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WEAK* SMOOTH COMPACTNESS
IN SMOOTH TOPOLOGICAL SPACES

CHUN-KEE PArRk, WON KEUN MIN AND MYEONG HwAN Kim

ABSTRACT. In this paper we obtain some properties of the weak
smooth a-closure and weak smooth a-interior of a fuzzy set in
smooth topological spaces and introduce the concepts of several
types of weak* smooth compactness in smooth topological spaces
and investigate some of their properties.

1. Introduction

Badard [1] introduced the concept of a smooth topological space
which is a generalization of Chang’s fuzzy topological space [2]. Many
mathematical structures in smooth topological spaces were introduced
and studied. In particular, Gayyar, Kerre and Ramadan [5] and Demirci
[3, 4] introduced the concepts of smooth closure and smooth interior
of a fuzzy set and several types of compactness in smooth topological
spaces and obtained some of their properties. In [6] we introduced the
concepts of smooth a-closure and smooth a-interior of a fuzzy set which
are generalizations of smooth closure and smooth interior of a fuzzy
set defined in [3] and also introduced several types of a-compactness in
smooth topological spaces and obtained some of their properties. In [7]
we introduced the concepts of weak smooth a-closure and weak smooth
a-interior of a fuzzy set and investigated some of their properties.

In this paper we obtain some properties of the weak smooth a-
closure and weak smooth a-interior of a fuzzy set in smooth topological
spaces and introduce the concepts of several types of weak™ smooth
compactness in smooth topological spaces and investigate some of their
properties.
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2. Preliminaries

Let X be a set and I = [0,1] be the unit interval of the real line.
IX will denote the set of all fuzzy sets of X. Ox and 1x will denote
the characteristic functions of ¢ and X, respectively.

A smooth topological space (s.t.s.) [8] is an ordered pair (X,7),
where X is a non-empty set and 7 : IX — I is a mapping satisfying
the following conditions:

(01) 7(0x) =7(1x) = 1;

(02) VA, B € I*, 7(AN B) > 7(A) A 7(B);

(03) for every subfamily {A; : i € J} C IX, 7(Uies A;) > Nies 7(4;).
Then the mapping 7 : IX — I is called a smooth topology on X. The
number 7(A) is called the degree of openness of A.

A mapping 7 : IX — [ is called a smooth cotopology [8] iff the
following three conditions are satisfied:

(Cl) 7*(0x) =7"(1x) = 1;

(C2) VA,B € I*, 7*(AU B) > 7*(A) A 7*(B);

(C3) for every subfamily {A; : i € J} C I*, 7 (Nieg A;) >
/\ie] T* (Az)

If 7 is a smooth topology on X, then the mapping 7* : IX — I,
defined by 7*(A) = 7(A°) where A° denotes the complement of A, is
a smooth cotopology on X. Conversely, if 7* is a smooth cotopology
on X, then the mapping 7 : IX — I, defined by 7(A) = 7%(A°), is a
smooth topology on X [8].

Demirci [3] introduced the concepts of smooth closure and smooth
interior in smooth topological spaces as follows:

Let (X,7) be a s.t.s. and A € I*X. Then the 7-smooth closure
(resp., T-smooth interior) of A, denoted by A (resp., A°), is defined by
A=n{KeIlX:r (K)>0ACK}(resp AO—U{KGIX 7(K) >
0,K C A}). Demirci [4] defined the families W(7) = {A € I*X : A =
A°} and W*(1) = {A € I : A = A}, where (X, 7) is a s.t.s. Note
that A € W(1) & A° € W*(r).

Let (X, 7) and (Y, 0) be two smooth topological spaces. A function
f: X — Y is called smooth continuous with respect to 7 and o [§]
iff 7(f71(A)) > o(A) for every A € IY. A function f : X — Y
is called weakly smooth continuous with respect to 7 and o [8] iff
o(A) > 0= 7(f"1(A)) > 0 for every A € I'V. In this paper, a weakly
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smooth continuous function with respect to 7 and o is called a quasi-
smooth continuous function with respect to 7 and o.

A function f: X — Y is smooth continuous with respect to 7 and
o iff 7*(f71(A)) > o*(A) for every A € IY. A function f: X — Y
is weakly smooth continuous with respect to 7 and o iff 6*(A) > 0 =
7*(f71(A)) > 0 for every A € IV [8].

A function f: X — Y is called smooth open (resp., smooth closed)
with respect to 7 and o [8] iff 7(A) < o(f(A)) (resp., 7*(A) < o*(f(A)))
for every A € IX.

