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INTUITIONISTIC FUZZY IDEALS AND BI-IDEALS

KuL Hur®, Kwanc JIN KiM® AND HYEoONG KEE SoNGg®

Abstract. In this paper, we apply the concept of intuitionistic
fuzzy sets to theory of semigroups. We give some properties of in-
tuitionistic fuzzy ideals and intuitionistic fuzzy bi-ideals, and char-
acterize which is left [right] simple, left [right] duo and a semilattice
of left [right] simple semigroups or another type of semigroups in

terms of intuitionistic fuzzy ideals and intuitionistic fuzzy bi-ideals.

0. Introduction

After the introduction of the concept of fuzzy sets by Zadeh [19],
several researchers[7,11,12,17] have applied the notion of fuzzy sets to
group theory. In particular, Kuroki[11,12] have applied the concept of
fuzzy sets to the theory of semigroups.

As a generalization of fuzzy sets, Atanassov[l] inturoduced the con-
cept of intuitionistic fuzzy sets. After that time, Coker and his colleagues
[5,6,8] introduced the concept of intuitionistic fuzzy topogical spaces us-
ing intuitionistic fuzzy sets. In 1989, Biswas[3| introduced the notion
of intuitionistic fuzzy subgroups and studied some of it’s properties. In
2003, Banerjee and Basnet[2], Hur and his colleagues[9,10] have applied
the concept of intuitionistic fuzzy sets to algebra.

In this paper, we apply this to theory of semigroups. We give some

properties of intuitionistic fuzzy ideals and intuitionistic fuzzy bi-ideals,
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and characterize which is left [right] simple, left [right] duo and a semi-
lattice of left [right] simple semigroups or another type of semigroups in

terms of intuitionistic fuzzy ideals and intuitionistic fuzzy bi-ideals.

1. Preliminaries

We will list some concepts and results needed in the later sections.

For sets X, Y and Z, f = (f1, f2) : X = Y x Z is called a complex
mapping if f1: X —Y and f3 : X — Z are mappings.

Throughout this paper, we will denote the unit interval [0,1] as 1.

Definition 1.1[2]. Let X be a nonempty set. A complex mapping
A = (pa,va) : X — I x I is called an intuitionistic fuzzy set (in
short, IFS) on X if pg + vq4 < 1, where the mapping pg : X — I
and v4 : X — I denote the degree of membership (namely p4(z)) and
the degree of nonmembership (namely v4(x)) of each z € X to A, re-

spectively.
We will denote the set of all IFSs in X as IFS(X).

Definitions 1.2[2]. Let X be a nonempty set and let A = (pa,v4) and
B = (up,vp) be IFSs on X. Then

(1) AC Biff us < up and vy > vp.

(2) A=Bif AC Band B C A

(3) A° = (va, 1a).

(4) ANB = (naApp,vaVug).

(5) AUB = (uaV up,vaAvg).

(6) [14 = (pa,1 — pa), <> A= (1—-va,va).
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Definition 1.3{4]. Let {A;}ics be an arbitrary family of IFSs in X,
where A; = (pa,,va,) for each i € J. Then

(1) NA;i = (Apa, Vea)-

(2) Ui = (V pai Avan)-

Definition 1.4[4]. 0. = (0,1) and 1. = (1,0).
2. Intuitionistic fuzzy ideals and bi-ideals of a semigroup

Let S be a semigroup. By a subsemigroup of S we mean a non-empty
subset A of S such that
A2c A
and by a left [resp. right] ideal of S we mean a non-empty subset A of
S such that
SA C A lresp. AS C A].

By two-sided ideal or simply ideal we mean a subset A of S which is
both a left and a right ideal of S. A semigroup S is said to be left[resp.
right] simple if S itself is the only left [resp. right] ideal of S. S is said

to be simple if it contains no proper ideal.

