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THE WEAK DENJOY. EXTENSION
OF THE BOCHNER, DUNFORD,
PETTIS AND MCSHANE INTEGRALS

CHUN-KEE PARK, MEE NA OH AND WoOUNG KyuN Kim

ABSTRACT. In this paper we introduce the concepts of the weak
Denjoy« integral of real-valued functions and the weak Denjoy.-
Dunford, weak Denjoy«-Pettis, weak Denjoy«-Bochner, weak Denjoy .-
McShane integrals of Banach-valued functions and then investigate
some of their properties.

1. Introduction

The Denjoy integral of real-valued functions which is an extension
of the Lebesgue integral was studied by some authors ([4],[5],[7]). R.
A. Gordon [5] and S. Saks [9] also studied the Denjoy. integral of
real-valued functions. The McShane integral of real-valued functions
is an extension of the Riemann integral. The McShane integral of real-
valued functions is equivalent to the Lebesgue integral. D. H. Fremlin
[1] and D. H. Fremlin, J. Mendoza [2] studied the McShane integral
of Banach-valued functions. J. L. Gamez, J. Mendoza [3] and R. A.
Gordon [4] studied the Denjoy extension of the Bochner, Pettis and
Dunford integrals. J. M. Park and D. H. Lee [8] defined the Denjoy-
McShane integral which is an extension of the McShane integral and
obtained some of their properties.

In this paper we introduce the concepts of the weak Denjoy, in-
tegral of real-valued functions which is an extension of the Denjoy,
integral of real-valued functions and the weak Denjoy,-Dunford, weak
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Denjoy.-Pettis, weak Denjoy.-Bochner, weak Denjoy.-McShane inte-
grals of Banach-valued functions and then investigate some of their
properties.

2. Preliminaries

Throughout this paper, X will denote a real Banach space and X*
its dual. Let w(F,[c,d]) = sup{||F(y) — F(z)] : ¢ < x <y < d} denote
the oscillation of a function F' : [a,b] — X on an interval [c, d].

DEFINITION 2.1[9]. Let F': [a,b] — X and let E C [a,b].
(a) The function F' is absolutely continuous on E (F' is AC on E)

if for each € > 0 there exists § > 0 such that Z |F(d;) — F(e;)| < e
i=1
whenever {[c;,d;] : 1 <i < n} is a finite collection of non-overlapping

intervals that have endpoints in F and satisfy Z(olZ —¢;) < 4. The
i=1

function F' is absolutely continuous in the restricted sense on E (F

is AC, on F) if F' is bounded on an interval that contains £ and for

n
each € > 0 there exists § > 0 such that Zw(F, [ci,d;]) < e whenever
i=1
{[ei,di] : 1 < i < n} is a finite collection of non-overlapping intervals
n

that have endpoints in E and satisfy Z(d’ —¢;) < 9.
i=1

(b) The function F' is generalized absolutely continuous on E (F
is ACG on FE) if F is continuous on F and E can be expressed as a
countable union of sets on each of which F' is AC. The function F' is
generalized absolutely continuous in the restricted sense on E (F' is
ACG, on FE) if F is continuous on F and F can be expressed as a
countable union of sets on each of which F' is AC,.

DEFINITION 2.2[9]. Let F : [a,b] — X and let t € (a,b). A vec-
tor z in X is the approximate derivative of F' at t if there exists a
measurable set £ C [a,b] that has ¢ as a point of density such that
()~ (1)

s—t S —
selk

= z. We will write F,,(t) = 2.
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A function f : [a,b] — R is Denjoy (resp. Denjoy,) integrable on
[a, b] if there exists an ACG (resp. ACG,) function F : [a,b] — R such
that F;, = f (resp. I’ = f) almost everywhere on [a,b]. The function
f is Denjoy (resp. Denjoy.) integrable on a set E C [a,b] if fxp is
Denjoy (resp. Denjoy,) integrable on [a, b].

DEFINITION 2.3[4]. (a) A function f : [a,b] — X is Denjoy-Dunford
integrable on [a,b] if for each z* € X* the function x*f is Denjoy
integrable on [a,b] and if for every interval I in [a,b] there exists a
vector z7* in X** such that z7*(z*) = [, 2* f for all z* € X*.

(b) A function f : [a,b] — X is Denjoy-Pettis integrable on [a, b] if f
is Denjoy-Dunford integrable on [a, b] and if z}* € X for every interval
I 'in [a, ).

(¢) A function f : [a,b] — X is Denjoy-Bochner integrable on [a, b]
if there exists an ACG function F : [a,b] — X such that F' is approx-
imately differentiable almost everywhere on [a,b] and F,, = f almost
everywhere on [a, b].