A function f : X — Y is called smooth preserving (resp., strict
smooth preserving) with respect to 7 and o [5] iff 0(A) > o(B) <
7(f7H(A) = 7(f1(B)) (resp., 0(A) > o(B) « 7(fH(A)) > 7(f~1(B)))
for every A, B € IY.

If f: X — Y is a smooth preserving function (resp., a strict smooth
preserving function) with respect to 7 and o, then 0*(A) > ¢*(B) <
T(f7HA) = T (fH(B)) (resp., 0*(A) > o*(B) & T(f71(4)) >
7*(f~Y(B))) for every A, B € IY [5].

A function f : X — Y is called smooth open preserving (resp., strict
smooth open preserving) with respect to 7 and o [5] iff 7(A) > 7(B) =
o(f(A) = o(f(B)) (resp.. 7(A) > 7(B) = o(f(A)) > o(f(B)) for
every A, B € IX.

Let (X,7) be a s.t.s., a € [0,1) and A € I¥X. The 7-smooth a-
closure (resp., T-smooth a-interior) of A, denoted by A, (resp., A%), is
defined by A, = N{K € I* : 7*(K) > a7*(A),A C K} (resp., A% =
UK e IX :7(K) > ar(A), K C A}) [6]. In [7] we defined the families
Wo(r) ={AeIX: A= A% and Wi(r) = {A e IX : A=A},
where (X, 7) is a s.t.s. Note that A € W, (1) & A° € Wi(r).

3. weak smooth a-closure and weak smooth a-interior

In this section, we investigate some properties of the weak smooth a-
closure and weak smooth a-interior of a fuzzy set in smooth topological
spaces.

DEFINITION 3.1[7]. Let (X,7) be a s.t.s., a € [0,1) and A € I¥.
The weak 7-smooth a-closure (resp., weak 7-smooth a-interior) of A,
denoted by wcl, (A) (resp., wint,(A)), is defined by wel,(A) = N{K €
I* . K € Wi(r),A C K} (resp., wint,(4) = U{K € I* : K ¢



130 Chun-Kee Park, Won Keun Min and Myeong Hwan Kim

Wa(r), K C A}).

THEOREM 3.2. Let (X, 7) be a s.t.s., « € [0,1) and A € IX. Then
(a) A Cwely(A) CAC A,,

(b) A2 C A° C winty(A) C A.

Proof. (a) Let K € I’ and A C K. Then 7*(K) > ar*(4) =
7(K) > 0 and 7*(K) > 0 = K = K,, ie., K € W*(r) by The-
orem 3.6[6]. From the definitions of A,, A and wcl,(A) we have
A Cwely(A) C AC A,.

(b) Let K € I and K C A. Then 7(K) > ar(A) = 7(K) > 0 and
7(K)>0= K = K2, ie, K € W,(r) by Theorem 3.6[6]. From the
definition of A%, A° and wint,(A) we have A2 C A° C wint,(A) C A.

O

THEOREM 3.3. Let (X,7) be a s.t.s., a € [0,1) and A,B € I¥.

(a) AC B = wcly(A) C wely(B),
) A C B = winty(A) C wint,(B),
) (wely(A))€ = wint, (A€),
) wely (A) = (wint, (A9))S,
) (winty(A))° = wel, (A°),
) winty(A) = (wely, (A9))C.
Proof. (a) and (b) follow directly from Definition 3.2.
(¢) From Definition 3.2 we have

(wely(A)¢ = (N{K € I* : K ¢ W*(1),AC K})°
=U{K°: K € I, K° € W, (1), K C A°}
—U{U eI*:UecW,(r),UC A°}
= winty(A°).
(d), (e) and (f) can be easily obtained from (c). O
DEFINITION 3.4[4]. Let (X, 7) and (Y, o) be two smooth topological

spaces. A function f: X — Y is called weak smooth continuous with
respect to 7 and o iff A € W(o) = f~1(A) € W(r) for every A € IV,

Let (X, 7) and (Y, 0) be two smooth topological spaces. A function
f : X — Y is weak smooth continuous with respect to 7 and o iff
AeW*(o) = f1(A) € W*(r) for every A € IV [4].
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THEOREM 3.5. Let (X,7) and (Y,0) be two smooth topological
spaces. If a function f : X — Y is quasi-smooth continuous with
respect to 7 and o, then f : X — Y is weak smooth continuous with
respect to T and o.