Definition 2.1[9]. Let S be a semigroup and let A € IF'S(S). Then A
is called an :
(1) intuitionistic fuzzy subsemigroup (in short, IFSG) of S if
wa(ry) > pa() A paly) and va(zy) < va@) v va(y)
for any z,y € 5.
(2) intuitionistic fuzzy left ideal (in short, IFLI) of S if
pa(zy) 2 paly) and va(zy) < valy)
for any z,y € 5.
(3) intuitionistic fuzzy right ideal (in short, IFRI) of S if
pa(zy) > palz) and va(zy) < va(z)
for any z,y € S.
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(4) intuitionistic fuzzy (two-sided) ideal (in short, IFI) of S if it is
both an intuitionistic fuzzy left and an intuitionistic fuzzy right ideal of
S.

We will denote the set or all IFSGs [resp. IFLIs, IFRIs and IFIs ] of
S as IFSG(S) [resp. IFLI(S), IFRI(S) and IFI(9)].
It is clear that A € TFI(S) if and only if
ra(zy) 2 pa(z) V paly) and valzy) < valz) Ava(y)
for any z,y € S, and if A € IFLI(S)[resp. [FRI(S) and IFI(S)], then
A€ IFSG(S).

Result 2.A[9, Proposition 3.8]. Let A be a non-empty subset of a
semigroup S.

(1) A is a subsemigroup of S if and only if (x4, x4-) € IFSG(S).

(2) A is a left [resp. right] ideal of S if and only if (xa,xac) €
IFLI(S)[resp. IFRI(S)].

{(3) Ais an ideal of S if and only if (x4, x4<) € IFL(S).

Remark 2.2. Let S be a semigroup.

(1) If p14 is a fuzzy subsemigroup of S, then A = (u4,p5) € IFSG(S).

(2) If A e IFSG(S) [resp. IFI(S),IFLI(S) and IFRI(S)], then py4
and v are fuzzy subsemigroup [resp. ideal, left ideal and right ideal| of
S.

(3) If A € IFSG(S) [resp. IFI(S),IFLI(S) and IFRI(S)], then
[14, < > Ae IFSG(S)[resp. IFI(S),IFLI(S)andIFRI(S)].

Result 2.B{9, Proposition 3.7]. Let S be a semigroup and let
(A ) € I x I with X+ p < 1. If A € IFSG(S) [resp. IFI(S), IFLI(S)
and IFRI(S) ], then AP is a subsemigroup [resp. ideal, left ideal and
right ideal ] of S.
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The following result is the converse of Result 2.B:

Proposition 2.3. Let S be a semigroup and let A € IFS(S). If AAA#)
is a subsemigroup [resp. ideal, left ideal and right ideal | of S for each
(A p)eIxIwith A+ <1, then A € IFSG(S) [resp. IFI(S), IFLI(S)
and IFRI(S) |.

Proof. Suppose AM#) is a semigroup of S for each (X, i) € T x I with
A+p <1 Forany z,y € S, let A(z) = (A1, 1) and let A(y) = (Ag, pa).
Then

pa(x) = A1 2 A A Ag, valz) = g < Vg
and

pa(y) = A2 2 A A Ao, va(y) = po < g V po.

Thus 2,y € A M2mViz}l Since \j A+ Vg < 1, by the hypothesis,
Ty € AMA 2 Vez) g
pa(zy) = M A Ay = palz) A paly)
and
valzy) < p1 Vopg <wvalz) Vealy).
Hence A € IFSG(S).

Now suppose AM#) is a left ideal of S for each (A, u) € I x I with
Ay < 1. Foreach y € S, let A(y) = (M, 1). Then clearly y € A#) Let
x € S. Then, by the hypothesis, zy € AM*), Thus pua(zy) > A = pay)
and va(zy) < u = va(y). Hence A € TFLI(S). Also, we easily see the

rest. This completes the proof.

A subsemigroup A of a semigroup S is called a bi-ideal of S if ASA C
A. We will denote the set of all bi-ideals of S as BI(S).

Definition 2.4. Let S be a semigroup and let A € IFSG(S). Then A
is called an intuitionistic fuzzy bi-ideal (in short, IFBI) of S if

palzyz) = pa(z) A pa(z) and va(ryz) < va(z) v va(z)
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for any x,y,z € S.

We will denote the set of all IFBI of S as IFBI(S). The following
result shows that the concept of an IFBI in a semigroup is an extended

one of a bi-ideal:

Proposition 2.5. Let A be a non-empty subset of a semigroup S. Then
A is a bi-ideal of S if and only if (x4, x4:) € IFBI(S).

