Honam Mathematical J. 26(2004), No. 4, pp. 379-389

POSITIVE INTERPOLATION PROBLEMS IN ALGCL
Joo Ho Kang AND K1 Sook KiMm

Abstract. Given operators X and Y acting on a Hilbert space
‘H, an interpolating operator is a bounded operator A such that
AX =Y. An interpolating operator for n-operators satisfies the
equation AX; = Y;, for : = 1,2,--- ,n. In this article, we obtained
the following : Let H be a Hilbert space and let £ be a commutative
subspace lattice on H. Let X and Y be operators acting on H. Then
the following statements are equivalent.

(1) There exists an operator A in Algl such that AX =Y, A4

is positive and every F in £ reduces A.

I EY Al
132 EXAill

and< > EYfi, 30 EXfi>>0,n€eN, B €Land fi€ H.

(2) sup neNE,eland fieH <

1. Introduction

The equation Az = y in Hilbert space has been considered by a
number of authors. The problem is this: Given Hilbert space vectors
x and y, when is there a bounded linear operator A (usually satisfying
some other conditions) that maps = to y 7 The “other conditions” that
have been of interest to us involve restricting A to lie in the algebra
associated with a subspace lattice. Lance [15] initiated the discussion
by considering a nest A/ and asking what conditions on z and y will
guarantee the existence of an operator A in Alg\ such that Az = y.
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This result was used to find a new proof of Ringrose’s characterization
of the Jacobson radical. Hopenwasser [9] extended Lance’s result to
the case where the nest A is replaced by an arbitrary commutative
subspace lattice £; the conditions in both cases read the same. Munch
[16] considered the problem of finding a Hilbert-Schmit operator A in
AlgN that maps z to y, whereupon Hopenwasser [10] again extended to
AlgL. In [1], authors studied the problem of finding A so that Az =y
and A is required to lie in certain ideals contained in AlgL (for a nest
L); in particular, they considered the ideal of compact operators, the

Jacobson radical, and Larson’s ideal R*°.

Roughly speaking, when an operator maps one thing to another, we
think of the operator as the interpolating operator and the equation
representing the mapping as the interpolation equation. The equations
Az =y and AX =Y are indistinguishable if spoken aloud, but we mean
the change to capital letters to indicate that we intend to look at fixed
operators X and Y, and ask under what conditions there will exist an
operator A satisfying the equation AX =Y. Let z and y be vectors in
a Hilbert space. Then < z,y > means the inner product of vectors x

and y.

Note that the “vector interpolation” problem is a special case of the
“operator interpolation” problem. Indeed, if we denote by = ® u the
rank-one operator defined by the equation z ® u(w) =< w,u > z, and
if weset X =x®@u, and Y = y ® u. then the equations AX = Y and

Ax = y represent the same restriction on A.

Let £ be a (commutative) subspace lattice on a Hilbert space H. In
this paper, we investigate positive interpolation problems in Algl : Let
X and Y be operators acting on ‘H. When does there exist a positive
operator A in Algl such that Y = AX

The simplest case of the operator interpolation problem relaxes all

restrictions on A. requiring it simply to be a bounded operator. In this
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case, the existence of A is nicely characterized by the well-known fac-

torization theorem of Douglas [7}:

Theorem D. Let Y and X be bounded operators on a Hilbert space
‘H. The following statements are equivalent:

(1) range(Y™) C range(X™);

(2) Y'Y < A2X*X for some A\ > 0;

(3) there exists a bounded operator A on H so that AX =Y.
Moreover, if (1), (2), and (3) are valid, then there exists a unique oper-
ator A so that

(a) A? = inf{u: Y*Y < pX"X;

(b) ker[Y*| = ker[A*]; and

(c) rangelA*] C range[X]~.