A function f : [a,b] — X is integrable in one of the above senses on
a set E' C [a,b] if the function fxg is integrable in that sense on [a, b].

DEFINITION 2.4[6]. A McShane partition of [a,b] is a finite collec-
tion P = {([c;,d;],t;) : 1 < i < n} such that {[¢;,d;] : 1 <i<n}isa
non-overlapping family of subintervals of [a, b] covering [a,b] and ¢; €
[a, b] for each i < n. A gauge on [a,b] is a function § : [a,b] — (0, c0).
A McShane partition P = {([¢;,d;],t;) : 1 < i < n} is subordinate to a
gauge 6 if [¢;,d;] C (t; — d(;),t; + 0(t;)) for every i < n. If f:[a,b] —
X and if P = {([c;,d;],t;) : 1 <i < n} is a McShane partition of [a, b],
we will denote f(P) for Y., f(t;)(d; — ¢;). A function [ : [a,b] — X
is McShane integrable on [a,b], with McShane integral z, if for each
e > 0 there exists a gauge ¢ : [a,b] — (0,00) such that ||f(P) —z|| < e
whenever P = {([c;,d;], ;) : 1 <i < n} is a McShane partition of [a, b]
subordinate to .

DEFINITION 2.5[8]. A function f : [a,b] — X is Denjoy-McShane
integrable on [a, b] if there exists a continuous function F : [a,b] — X
such that

(i) for each z* € X* 2*F is ACG on [a, b] and

(ii) for each z* € X™* x*F is approximately differentiable almost
everywhere on [a,b] and (z*F'),,, = x* f almost everywhere on [a, b].
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3. The weak Denjoy. extension

In this section, we introduce the concepts of the weak Denjoy, in-
tegral of real-valued functions and the weak Denjoy.-Dunford, weak
Denjoy,-Pettis, weak Denjoy,.-Bochner, weak Denjoy,-McShane inte-
grals of Banach-valued functions and then investigate some of their
properties.

DEFINITION 3.1. A function f : [a,b] — R is weak Denjoy, inte-
grable on [a, b] if there exists an ACG, function F : [a, b] — R such that
F,, = f almost everywhere on [a,b]. The function f is weak Denjoy.

integrable on a set £ C [a,b] if fxg is weak Denjoy, integrable on
[a,0].

Since every ACG, function is ACG, from [4, Theorem 24] we obtain
the following:

Let I : [a,b] — R be ACG, on [a,b]. If F;, = 0 almost everywhere
on [a,b], then F' is constant on [a, b].

This guarantees the uniqueness of the weak Denjoy, integral.

Note that Denjoy, integrability = weak Denjoy, integrability —-
Denjoy integrability.

DEFINITION 3.2. (a) A function f : [a,b] — X is weak Denjoy.-
Dunford integrable on [a,b] if for each z* € X* the function z*f is
weak Denjoy, integrable on [a,b] and if for every interval I in [a,b]
there exists a vector z7* in X** such that zj*(z*) = [,2*f for all
e X*.

(b) A function f : [a,b] — X is weak Denjoy.-Pettis integrable on
[a,b] if f is weak Denjoy.-Dunford integrable on [a,b] and if 27* € X
for every interval I in [a, b].

(¢) A function f : [a,b] — X is weak Denjoy.-Bochner integrable
on [a, b] if there exists an ACG, function F': [a,b] — X such that F' is
approximately differentiable almost everywhere on [a,b] and F,, = f
almost everywhere on [a, b].

A function f : [a,b] — X is integrable in one of the above senses on
a set E' C [a,b] if the function fxg is integrable in that sense on [a, b].

DEFINITION 3.3. A function f : [a,b] — X is weak Denjoy.-McShane
integrable on [a, b] if there exists a continuous function F' : [a,b] — X
such that
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(i) for each z* € X* 2*F is ACG, on [a,b] and
(ii) for each z* € X* x*F is approximately differentiable almost
everywhere on [a,b] and (2*F'),,, = 2" f almost everywhere on [a, b].

Note that if f : [a,b] — X is weak Denjoy,.-McShane integrable on
[a,b] then f is Denjoy-McShane integrable on [a, b].

THEOREM 3.4. If f : [a,b] — X is Bochner integrable on [a, b], then
f is weak Denjoy.-Bochner integrable on [a, b).

Proof. If f : [a,b] — X is Bochner integrable on [a,b], then there
exists an AC function F : [a,b] — X such that F' is differentiable al-
most everywhere on [a,b] and F’ = f almost everywhere on [a,b]. By
[5, Theorem 6.4], F': [a,b] — X is AC,. Hence F'is ACG, and approx-
imately differentiable almost everywhere on [a,b] and F,, = f almost

everywhere on [a,b]. Thus f is weak Denjoy.-Bochner integrable on
[a, b]. O

THEOREM 3.5. If f : [a,b] — X is Dunford integrable on [a, b], then
f is weak Denjoy,-Dunford integrable on |a,b].