Proof.(=): Suppose A € BI(S) and let r,y,z € S.

Case (i): Suppose z € A and z € A. Then xa(z) = xa(z) =1 and
Xac(z) = xac(z) = 0. Since A is a bi-ideal of S, ryz € ASA C A. Thus
xalzyz) =1 = xa(z) A xalz) and xae(zyz) = 0 = xa<(x) V x4c(2).

Case (ii): Suppose z ¢ A or z ¢ A. Then x4(x) =0 and xa-(x) =1
or xA(z) =0 and xa-(z) = 1. Thus xa{zyz) > 0= xa(z) A xa{z) and
Xac(zyz) < 1= xa:(z) V xa-(z). So, in either cases,

xa(zyz) 2 xalz) A xalz) and xae(zyz) < xae(z) V xa:(2).
Moreover, by Result 2.A (1), (xa,xac) € IFSG(S). Hence {xa,xa<) €
IFBI(S).

(<«=): Suppose (x4, xac) € IFBI(S). Let t € ASA. Then there exist
z,z € A and y € S such that ¢ = xyz. Since z,z € A, xa(z) = xa(z) =
1 and x4<{x) = xa-(z) = 0. Since (x4, x4<) € IFBI(S),

xa(zyz) 2 xa(z) A xalz) =1 and xae(zyz) < xa¢(z) V x40(2) = 0.
Then xa{zyz) = 1 and xac(zyz) = 0. Thus t = z2yz € A So
ASA C A. Moreover, by Result 2.A (1), A is a subsemigroup of S.
Hence A € BI(S).

Proposition 2.6. Let S be a semigroup. Then § is a group if and only
if every IFBI of S is a constant mapping,.
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Proof.(=): Suppose S is a group with the identity e. Let A € IFBI(S)
and let @ € S. Then

pala) = paleae) 2 pa(e) A pale) = pale)

= palee) = pa((aa™")(a""a))

= pa(ala™a™Na) 2 pala) A pala)

= pa(a)
and

vala) = valeae) < vale) Vvale) = vale)

= valee) = va((aa (a a))

= va(a(a"la™a) < vala) V va(a)

= v4(a).
Thus A(a) = A(e). Hence A is a constant mapping.

(<=): Suppose the necessary condition holds. Assume that S is not

a group. Then it follows from p. 84 in {4] that S contains a proper
bi-ideal A of S. Then there exists an # € S such that = ¢ A. Let
y € A with y # z. Since A is a bi-ideal of S, by Proposition 2.5,
(xa,xac) € IFBI(S). By the hypothesis, (xa4,x4c) Is a constant
mapping. Thus (xa, xae)(x) = (x4, xac)(y), L.e., xa(z) = xa(y) and
xa:(7) = xa<(y). Since x ¢ A and y € A, xa(z) =0 < xa(y) =1 and

Xac(z) =1 > xac(y) =0, ie, (xa,xa¢)(2) = 0~ # 1o = (x4, X4°)(¥).
This is a contradiction. Hence S is a group. This completes the proof.

Proposition 2.7. Every IFLIfresp. IFRI and IF]] of S is an IFBI of S.

Proof. Suppose A € [FLI(S) and let z,y,z € S. Then
palzyz) = pal(zy)z) 2 pa(z) 2 palz) A palz)
and
valzyz) = val(zy)z) < va(z) <valz) VvV va(z).
So A € IFBI{S). Similarly, we can see that the other cases hold.
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Proposition 2.8. Let S be a semigroup and let A € IFS(S) . Then
A € IFBI(S) if and only if AM# ¢ BI(S) for each (), p) € I x I with
A+ <1

Proof. (=): Suppose A € TFBI(S) and let (A, ) € I x I with X +
i < 1. Then, by Result 2.B, AM#) is a subsemigroup of S. Let ¢ €
AMS AN Then there exist z,z € A™#) and y € 5 such that
t = xyz. Since A € IFBI(S),

pa(t) = pa(z) Apalz) > X and va(t) < valz) Vva(y) < p.

