A is a reducible
idempotent fuzzy matrix in Frobenious normal form, then it is clear that
each irreducible diagonal block of A is idempotent fuzzy matrix. In the
remainder of this paper, we use the results of above section and assume
that each nonzero irreducible diagonal block A;; of A is entrywise 1, that

is, A;; = J; which are same size. Futher, in terms of block multiplication
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where P = A?,
Pij = Aiihij + A Aij + -+ Aij Ay = Ay

The key question here is: What are the possible zero patterns of the off-
diagonal blocks A;; so that the above equation is satisfied? The remainder
of this paper is dedicated to answering this question and all nonzero

matrix(or block) means entrywise 1 matrix, that is, J = [1;).

Lemma 3.5 (In [4]). If A is an n x n reducible Boolean matrix
such that A; and Aj;; are entrywise nonzero diagonal blocks, then A is
Boolean idempotent only if the entries of A;; are obtained as follows:

(i) Ajyj contains only 1’s or
(ii) A4; is O-block.

Lemma 3.6 (In [4]). Let A be an nxn reducible Boolean idempotent
matrix where A;; is an n; X n; entrywise nonzero diagonal block and Aj;

is an O-block. If A;; contains a 0-entry, then A;; contains an 0-column.

Lemma 3.7. Let A be an n xn reducible Boolean idempotent matrix
where A;; is an O-block and Aj; is an n; x n; entrywise nonzero diagonal

block. If A;; contains a O-entry, then A;; contains an O-row.

Proof. To simplify notation, let 4j; = H = [h;;] and A;; = B = [by;].
Assume b;, = 0 for some r in N;. By Boolean idempotence, we know that
the product entry (BH);r = 0 and can state results for A4;; analogous

to those given in Lemma 3.6. ad

Since a Boolean matrix is idempotent only if each off-diagonal block

F;; is defined, we obtain the following:

Lemma 3.8 (In [4]). Let A be an n xn reducible Boolean idempotent
matrix. If A; is entrywise nonzero and A;; is 0-block, then A is Boolean

idempotent only if A;; = 0 or A;; contains only 1’s.

Lemma 3.9. Let A be an n x n reducible Boolean idempotent ma-
trix. If A;; is 0-block and Aj;; is entrywise nonzero, then A is Boolean

idempotent only if A;; = 0 or A;; contains only 1’s.
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Proof. By Boolean idempotence, we can state results for A;; analo-

gous to those given in Lemma 3.7 and Lemma 3.8. O

If A is an m x m block reducible matrix, then the off-diagonal blocks
A; ik lie on the k-th superdiagonal for all k = 1,2,--- ;m — 1. Due to
the triangular structure of A, each P;;, in the product matrix 7 = A?
is independent of all terms above the k-th superdiagonal. This indepen-
dence allows us to complete the zero pattern of A so that A = A2, as

described in the following:

Algorithm 3.10 ([4]}). (The upper diagonal completion process) Let
A = [A;] be an m x m reducible, partial block idempotent Boolean
matrix in modified Frobenius normal form. We can Determine the entry

of each off-diagonal block as follows:

(1) Start with 1-st superdiagonal. Determine the entries of each off-
diagonal block A; ;41 using Lemma 3.5 if A;; and A;41,+1 are en-
trywise nonzero , Lemma 3.8 for each diagonal block of 4,114 if
Aqyi is an entrywise nonzero and A;41:41 is a 0-block, or Lemma
3.9 for each diagonal block of A so that A;_; ;A4 is unam-
biguously defined if A;; is a 0-block and A;;1 41 is an entrywise
nonzero Boolean matrix. Move up to the next diagonal (if there is
one).

{ii) For each unspecified entry A, ., on the k-th superdiagonal, k =
2,3, ,m—1,if Pjp = AijAiirk + AiivkAitkivx use step (i)
with i+ k replacing it, otherwise let A; ;& = A;i114i+1i+x- When
all blocks are specified on this diagonal, move up to the next diag-
onal, if there is one, increase k by 1 forall k = 2,3,--- ,m —2, and

repeat (ii).

Lemma 3.11 ([4]). Let A be an n x n reducible Boolean idempotent
matrix in modified Frobenious normal form, each of whose diagonal
blocks is entrywise nonzero or 0-block. Then A is idempotent only if

each off-diagonal block A;; is obtained using Algorithm 3.10.



10 Hong Youl Lee, Nae Gyeong Jeong and Se Won Park

Lemma 3.12 ([4]). A reducible Boolean matrix A, in modified Frobe-
nius normal form, each of whose nonzere diagonal block is entrywise 1, is
idempotent if and only if the entry of each off-diagonal block is obtained

using the upper diagonal completion process.