Proof. Let f: X — Y be a quasi-smooth continuous function with
respect to 7 and o. Then by Proposition 3.5[3] f~1(A4°) C (f~1(A))°
for every A € IY. Let A € W(o), i.e., A = A°. Then f~1(A) =
f71(A°) C (f~1(A))°. From the definition of smooth interior we have
(f7YHA))° C f7YA). Hence f71(A) = (f~1(A4))°, ie., f71(A) €
W (t). Therefore f : X — Y is weak smooth continuous with respect
to 7 and o. O

DEFINITION 3.6. Let (X, 7) and (Y,0) be two smooth topological
spaces and let o € [0,1). A function f: X — Y is called weak smooth
a-continuous with respect to 7 and o iff A € W,(0) = f71(A) €
W (7) for every A € IY.

THEOREM 3.7. Let (X,7) and (Y,0) be two smooth topological
spaces and let o € [0,1). If a function f : X — Y is weak smooth
a-continuous with respect to T and o, then

(a) f(wely(A)) C wely(f(A)) for every A € IX,

(b) welo (f71H(A)) C f~ Y (wely(A)) for every A € TV,

(c) f~Hwinty(A)) C wint,(f~1(A)) for every A € IY.

Proof. (a) For every A € IX, we have

f‘l(wcl (f(A)))
HN{U eI” U e Wi(o), f(A) C })
U el T U) ewg(n), AC fFHU)Y)
= m{f—l(U) e vel,f7YU) e W;(T),A C YU}
D{KecI*X:KeWi(r),ACK)}
= wcly(A).

Hence f(wcly(A)) C wely(f(A)).
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(b) For every A € IV, we have

FH (wela (A))
=f YU el :UecWio),ACU})
O fTHNU eI fTHU) e Win), fTH(A) S FHU)Y)
=n{f ) er*:vel”, f Y U) e Wi(1),
fHA) C FAHU)}
DN{K cI*: K eWi(r),f (A) C K}
= wely (f71(A)).

(c) For every A € IV, we have

f~Hwinty (A))
=Y U{U e I¥ : U € Wo(o),U C A})
Cr WU el : f71(U) € Wa(r), f71(U) C f7H(A)})
=U{f L) eI*:UeI¥, fY{U) e W,(r),
FHU) C A}
CU{K cI* : K ¢ Wo(1),K C f}(A)}
= wint(f~1(A)).

4. Types of weak® smooth compactness

In this section, we introduce the concepts of several types of weak*
smooth compactness in smooth topological spaces and investigate some
of their properties.

We define the families Wy,o(7) = {4 € IX : A = wint,(A)} and
Wi (1) = {4 € IX : A = wel,(A)}, where (X,7) is a s.t.s. and
a € [0,1). Then

A€ Wyo(r) e A e W (1),

AecWy(r)=AcW(r)=Ac Wya(r),

AeWi(n)=AeW*(r)=Aec W} (7).
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DEFINITION 4.1. Let (X, 7) and (Y, o) be two smooth topological
spaces and let o € [0,1). A function f : X — Y is called weak* smooth
a-continuous with respect to 7 and o iff A € Wya(o) = f7H(A) €
W (T) for every A € IV,

Let (X, 7) and (Y, 0) be two smooth topological spaces. A function
f: X — Y is weak™ smooth a-continuous with respect to 7 and o iff
AeWy, (o) = fYHA) e Wi () for every A € IV.

DEFINITION 4.2. Let (X, 7) and (Y,0) be two smooth topological
spaces and let & € [0,1). A function f : X — Y is called weak* smooth
a-open (resp., weak® smooth a-closed) with respect to 7 and o iff A €
Wwa(T) = f(A) € Wya(o) (resp., A € Wi (1) = f(A) € Wi,(0))
for every A € IX.

DEFINITION 4.3. Let a € [0,1). A s.it.s. (X, 7) is called weak*
smooth compact iff every family in Wy,o(7) covering X has a finite
subcover.

DEFINITION 4.4. Let a € [0,1). A s.t.s. (X, 7) is called weak*
smooth nearly compact iff for every family {A; : i € J} in Wya(7)
covering X, there exists a finite subset Jy of J such that U;c 5, (4;)° =
1y.

DEFINITION 4.5. Let a € [0,1). A s.it.s. (X, 7) is called weak*
smooth almost compact iff for every family {A; : i € J} in Wya(7)
covering X, there exists a finite subset Jy of J such that U;c s, 4; = 1x.

THEOREM 4.6. Let (X,7) and (Y,0) be two smooth topological
spaces, a € [0,1) and f : X — Y a surjective and weak™ smooth a-
continuous function with respect to T and o. If (X, 7) is weak™ smooth
compact, then so is (Y, o).