Thus t € AMH, So AN SAMH ¢ ACH) Hence APH € BI(S).

(«<=): Suppose the necessary condition holds. Then, by Proposi-
tion 2.3, A € IFSG(S). For any z,z € S, let A(z) = (A;,p1) and
let A(z) = (Ag,pu2). Then, by the process of the proof of Proposi-
tion 2.3, z,z € APMM2mVe2) et y € §. Then, by the hypothesis,
zyz € AN Vi) Thyg

fa(zyz) > M A Ao = palz) A palz)
and

valzyz) <V pe <va(x)Vva(z).

Hence A € IFBI(S). This completes the proof.

3. Intuitionistic fuzzy duos, ideals and bi-ideals of a regular
semigroup

A semigroup S is said to be reqular of for each a € S there exists an

x € S such that a = aza.

A semigroup S is said to be left[resp. right] duo if every left [resp.
right] ideal of S is a two-sided ideal of S.

A semigroup S is said to be duo if it is both left and right duo.

Definition 3.1. A semigroup S is said to be :
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(1) intuitionistic fuzzy left duo(in short, IFLD) if every IFLI of S is
an IF1 of S.

(2) intuitionistic fuzzy right duo(in short, IFRD) if every IFRI of S
is an IFT of S.

(3) intuitionistic fuzzy duo(in short, IFD) if it is both intuitionistic

fuzzy left and intuitionistic fuzzy right duo.

Proposition 3.1. Let S be a regular semigroup. Then § is left duo if
and only if S is IFLD.

Proof. (=): Suppose S is left duo. Let A € IFLI(S) and let a,b€ S.
Then, by the process of the proof of Theorem 3.1 in [12], ab € (aSa)b C
(Sa)S C Sa. Thus there exists an x € S such that ab = za. Since
AeIFLI(S),

pa(ab) = pa(za) > pa(a)
and

va(ab) = va(za) < va(a).
Then A € IFRI(S). Thus A € TFI(S). Hence S is IFLD.

(«<): Suppose S is IFLD and let A be any left ideal of S. Then, by
Result 2.A (2), (xa,xac) € IFLI{S). By the assumption, (x4, xAc) €
IFI(S). Since A # @, by Result 2.A (3), A is an ideal of S. Hence S is
left duo. This completes the proof.

Proposition 3.1’[The dual of Proposition 3.1]. Let S be a regular
semigroup. Then § is right duo if and only if S is IFRD.

The following is the immediate result of Propositions 3.1 and 3.1":

Proposition 3.2. Let S be a regular semigroup. Then S is duo if and
only if § is IFD.
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Proposition 3.3. Let S be a regular semigroup. Then every bi-ideal
of S is a right ideal of 5 if and only if every IFBI of S is an IFRI of S.

Proof. (=): Suppose every bi-ideal of S is a right ideal of S. Let
A € IFBI(S) and let a,b € S. Then, by the process of proof of Theorem
3.4 in [12], ab € (aSa)S C aSa. Thus there exists an z € S such that
ab = axa. Since A € IFBI(S),

pa(ab) = palaza) > pala) A pala) = pala)
and

valab) = va(aza) < vg(a) vV va(a) = va(a).
Hence A € IFRI(S).

(=): Suppose every IFBI of S is an IFRI of § and let A be any
bi-ideal of S. Then, by Proposition 2.5, (x4, x4c) € IFBI(S). By the
assumption, (x4, xa4c) € IFRI(S). Since A # §, by Result 2.A (2), A
is a right ideal of S. This completes the proof.

Result 3.A[15, Theorem 3]. Every bi-ideal of a regular left duo semi-
group S is a right ideal of S.

Corollary 3.3. Let S be a regular duo semigroup. Then every IFBI of
S5 is a IFRI of S.

Proof. By Result 3.A, every bi-ideal of S is a right ideal of S. Hence,
by Proposition 3.3, it follows that every IFBI of S is an IFRI of S.

Proposition 3.3 [The dual of Proposition 3.3]. Let S be a regular
semigroup. Then every bi-ideal of S is a left ideal of S if and only if
every IFBI of S is an [FLI of S.

