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MULTIPLICATIVE PLANE PARTITIONS

JUN KYO KIM

ABSTRACT. A multiplicative plane partition is a two-dimensional array of positive
integers larger than 1 that are nonincreasing both from left to right and top to bottom
and whose multiple is a given number n. For a natural number n, let fa(n) be the
number of multiplicative plane partitions of n. In this paper, we prove fa(n) < n?
and a table of them up to 10° is provided.

1. INTRODUCTION

A multiplicative partition is a liner array of positive integers larger than 1 that are
nonincreasing from left to right and whose multiple is a given number n:

8
nznlng-'-nsznni, n; > n;y1, and n; > 1
i=1

For a positive integer n, let f(n) be the number of multiplicative partitions of n. For
example, f(12) = 4, since

12, 6 2 43 32 2

Canfield et al [2] considered the problem of the maximal order of f(n) and showed that
the maximal order is n - L(n)~17°(), where

L(n) := exp(logn - logg n/ logy n).
Here log, n denotes the k—fold iteration of the natural logarithm. The multiplicative

partition function f was introduced by Hughes and Shallit [5], who proved that f(n) <
2nv™ for all positive integer n. Dodd and Mattics [3] improved the inequality so that
(1) f(n)<n

for all n. In this paper, we generalize the notion of multiplicative partitions to plane
and obtain a corresponding bound.

we can extend the idea of multiplicative partitions to plane as follows. A multiplica-
tive plane partition is a two-dimensional array of positive integers larger than 1 that
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are nonincreasing both from left to right and top to bottom and whose multiple is a
given number n:

n=[[nij iy 2nisg nig 2nige,  and ngg > 1

For example, there are seven multiplicative plane partitions of 12:

12, 62 6 43 4 322 32 3
2 3 2 2
2

For a positive integer n > 1, let fa(n) be the number of multiplicative plane partitions
of n. We abide with the convention f>(1) = f(1) = 1. For a nonnegative integer n, let
Py(n) = f2(2"). The function P»(n) are known as plane partition function. In Section
2, we give an upper bound for fo(n). The definition of fo(n) may be extended to f;(n)
in an obvious way.

2. AN UPPER BOUND FOR f2(n)

In this section, to establish an upper bound on fa2(n), we first define some notations
and conventions used in this paper. For a positive integer n, let F(n) be set of all
multiplicative partitions of n and F(n) be set of all multiplicative plane partitions of
n. For a positive integer n, we define a function ¢, : Fa(n) — F(n) by ¥n((ai;)i;) =
(I1; @i,j)i- For a set S, let ||S]|| denote the number of elements in S.

Theorem 1. Let n be a positive integer. Then

(2) FOEEEEDS [ #(mo.

(n1,n2,...,nr)EF(n) i=1

Proof. Let m = (m1,ma,...,m;) € F(n). Then

llen ()| < HHF(W Il = Hf(m@
Since the function v, is surjective, we have

fa(n) = || F2(n)]] > ¢ (1, m2, -, e

(n1,n2,....,ns)EF(n)

> IT 7).
1=1

(n1,n2,...,nr)EF(N)

IN

Corollary 2. Let n be positive integer. Then
3) fa(n) < nf(n).



MULTIPLICATIVE PLANE PARTITIONS 3
Proof. By Theorem 1 and (1), we have

fo(n) < > T f(no)

(n1,n2,..,n-)EF(n) =1

DI

(n1,n2,...,nr)EF(n)

IA

= Z n
("17"2,--~,nr)€F(n)

= nf(n).
O
Theorem 3. Let n be positive integer. Then
4) fa(n) < n?
Proof. Immediate from (1) and (3). U

3. REMARKS AND COMPUTATIONS

We say that natural number n is a highly factorable integer on plane if

f2(m) < fa(n)

for all m, 1 < m < n. There is an obvious analogy with the highly factorable numbers
n of Canfield et al [2] which satisfy f(m) < f(n) for all m, 1 <m < n.

In this section, we describe the algorithm used to determine the values displayed in
Table 1 and refer some conjectures about the reading asymptotic behavior of fa(n).
Table 1 shows 43 numbers found to be highly factorable.

First, if By and B; are elements of each sets F/(m;) and F(ms2), let us write "By >
By” to mean that B is lexicographically larger than B;.We may write a multiplicative
plane partition 7 of Fy(n) with the arrays in order

W:(BlaB‘Z""?Bl)a Bl?_BZZZBl

Now let . > 1 and 7’ = (Ba, Bs, ..., B;). Then n' € F2(n/d) for some d, d|n and d # 1.
Thus we have the following fact

Fy(n) ¢ | F(d) x Fa(n/d).
d|n
d#1
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Table 1. For the convenience of readers, we produce the following table of the
highly factorable integers on plane less than 50000.

n fa(n) log(f2(n))/ log(n) decomposition of n
1 1 none
4 3 0.792481 2
8 6 0.861654 3
12 8 0.836829 21
16 13 0.92511 4
24 19 0.926491 31
32 24 0.916993 5
36 27 0.919721 22
48 44 0.977523 41
64 48 0.930827 6
72 65 0.976084 32
96 94 0.995387 51
144 158 1.01867 42
192 195 1.00295 61
240 216 0.980776 411
288 345 1.03189 52
384 387 1.00131 71
432 443 1.00414 43
480 488 1.00268 511
576 744 1.04027 6 2
720 820 1.01977 421
864 1027 1.02556 53
960 1059 1.01429 611
1152 1516 1.03895 72
1440 1948 1.04155 521
1728 2284 1.03742 6 3
2160 2569 1.02259 431
2304 3038 1.03572 82
2880 4407 1.05341 621
3456 4845 1.04146 73
4320 6359 1.04619 531
5184 6489 1.02625 6 4
5760 9516 1.05798 721
6912 9981 1.04156 83
8640 14893 1.06007 631
11520 19871 1.0583 821
13824 19945 1.03845 93
17280 33220 1.06699 731
23040 40205 1.05543 921
25920 44806 1.05386 641
30240 45559 1.03973 5311
34560 71386 1.06941 831
46080 79334 1.05059 1021
51840 102766 1.06303 741
60480 111836 1.05583 6311
69120 148411 1.06857 931
80640 151687 1.05592 8211
86400 162000 1.0553 732
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Therefore we have
(5) Fy(n) ={(B1,B,...,B)) € | | F(d) x Fy(n/d) | B1 > Ba}.

s
We check that with this definition (5) every partition has a unique parent with one
exception, namely the partition whose every block contains one element. If we set
log fa(n)

O = MaXn>1 “jogn then we showed a < 2. For a natural number n, let h(n) =

Y (niman.mn)eF(ny 1Lzt f(ni). Using the algorithm from [7], the values of h(n) were
found for all n less than 103

If we set logh

Bn = 221173)5(” —O]%)g(qzl) and = nli)n;o B,

then, for all n for which h(n) were calculated, 8 < 1.224. The largest value of 3 were
occurred when n = 2090188800 with h(2090188800) = 252199637381. Based on these
data, we propose the following
Conjecture: fa(n) < n'#24 for all n.
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