Proof. If f : [a,b] — X is Dunford integrable on [a,b], then x* f is
Lebesgue integrable on [a, b] for each * € X* and for every measurable
subset E in [a, b] there exists a vector 2} in X** such that 2} (z*) =
Jpa*f for all 2* € X*. Since z* f is weak Denjoy, integrable on [a, ]
for each z* € X*, f is weak Denjoy,-Dunford integrable on [a,b]. O

THEOREM 3.6. If f : [a,b] — X is Pettis integrable on [a,b], then
f is weak Denjoy.-Pettis integrable on [a, b].

Proof. If f : [a,b] — X is Pettis integrable on [a,b], then f is Dun-
ford integrable on [a,b] and 23 € X for every measurable set E in
[a,b]. Hence f is weak Denjoy.-Dunford integrable on [a,b] by The-
orem 3.5 and z}* € X for every interval I in [a,b]. Thus f is weak

Denjoy.-Pettis integrable on [a, b]. O

Since every weak Denjoy, integrable function is Denjoy integrable,
we can obtain the following theorem.
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THEOREM 3.7. (a) If f : [a,b] — X is weak Denjoy.-Bochner inte-
grable on |a,b], then f is Denjoy-Bochner integrable on [a, b].

(b) If f : [a,b] — X is weak Denjoy.-Dunford integrable on |a,b],
then f is Denjoy-Dunford integrable on [a, b].

(¢) If f : [a,b] — X is weak Denjoy,-Pettis integrable on [a, b], then
f is Denjoy-Pettis integrable on [a, b].

THEOREM 3.8. If f : [a,b] — X is McShane integrable on [a, ],
then f is weak Denjoy.-McShane integrable on [a, b].

Proof. Let f : [a,b] — X be McShane integrable on [a,b]. Then
for each x* € X* z*f is McShane integrable on [a,b] and hence z* f
is Lebesgue integrable on [a,b]. Let F(t) = (M) fi f. Then F is
continuous on [a, b] by [6, Theorem 8] and for each z* € X* z*F(t) =
(M) fcf x*f = (L) fcf x*f. Hence z*F is AC and so z*F is ACG, and
(z*F) = x*f almost everywhere on [a,b]. Thus f is weak Denjoy.-
McShane integrable on |[a, b]. O

THEOREM 3.9. Iff : [a,b] — X is weak Denjoy.-Bochner integrable
on [a,b], then f is weak Denjoy.-McShane integrable on [a, b].

Proof. Let f : [a,b] — X be weak Denjoy.-Bochner integrable on
[a,b]. Then there exists an ACG, function F': [a,b] — X such that F'
is approximately differentiable almost everywhere on [a,b] and F};, = f
almost everywhere on [a,b]. For each z* € X* z*F is also ACG, on
[a,b] and z*F is approximately differentiable almost everywhere on
[a,b] and (z*F),, = x* f almost everywhere on [a,b]. Hence f is weak
Denjoy.-McShane integrable on [a, b]. 0

THEOREM 3.10. If f : [a,b] — X is weak Denjoy,-McShane inte-
grable on |a,b], then f is weak Denjoy.-Pettis integrable on [a, b].

Proof. Suppose that f : [a,b] — X is weak Denjoy,.-McShane inte-
grable on [a, b]. Let F'(t) = (wD,M) f; f. Since z*F' is ACG, on [a, b]
and x* F' is approximately differentiable almost everywhere on [a, b] and
(z*F)y, = =*f almost everywhere on [a,b] for each z* € X*, z*f is
weak Denjoy, integrable on [a, b] for each z* € X*. For every interval
[c,d] in [a, b], we have
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2*(F(d) — F(c)) = z* F(d) — 2*F(c)

d c
= (wD*)/ xtf — (wD*)/ x* f
ad a
= (wD*)/ z* f.
Since F'(d) — F(c) € X, f is weak Denjoy.-Pettis integrable on [a, b].0]

Since every weak Denjoy.-Pettis integrable function f : [a,b] — X
is Denjoy-Pettis integrable, we can obtain the following theorem from

[4, Theorem 38|.

THEOREM 3.11. Suppose that X contains no copy of ¢y and let f :
[a,b] — X. If f is weak Denjoy.-Pettis integrable on |a,b], then every
perfect set in [a, b] contains a portion on which f is Pettis integrable.

THEOREM 3.12. Suppose that X contains no copy of ¢y and let
f :la,b] — X be measurable. If f is weak Denjoy.-McShane integrable
on [a,b], then every perfect set in [a,b] contains a portion on which f
is McShane integrable.