The following is the immediate result of Propositions 3.3 and 3.3':
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Proposition 3.4. Let S be a regular duo semigroup. Then every bi-
ideal of S is an ideal of S if and only if every IFBI of S is an IFI of S.

A semigroup S is called a semilattice of groups [4] if it is the set-
theorectical union of a set of mutually disjoint subgroups G4 (a € I'), i.e.,
S = Jyer Go such that for any «, 8 €T, GoGg C G, and GG, C G,
for some v € T'.

Result 3.B[14, Theorem 4]. Every bi-ideal of a semigroup § which

Is a semilattice of groups, is an ideal of S.

The following is the immediate result of Result 3.B and Proposition
3.4:

Corollary 3.4. Let S be a semigroup which is a semilattice of groups.
Then every IFBI of S is an IFI of S.

We denote by L[a][resp. J[a]] the principle left [resp. two-sided] ideal
of a semigroup S generated by a in S, i.e.,
Lla] = {a} U Ya,
Ja] = {a} USaUaS U Sas.
It is well-known [4, Lemma 2.13] that if S is a regular semigroup,
then L[a] = Sa for each a € S.
A semigroup S is said to be right[resp. left] zero if zy = y[resp.
zy = x| for any z,y € S.

Proposition 3.5. Let S be a regular semigroup and let Eg the set of
all idempotent elements of S. Then Eg forms a left zero subsemigroup
of S if and only if for each A € IF'LI(S), A(e) = A(f) for any e, f € Ej,
where Eg denotes the set of all idempotent elements of S.



320 Kul Hur®, Kwang Jin Kim® and Hyeong Kee Song®

Proof. (=): Suppose Egs forms a left zero subsemigroup of S. Let A €
IFLI(S)andlete, f € Eg. Then, by the hypothesis, ef = e and fe = f.
Since A € IFLI(S),

pale) = palef) 2 u(f) = palfe) > pale)
and

va(e) =wvalef) <wv(f) =va(fe) <vale).
Hence Ale) = A(f).

(<=): Suppose the necessary condition holds. Since S is regular, Eg #

0. Let e, f € Ejs. Then, by Result 2.A(2), (XL[f]aXL[f]C) € IFLI(S).
Thus xpip(e) = xgin(f) = 1 and xgpe(e) = xpp:(f) = 0. Soe €
L[f] = Sf. Then there exists an z € S such that e = zf = zff = ef.

Hence Eg is a left zero semigroup. This completes the proof.

Corollary 3.5. Let S be an idempotent semigroup. Then S is left zero
if and only if for each A € IFLI(S), A(e) = A(f) for any e, f € S.

Proposition 3.5 [The dual of Proposition 3.5]. Let S be a regular
semi group. Then Fg forms a right zero subsemigroup of S if and only

if for each A € TFRI(S), A(e) = ) for any e, f € Fg.

Corollary 3.5 The dual of Corollary 3.5]. Let S be an semigroup.
Then S is right zero if and only if for each A € IFRI(S), A(e) = A(f)
for any e, f € S.

Proposition 3.6. Let S be a regular semigroup. Then S is a group if
and only if for each A € IFBI(S), A(e) = A(f) for any e, f € Es.

Proof (=): Suppose S is a group. Let A € IFBI(S). Then, by
Proposition 2.5, A is a constant mapping. Hence A(e) = A(f) for any
e, f € bg.
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(«=): Suppose the necessary condition holds. Let e, f € Eg. Let
B(z] denote the principal bi-ideal of .S generated by z in S, i.e., B[z] =
{z} U {2?} U zSz[4, p. 84]. Moreover, if S is regular, then Blz] = 28z
for each z € S. Then, by Proposition 2.5, (xp(s, x8sc) € 1FBI(S).
Since f € Blf],

xBif)(€) = xp(y(f) = 1 and xpisc(e) = xppe(f) = 0.
Then e € B[f] = fSf. Thus, by the process of the proof of Theorem
3.14 in [12], e = f. Since S is regular, F; # @ and S contains exactly
one idempotent. So it follows from [4, p. 33(Ex. 4)] that S is a group.
This completes the proof.