First, we establish some notation and conventions. A (commutative)
subspace lattice £ is a strongly closed lattice of (commutative) projec-
tions acting on a Hilbert space H. We assume that the projections 0
and 1 lie in £. We usually identify projections and their ranges, so that
it makes sense to speak of an operator as leaving a projection invariant.
If £ is a subspace lattice on H, then Algl is the algebra of all bounded

linear operators on H that leave invariant all the projections in L.
2. Results

Let H be a Hilbert space and £ be a subspace lattice of orthogo-
nal projections acting on H containing 0 and I. Let M be a subset
of a Hilbert space H. Then M means the closure of M and M* the
orthogonal complement of A. Let N be the set of all natural num-

bers and let C be the set of all complex numbers. In this paper.

Q

5= 0, when necessary.

we use the convention
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Definition. Let H be a Hilbert space and A be an operator acting on
H. A is positive if < Az, z >> 0 for all =z in H.

Theorem 1. Let ‘H be a Hilbert space and £ be a subspace lattice on
H.

Let X and Y be operators acting on H. Assume that rangeX is dense
(IS BY A
If sup{m:neN,ﬁeHand&eﬁ} < oo and < Y,
Xf> >0, for all f € H, then there exists an operator A in AlgL such
that AX =Y, A is positive and every E in £ reduces A.

Proof. By Theorem 1 [13], there is an operator A in Algl such that
AX =Y and every E in L reduces A. By the second condition of hy-
pothesis, < Af, f > > 0 for all f in rangeX. Since the rangeX is dense
in H, < Af,f> >0for all fin H. Hence A is positive.

Theorem 2. Let H be a Hilbert space and £ be a subspace lattice on H.
Let X and Y be operators acting on H. If there exists an operator A in
AlgL such that AX =Y, Ais positive and every E in £ reduces A, then

12 EY fil

supirT=r—— o> :nEN, e Hand E; € Ly <o and < Y f, X f >
{H Zi:l Einz’”

>0 for all fin H.

Proof. By Theorem 2 [13],

IS EYAL I | )
sup {m neNfieHand E; € L < oo. Since AX =

N

AXf =Y fforall finH. Since A is positive, <Y f. X f > > 0 for all
finH.
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Theorem 3. Let H be a Hilbert space and let £ be a commutative

subspace lattice on H. Let X and Y be operators acting on H.

I > iy B:Y fill

Ifsup{——’—_———:neN,fiEHandE-eﬁ < o0
1o BX £l 1

and <Y " EYfi,> " EXfi>>0,n€eN, E; € L and f; € H, then

there exists an operator A in AlgL such that AX =Y, A is positive and

every E in £ reduces A.

Proof. By Theorem 2 [13], there exists an operator A in Algl such
that AX = Y and every FE in £ reduces A. Under the second con-
dition of hypothesis, < Af,f > > 0 for all f in M, where M =

n
{Z EXfi:neN, fe Hand E; € C} is the linear manifold defined
=1

in the proof of Theorem 2[13]. Since Ag = 0 for all g in M—L, < Ag,g >=

0. Hence A is positive.
If we summarize Theorems 2 and 3, we can get the following theorem.

Theorem 4. Let H be a Hilbert space and let £ be a commutative
subspace lattice on H. Let X and Y be operators acting on H. Then
the following statements are equivalent.

(1) There exists an operator A in Algl such that AX =Y, A is

positive and every E in £ reduces A.

” Zr‘lzl EsziH

2 sup{———ﬁl—~——.—:n€N,Ei€£andfi6H < o0

& A TS E X

and < Z:‘l:l Einl'., Z?:l Eini >2>0,neN. E; € L and fi e H.

Theorem 5. Let H be a Hilbert space and £ be a subspace lattice on
H. Let X1,Xo,--- ,X,,Y1,Y2, - .Y, be operators acting on H. If there is
an operator A in Algl such that AX;=Y; (j=1,2,--- n), 4 is positive
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and every E in £ reduces A,

I3 r So Exs Y fidl
||Z Zz 1Ek1X sz“

then sup {

<00

1<n,m; €N, E}mEE and fk,iEH}

and < Y, Zﬁzl EriYifri, > gy Zizl Ey:Xifeg > > 0, m; € N,
[ < n, Ek,i € L and f]m' € H.