Proof. Let f be weak Denjoy.-McShane integrable on [a,b]. Since
f be weak Denjoy.-Pettis integrable on [a,b] by Theorem 3.10, every
perfect set in [a,b] contains a portion on which f is Pettis integrable
by Theorem 3.11. Since f is measurable, f is McShane integrable on
that portion by [6, Theorem 17]. O

EXAMPLE 3.13. A weak Denjoy,-Bochner integrable function that
is not Bochner integrable.

Let X be an infinite dimensional Banach space. By the Dvoretsky-
Rogers Theorem there exists a series ) | x, in X that converges un-
conditionally but not absolutely. For each positive integer n let I,, =
(n_lH7 1) and define f: [0,1] — X by f(t) = m xy, for t in I,, and
f(t) = 0 for all other values of . The function f is measurable since it
is countably valued, but f is not Bochner integrable on [0, 1] since

/ ||f||—2/ lonll =3 heall =
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Define F': [0,1] — X by
t— L

- 11
F(t) = ntl o+ xp for t € ( ,—}
w(ly) k:zn;rl n+1'n

and F'(0) = 0. Then F is continuous on [0,1] and F' = f almost
everywhere on [0, 1] and hence F,, = f almost everywhere on [0, 1].
Furthermore, the function F' is ACG, on [0, 1] since F'is AC, on {0}
and on each of the intervals [n+_1, 1]. Hence the function f is weak
Denjoy.-Bochner integrable on [0, 1].

EXAMPLE 3.14. A weak Denjoy,-McShane integrable function that
is not weak Denjoy.-Bochner integrable.

Let {r} be a listing of the rational numbers in [0,1) and for each
pair of positive integers n and k let

i 1 1
In = (Tk+ n+1,rk—|—ﬁ> .
For each k define fi : [0,1] — I by fi(t) = {(n + 1)xsx(¢)}. Then
the series Y, 477 f), is lp-valued almost everywhere on [0, 1]. For each
positive integer j let A; = Up{t € [0,1] : [t — ri| < 2797F} and let
A =nN;A;. Then u(A) =0 and {ry} C A.

Define g : [0,1] — ls by g(t) = >, 47" fi(t) for ¢ in [0,1] — A
and ¢g(t) = 0 for t in A. Then g is measurable and Pettis integrable
on [0, 1], but not Denjoy-Bochner integrable on [0, 1] by [4, Example
42]. By [6, Theorem 17|, g is McShane integrable on [0, 1], but not
weak Denjoy.-Bochner integrable on [0, 1]. By Theorem 3.8, g is weak
Denjoy.-McShane integrable on [0, 1].

EXAMPLE 3.15. A weak Denjoy,-Pettis integrable function that is
not weak Denjoy,-McShane integrable.
For each positive integer n let

I/: 1 n—}_% I//: n+% 1
" n+1'nn+1)) " nn+1)"n

and define f, = [0.1] — B by fu(t) = 2n(n + 1)(xz (1) — xay (1))
Define f : [0,1] — ¢o by f(t) = {fn(t)}. Then by [4, Example 44|
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z* f is Lebesgue integrable on [0, 1] for each z* = {a,,} € [;. Hence
x* f is weak Denjoy. integrable on [0, 1] for each 2* = {a,} € 1 and
Jz f =1z fn} for every measurable set E C [0,1]. For each interval
I C [0,1] we have [, f € ¢ by the choice of {f,} and it follows that
f is weak Denjoy.-Pettis integrable on [0,1]. By [8, Example 3.8],
f is not Denjoy-McShane integrable on [0,1]. Hence f is not weak
Denjoy.-McShane integrable on [0, 1].

THEOREM 3.16. If f : [a,b] — X is weak Denjoy.-Dunford inte-
grable on [a,b], then f is weakly measurable.

Proof. If f : [a,b] — X is weak Denjoy.-Dunford integrable on |a, b],
then x* f is weak Denjoy, integrable on [a,b] for all x* € X*. Hence
x* f is measurable for all z* € X* by [4, Theorem 12]. Thus f is weakly
measurable. O

THEOREM 3.17. If f : [a,b] — X is bounded and weak Denjoy.,-
Dunford integrable on [a,b], then f is Dunford integrable on [a, b].

Proof. If f : [a,b] — X is bounded and weak Denjoy,-Dunford
integrable on [a, b], then x* f is bounded and weak Denjoy. integrable
on [a,b] for all z* € X*. Hence z*f is Lebesgue integrable on [a, b] for
all x* € X* by [5, Theorem 15.9]. Thus f is Dunford integrable on
[a, b]. O
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