4. Intra-regular semigroups

A semigroup S is said to be intra-regular if for each a € S, there exist
z,y € S such that @ = xay. For characterization of such a semigroup,
see[4, Theorem 4.4] and [16, I1.4.5 Theorem).

Proposition 4.1. Let S be a semigroup. Then S is intra-regular if and
only if for each A € IFI(S), A(a) = A(a?) foreach a € S.

Proof.(=): Suppose S is intra-regular. Let A € IFI(S) and let a € S.
Then, by the hypothesis, there exist z,y € S such that o = za®y. Since
A€ IFI(S),

pa(a) = pa(za®y) > pa(za®) 2 pa(a?) > pafa)
and

vala) = va(za®y) < va(za?) < va(a?) < va(a).
Hence A(a) = A(a?) for each a € S.

(«<): Suppose the necessary condition holds and let @ € S. Then, by

Result 2.A(3), (xp2)s Xufa2je) € IFI(S). Since a® € J[a?],

X71a2)(@) = XJa2(0?) = 1 and xez2(a) = X gpa2p2(a?) = 0.
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Thus a € J[a?] = {a} USa? Ua%S U Sa?5. So we can easily see that S

is intra-regular. This completes the proof.

Proposition 4.2. Let S be an intra-regular semigroup. Then for each
A€ IFI(S), A(ab) = A(ba) for any a,b e S.

Proof. Let A € IFI(S) and let a,b € S. Then, by Proposition 4.1,
a(ab) = pal(ab)?) = pa(a(ba)b) > wa(bo)
= 1a((b0)?) = pa(b(ab)a) > ju(ab)
and
va(ab) = va((ab)?) = va(a(ba)h) < va(bo)
= v4((b0)?) = va(b(ab)a) < va(ab).
Thus A(ab) = A(ba). This completes the proof.

5. Completely regular semigroups

A semigroup S is said to be completely regularif for each a € S, there
exists an x € .S such that
a = axa and ax = za.
A semigroup S is said to be left{resp. right]regular if for each a € S,
there exists an z € S such that
a = za?[resp. a = a’x].
For characterizations of such a semigroup, see [4, Theorem 4.2.]. It is
well-known[4, Theorem 4.3.] that S is completely regular if and only if
it is left and right regular.

Result 5.A[16, p. 105]. Let S be a semigroup. Then the followings
are equivalent:
(1) S is completely regular.

(2) S is a union of groups.
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(3) a € a’Sa® for each a € S.

Proposition 5.1. Let S be a semigroup. Then S is left regular if and
only if for each A in IFLI(S), A(a) = A(a?) for each a € S.

Proof.(=): Suppose S is left regular. Let A€ IFLI(S)andletac S.
Then, by the hypothesis, there exists an z € S such that a = xa?. Since
A€ IFLI(S),

pala) = palza®) > pa(a®) > paa)
and

vala) = va(za?) < va(a?) < va(a)
Hence A(a) = A(a?), for each a € S.
(<): Suppose the necessary condition holds. Let a € S. Then, by
Result 2.A(2), (xL[a?)» XL[a21c) € TFLI(S). Since a? € L[a?],
(X£(?)(@) = x1[o2y(a®) = 1 and (xz[42)-(a) = Xp[a2}c(a®) = 0.
Then a € Lia?] = {a?} U Sa?. Hence S is left regular. This completes
the proof.

Proposition 5.1'[The dual of Proposition 5.1]. Let S be a semi-
group. Then S is right regular if and only if for each A € IFRI(S),
A(a) = A{a?) for each a € S.

Now we give another characterization of a completely regular semi-

group by intuitionistic fuzzy bi-ideals:

Proposition 5.2. Let S be a semigroup. Then the followings are
equivalent:
(1) S is completely regular.
(2) For each A € IFBI(S), A(a) = A(a?) for each a € S.
(3) For each B € IFLI(S) and each C € IFRI(S),
B(a) = B(a?) and C(a) = C(a?)
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for each a € S.

Proof. 1t is clear that (1)<>(3) by Propositions 5.1 and 5.1°. Thus it is
sufficient to show that (1)< (2).

(1) = (2): Suppose the condition (1) holds. Let A € TFBI(S) and
let @ € S. Then, by Result 5.A(3), there exists an € S such that
a = a’za®. Since A € IFBI(S),

pala) = pa(a®ra®) > pa(a®) A pa(a?)