Proof. By Theorem 3 [13], we can get the first part of result. Since
AX; =Y;(G=1,2,---,n), AT, 3, EpiXifes) =S S By
Yifii So < Y0 Sl BraYifea Yopty S EniXifis > > 0, my €
N, l<n, Ex; € L and fi, € H.

Theorem 6. Let H be a Hilbert space and £ be a commutative subspace
lattice on ‘H. Let Xj,---,X,,V1,--- Y, be operators acting on H.
Assume that
m; 1
= {ZZEk’iXifk’i cmi €N, I <n, Ex; € Land fi, € H} is

k=11i=1
dense in H.

Foup { I 20 St B ¥idial

“ 2221 Zi:l Ek,z‘Xz’fk,i“
< ooand < Y0 S B Yifks Sop Yo B Xifes > > 0, my €
N, I <n, Ex; € £ and fi; € H, then there exists an operator A in
AlgL such that AX; =Y, (j = 1,2,--- ,n), A is positive and every E
in £ reduces A.

[<n,m; € N,E}w € L and fk,z’ € H}

Proof. Let A be the operator defined in the proof of Theorem 4 [13].
Then AX; = Yj(j = 1.2,--- ,n) and every E in £ reduces A. Since
AX':Y-(j:I 2, n)

m; m,; m;

}:ZEAZXM = ZZEA Yifeio So <Y ExiYifeiy D

k=1 1i=1 k=1 i=1 k=1li=1 k=1i=1
EviXifri> >0, m; e N, I <n. E,; € £ and frs € H. Since M is
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dense in H, < Af, f > > 0. Hence A is positive.

Corollary 7. Let H be a Hilbert space and £ be a subspace lattice on

H. Let Xy, -, Xy, Y1, -+, Y, be operators acting on H. Assume that

the range of one of X,’s is dense in H, let it be X;. If

wup { | Sy b B Yifial
IS, Sty B Xl

<ooand < Y1 f, X1f > > 0forall fin H, then there exists an operator
Ain Algl such that AX; =Y; (j =1,2,---,n), A is positive and every
E in L reduces A.

A<n,m; € N,Ekﬂ' € L and fkﬂ‘ EH}

Theorem 8. Let H be a Hilbert space and £ be a subspace lattice on
H. Let X1, - ,Xn, Y1, -+, Y, be operators acting on H. Assume that
the range of one of X;’s is dense in H, let it be Xy. Then the following
statements are equivalent.

(1) There exists an operator A in Algl such that AX; =Y; (j =
1,2,---,n), A is positive and every E in L reduces A.

(2) Sup{ | 252 D Briifiall I<n,me N, Ey;€Land fi,€ H}

| ok Yict EnaXifil
<ooand < Yif,X1f > >0forall finH.

Theorem 9. Let H be a Hilbert space and £ be a commutative subspace
lattice on H. Let Xy, Xq, -+, X, Y1, Yo, - .Y, be operators acting on
H.

m; l
i B Y f
Ifsup ” Zrljfl le—l ki szJ”
H Zk:l1 =1 Ek,iXifk.i”
<ooand < 7 S Bk Yifen S S EriXifei > > 0,m; €
N, I <n, Ey; € £ and f; € H, then there is an operator A in Algl
such that AX; =Y; (j = 1,2,--- .n), A is positive and every F in L

reduces A.

A <n,m; € N,Ek,‘i e L and fk,i S H}
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Proof. By Theorem 5 [13], there is an operator A in AlgL such that
AX; =Y; (j =1,2,--- ,n) and every E in L reduces A. Let N be
the linear manifold defined in the proof of Theorem 5 [13]. Then <
Af,f > >0for all fin N by the second condition of hypothesis. Let g
be a vector of N Since Ag =10, < Ag,g >= 0. Hence A is positive.