Example 3.13. Let A be an idempotent (0, 1)-fuzzy matrix. Then

1 1 1 % % % % * *
1 1 1 % * *x % *x =*
1 11 % % *x x % x
0 0 00 0 = =
A=(0 0 0 0 0 * » 7 7
0 000011 % =
0000011 =
0000000
00000000 0O

where * is 0 or 1 and ? is determined by the specified number * that is on
the lower superdiagonal than it by using the upper diagonal completion

process.

Since the set of Boolean idempotent matrices is same as the zero

patterns of the idempotent fuzzy matrix, we have the following Theorem;

Theorem 3.14. A reducible zero patterns of the fuzzy matrix A, in
modified Frobenius normal form, each of whose nonzero diagonal block
is entrywise 1, is idempotent if and only if the entry of each off-diagonal

block is obtained using the upper diagonal completion process.

4. The Construction of The Idempotent Fuzzy Matrices

In this section, using the conditions and properties in the above sec-
tions we construct all zero patterns and idempotent fuzzy matrix from

n=2ton=23.
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[Case, n = 2] There are all zero patterns of idempotent fuzzy matrices

except the zero matrix as follows;

1 ol [0 0] 1 1]
Alz [l A2= ? A3= ?
(1) o o (2) o1 (3) '
1 0] [1 1) 1 1]
A(4) = . A(B) = . A(6) = .
(4} o 1) (5) o1 (6) I

Since there exist three maximal chains such that A(1) < A(3) < A(5) <
A(6), A(2) < A(4) < A(5) < A(6), and A(1) < A(4) < A(5) < A(6), we

construct all 2 x 2 idempotent fuzzy matrix such that

HEEAN

where fuzzy numbers are 0 < d <c<b<a < 1.

[Case, n =3] There exist zero patterns of idempotent fuzzy matrices
except the zero matrix as follows;

- - - - - -

00 0 00 00

A(la)= {0 0 0],A(1b)=|0 1 0|,A(le)=]0 0 0O,
[0 0 0] [0 0 0] 0 0 1]

[1 0 0] [1 0 0] 0 0 0]
A(2a)= |0 1 0],A(20)= |0 0 0|,A(2c)= [0 1 0],
[0 0 0] i 1] [0 0 1]

[ 0] i 1 [0 0 0]
A(2d) = |0 0]|,A(2e)= [0 0 0|, A2f)=1]0 1 1{,
0 0 0] 0 0 0] [0 0 0]

(0 1 0] 0 0 [0 0 1]
A29)= |0 1 0|,A2h)=1]0 © LA(20) = (0 0 0f,
0 0 0] 0 1 0 0 1
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[1 0 1] [1 1 1] [0 1 1]
A(59) = |0 1| ,A(6a) = 1 1] ,A@®6b) =10 1 11,
0 0 1 0 0 0] 0 1 1]
(1 1 1] 1 1 1] [1 1 1]
A6c)= |0 1 1]|,A(Ta)= |1 1 1],A(T)=]0 1 1},
0 0 1 0 0 1] 0 1 1
[1 1 1]
A9a)= |1 1 1
1 1 1]

Since there exist 222’s maximal chains, we construct all 3 x 3 idempotent
fuzzy matrix such that if we choose a chain

(*)  A(l¥) < A(2%) < A(3%) < A(4%) < A(5%) < A(6%) < A(T*) < A(9%)
then the fuzzy matrix
A = aA(1x) 4 b(A(2%) — A(1%)) + c(A(3+) — A(2%))
+ d(A(4x) — A(3%)) + e(A(5%) — A(4%)) + f(A(6x) — A(5))
+ g{A(T%) — A(6%)) + h(A(9%) — A(T+))
is idempotent where
O<h<gLfLesdLeshb<all
Example 4.1. If we choose a maximal chain of zero patterns,
A(la) < A(2b) < A(39) < Alde) < A(5d) < A(6c) < A(Ta) < A(9a),

then the fuzzy matrix A is an idempotent fuzzy matrix that has the

form
a e d 09 04 0.5
A=|g f ¢ and A= 102 03 0.6
h h b 0.1 0.1 0.7

is an idempotent fuzzy matrix where

a=09 b=07¢=06,d=05,e=04, f=03, g=02, Ah=0.1.
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In addition, when we choose a sub-chain of any maximal chain (x)
by the above method the idempotent fuzzy matrix is constructed. For
example, if we choose a sub-chain A{1x) < A(3x) < A(5*) < A(7T+) <

A(9%) of the above maximal chain () then the fuzzy matrix

A = aA(1%) + c(A(3%) — A(1x)) + e(A(5*) — A(3%))
+ g(A(7x) — A(5x)) + h{A(9%) — A(7*))

is idempotent where
O<h<g<e<e<a<l

Remark 4.2. In fact, we have all n x n zero patterns of idempo-
tent fuzzy matrix by the upper diagonal completion process in Lemma
3.8. Therefore we construct all idempotent fuzzy matrices by the above

construction and Theorem 3.12.
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