= pa(a®) 2 pa(a) A pa(a) = pafa)
and

va(a) = va(a®za?) < wa(a®) V va(a?)

= va{a®) <va(a) Vvala) = vala).
Hence A(a) = A(a?).

(2) = (1): Suppose the condition (2) holds. For each x € S, let Bjz]

denote the principal bi-ideal of S generated by z, i.e.,

Blz] = {z} U {z?} U xSz
Let a € S. Then, by Proposition 2.5, (XBla2)s XBla2)-) € IFBI(S). Since
a® € Bla®], xpja2(a) = xppa2(e?) = 1 and xpe2c(a) = xpgpaz(a?) = 0.
Thus a € Bla?] = {a?} U {a?} U a?Sa®. Hence S is completely regular.
This completes the proof.

Result 5.B[13, Theorem 1]. Let S be a semigroup. Then S is a
semilattice of groups if and only if BI(S) is a semilattice under the mul-

tiplication of subsets.

Proposition 5.3. Let S be a semigroup. Then S is a semilattice
of groups if and only if for each A € IFBI(S), A(a) = A(a?) and
A(ab) = A(ba) for any a,b € S.

Proof.(=): Suppose S is a semilattice of groups. Then S is a union of
groups. By Result 5.A, S is completely regular. Let A € TFBI(S) and
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let a € S. Then, by Proposition 5.2, A(a) = A(a®). Now let a,b € S.
Then, by the process of the proof of Theorem 6 in [11], there exists an
z € S such that {ab)® = (ba)z(ba). Thus

a(ab) = pa((ab)®) = pa((ba)z(ba))

> pa(ba) A pra(ba) = pa(ba)
and

va(ab) = va((ab)®) = va((ba)e(ba))

< va(ba) Va(ba) = va(ba).
Similarly, we can see that pa(ba) > pa(ab) and va(ba) < va(ab). So
A(ab) = A(ba). Hence the necessary conditions hold.

(<«=): Suppose the necessary conditions hold. Then, by the first condi-
tion and Proposition 5.2, S is completely regular. Thus it is easily shown
that A is idempotent for each A € BI(S). Let A, B € BI(S) and let
t € BA. Then there exist a € A and b € B such that { = ab. Moreover
Blt] = Blab] € BI(S). By Proposition 2.5, (X Bjab}, XBiat]c) € {F'BI(S).
By the hypothesis, (Xpjat)s XBlatjc)(@b) = (XB[ab)) XBlabjc)(ba). Since
ab € Blab],

X Blab)(ab) = X Bat)(ba) = 1 and X pjapjc(ab) = X Bjap)-(ba) = 0.
Then ba € Blab] = {ab} U {abab} U abSab. It follows from the process
of the proof of Theorem 6 in [11] that BA = AB. So (BI(S),-) is a
commutative idempotent semigroup. Hence, by Result 5.B, 5 is a semi-

lattice of groups. This completes the proof.

Corollary 5.3. Let S be an idempotent semigroup. Then S is com-
mutative if and only if for each A € TFBI(S), A(ab) = A(ba) for any
a,bes.

6. Semigroups that are semilattices of left [resp. right]
simple semigroups
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Result 6.A[13, Theorem 7 and 18, Theorem]. Let S be a semi-
group. Then the followings are equivalent :

(1) S is a semilattice of left simple semigroups.

(2) S is left regular and AB = BA for any two left ideals A and B of
S.

(3) S is left regular and every left ideal of it is an ideal of S.

The following result can be proved in a similar way as in the proof of

Propositions 3.1 and 3.1".

Proposition 6.1. Let S be a left [resp. right] regular semigroup. Then
S is left [resp. right] duo if and only if S is IFLD [resp. IFRD].

The characterization of a semigroup that is a semilattice of left sim-

ple semigroups can be founded in [16, Theorem I11.4.9].

Proposition 6.2. Let S be a semigroup. Then S is a semilattice of left
simple semigroups if and only if for each A € IFLI(S), A(a) = A(a?)
and A(ab) = A(ba) for any a,b e S.