From Theorems 5 and 9, we can get the following theorem.

Theorem 10. Let H be a Hilbert space and £ be a commutative
subspace lattice on H. Let X1, Xo, -+, X,, Y1,Y5, -, Y, be operators
acting on ‘H. Then the following statements are equivalent.
(1) There exists an operator A in AlgL such that AX; =Y; (j =
1,2,---,n), A is positive and every E in L reduces A.
(2) sup { I 3 St Er¥ifiil
13700 D im1 Bri X fall

l<:TLTni€IN%EkJE L and.fkie 7{}

m; m;
<ooand < » N EpiYifes,» > EriXifeq > >0 for all fr; in M
k=11=1 k=11=1

and E; in L.

If we modify the proofs of previous theorems a little bit, we can get

the following theorems.

Theorem 11. Let H be a Hilbert space and £ be a subspace lattice on
H. Let {X,} and {Y,} be two infinite sequences of operators acting on

‘H. Assume that the range of one of X,,’s is dense in H, let it be X;.

m; {
' B Y
If sup{ 1225y Dies BriYifhil

[y Ziﬁ:l Eri X freal

oc and < Yif, X5f > > 0 for all f € H, then there is an operator
A in Algl such that AX,, =Y, (n=1,2,---), A is positive and every

F in L reduces A.

lm; e NJE ;€ Land fi, € H} <

Theorem 12. Let 'H be a Hilbert space and £ be a subspace lattice on

H. Let {X,} and {Y,} be two infinite sequences of operators acting on
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H. If there is an operator A in AlgL such that AX, =Y, (n=1,2,---),
A is positive and every F in £ reduces A, then
m; l
1 2im1 EriYiSe
sup{ | 221 i B Yifral :lm, e NVEp; € Land fi; € H} < 00

IRy S i XS
and < Yif, Xxf>>0forall finHandallk=1,2,--- ,n.

From Theorems 11 and 12, we can get the following theorem.

Theorem 13. Let H be a Hilbert space and £ be a subspace lattice on
H. Let {X,} and {Y,} be two infinite sequences of operators acting on
‘H. Assume that the range of one of X,,’s is dense in H, let it be X;.
Then the following statements are equivalent.

(1) There is an operator A in Algl such that AX, = Y, (n =
1,2,-+), A is positive and every E in £ reduces A.

m; l

i1 BriYifr

(2) sup{ ” ZT’;:I lezl k, fk’ H :l,m; € N, Ek,i € L and fk,i € H}
“ Zk;1 i=1 Elc,iXifk,iH

<ooand <Yif,X1f>>0forall finH.

Theorem 14. Let H be a Hilbert space and let £ be a commutative
subspace lattice on H. Let {X,} and {Y,} be two infinite sequences
of operators acting on H. If there is an operator A in Algl such that
AX, =Y, foralln =1,2,---, A is positive and every E in L reduces
A, then

m; l

' - EL Y fes
sup{ ” Z:L:l le_l ki Yo fieal :mi,l e NJE,; € Land fi; € H} < 0
12250 et EraXifral

m; > i l
and < 3777, 22:1 EviYifiid iy 21 BeaXifrs > > 0, my,l € N,
Er,€ Land fr; € H.

Theorem 15. Let H be a Hilbert space and let £ be a commutative
subspace lattice on H. Let {X,,} and {Y,} be two infinite sequences of

operators acting on H.
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” Z;cnzll 22:1 Ek,z‘Yifk,i” .
I Sory ey EraXifuall
0o and < Y S By iYifi oty Yot BriXifes > > 0, ma,l €
N, Ei; € £ and fi; € H, then there is an operator A in AlgL such that
AX;=Y; (n=1,2,---), Ais positive and every F in L reduces A.

If sup

mi,leN,Ekﬂ-GEand fkyiEH <
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