Proof. (=): Suppose S is a semilattice of left simple semigroups. Let
A e IFLI(S) and let a,b € S. Then, by Result 6.A, S is left regular.
By Proposition 5.1, A(a) = A(a?). By the hypothesis and Result 6.A,
S is left duo. By Proposition 6.1, S is IFLD. Then A € IFI(S). Thus
pa(ad) = pa((ab?®)) = pala(ba)b) > pa(ba)
and
va(ab) = va((ab?)) = va(a(ba)b) < va(ba).
By the similar arguments, we have
pa(ba) > pa(ab) and v4(ba) < va(ab).
Hence A(ab) = A(ba) for any a,b € S.
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(«<): Suppose the necessary conditions hold. Then, by the first con-
dition and Proposition 5.1, S is left regular. Let A and B be any left
ideals of S and let x € AB. Then there exist a € A and b € B such that
z = ab. By Result 2.A(2), (XL[pa]> XLlba)c) € IFLI(S). Since ba € Lba],

XLiba] (@b) = XLjpa)(ba) = 1 and xrfpae(ab) = XL[pa)(ba) = 0.
Thus ab € L[ba) = {ba}USba C BAUSBA C BA. So ,by the process of
the proof of Theorem 6.3 in [12], we have AB = BA. Hence, by Result
6.A, S is a semilattice of left simple semigroups. This completes the

proof.

Proposition 6.2’ [The dual of Proposition 6.2]. Let S be a semi-
group. Then the S is a semilattice of right simple semigroups if and
only if for each A € IFRI(S), A(a) = A(a?) and A(ab) = A(b) for any
a,besS.

7. Left [resp. right] simple semigroups

Definition 7.1. A semigroup S is said to be intustionistic fuzzy left[resp.
right] simple if every IFLI [resp. IFRI] of § is a constant mapping and
is said to be intuitionistic fuzzy simple if every IFI of S is a constant

mapping.

Proposition 7.2. Let S be a semigroup. Then S is left simple if and

only if § is intuitionistic fuzzy left simple.

Proof. (=): Suppose S is left simple. Let A € IFLI(S) and let
a,b € S. Since S is left simple, from [4, p. 6], there exist z,y € S such
that b = za and a = yb. Since A € IFLI(S),

pala) = pa(yb) 2 pa(b) = pa(za) 2 pala)

and
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va(a) = va(yb) < va(b) = va(za) < va(a).
Thus A(a) = A(b). So A is a constant mapping. Hence S is intuitionistic
fuzzy left simple.

(<): Suppose the necessary condition holds. Let A be any left ideal
of S. By Result 2.A(2), (x4,x4c) € IFLI(S). By the hypothesis,
(X4, Xac) is a constant mapping. Since A # 0, (x4, x4c) = 1.. Then
xala) =1 and x4c(a) = 0 for each a € S. Thus a € A for each a € S,
i.e.,, § C A. Hence S is left simple. This completes the proof.

The following two results can be seen in a similar way as in the proof

of Proposition 7.2:

Proposition 7.2'[The dual of Proposition 7.2]. Let S be a semi-
groups. Then § is right simple if and only if S is intuitionistic fuzzy

simple.

Proposition 7.3. Let S be a semigroup. Then S is simple if and only

if S is intuitionistic fuzzy simple.

It is well-known that a semigroup S is a group if and only if it is
left and right simple. Thus from this and Propositions 7.2 and 7.2/, we

obtain the following result :

Proposition 7.4. Let S be a semigroup. Then § is a group if and only

if S is both intuitionistic fuzzy left and intuitionistic fuzzy right simple.

Proposition 7.5. Let S be a left simple semigroup. Then every IFBI
of S is an IFRI of S.

Proof. Let A € IFBI(S) and let a,b € S. Since S is left simple, there
exists an x € S such that b = za. Since A € IFBI(S),
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pa(ab) = palara) > pa(a) A pala) = pala)
and

valab) = valaza) < v4(a) Vva{a) = va(a).

Hence A € IFRI(S). This completes the proof.

Corollary 7.5. Let S be a left simple semigroup. Then every bi-ideal
of 5 is a right ideal of S.
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