Proof. Let {A; : i € J} be a family in W,,(0) covering Y, i.e.,
UjesA; = 1y. Then Uiejf_l(Ai) = f_l(ly) =1x. Since f: X =Y
is weak* smooth a-continuous with respect to 7 and o, {f~1(4;) :i €
J} € Wiya(r). Since (X, 7) is weak® smooth compact, there exists a
finite subset Jy of J such that U;c s, f "1 (A4;) = 1x. From the surjectiv-
ity of f we have 1y = f(1x) = f(Ueso f (A1) = Uscsp F(f 1 (Ar)) =
Uie, Ai. Therefore (Y, o) is weak® smooth compact. O
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THEOREM 4.7. Let (X,7) and (Y,0) be two smooth topological
spaces and let o € [0,1). If a function f : X — Y is weak smooth a-
continuous with respect to 7 and o, then f: X — Y is weak™ smooth
a-continuous with respect to T and o.

Proof. Let f : X — Y be a weak smooth a-continuous function
with respect to 7 and o. Then by Theorem 3.7 f~!(wint,(A)) C
winty, (f~1(A)) forevery A € IV. Let A € Wya(0),ie., A = wint,(A).
Then f~1(A) = f~H(winto(A)) C wint,(f~1(A)). From the defi-
nition of weak smooth a-interior we have wint,(f~*(A)) C f~1(A).
Hence f~1(A) = winto(f~1(A)), ie., f71H(A) € Wya(r). Therefore

f: X — Y is weak® smooth a-continuous with respect to 7 and o. [

We obtain the following corollary from Theorem 4.6 and 4.7.

COROLLARY 4.8. Let (X,7) and (Y,0) be two smooth topological
spaces, a € [0,1) and f : X — Y a surjective and weak smooth a-
continuous function with respect to T and o. If (X, 7) is weak™ smooth
compact, then so is (Y, o).

THEOREM 4.9. Let o € [0,1). Then a weak® smooth nearly com-
pact s.t.s. (X, 7) is weak* smooth almost compact.

Proof. Let {A; : i € J} be a family in W, (7) covering X. Since
(X, 1) is weak® smooth nearly compact, there exists a finite subset Jy
of J such that Use,(A4;)° = 1x. Since (A;)° C A; for each i € J by
Proposition 3.2[3], 1x = Uies,(A4:)° C Ujes, Ai. So Ujes, A; = 1x.
Hence (X, 7) is weak™ smooth almost compact. O

THEOREM 4.10. Let (X,7) and (Y,0) be two smooth topological
spaces, a € [0,1) and f : X — Y a surjective and quasi-smooth con-
tinuous function with respect to T and o. If (X,7) is weak® smooth
almost compact, then so is (Y, o).

Proof. Let {A; : i € J} be a family in Wy, (o) covering Y, i.e.,
UiegA; = 1y. Then 1x = f~1(1y) = Ujesf1(A;). Since f is quasi-
smooth continuous with respect to 7 and o, f is weak™ smooth continu-
ous with respect to 7 and o by Theorem 3.5 and 4.7. Hence f~1(A;) €
Wwa(T) for each i € J. Since (X,7) is weak* smooth almost com-
pact, there exists a finite subset Jy of J such that U;c s, f~1(4;) = 1x.
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From the surjectivity of f we have 1y = f(1x) = f(Uics, f~1(A:)) =
Uieso f(f71(4;)). Since f : X — Y is quasi-smooth continuous with
respect to 7 and o, from Proposition 3.5[3] we have f=1(A4;) C f~'(4;)
for each i € J. Hence ly = Ujes, f(f~1(4;)) C Uies, f(f1(A)) =

UzejoAz, i.e. UzejoA = 1ly. Thus (Y, 0) is weak* smooth almost com-
pact. ]

THEOREM 4.11. Let (X,7) and (Y,0) be two smooth topological
spaces, a € [0,1) and f : X — Y a surjective, quasi-smooth continuous
and smooth open function with respect to T and o. If (X, ) is weak*
smooth nearly compact, then so is (Y, o).

Proof. Let {A; : i € J} be a family in Wy, (o) covering Y, i.e.,
UieJAi =1ly. Then 1x = f_l(ly) = Uiejf_l(Ai). Since f is quasi-
smooth continuous with respect to 7 and o, f is weak™ smooth continu-
ous with respect to 7 and o by Theorem 3.5 and 4.7. Hence f~1(A;) €
Wwa(T) for each i € J. Since (X, 7) is weak® smooth nearly compact,
there exists a finite subset Jy of J such that U;cy, (f~1(4;))° = 1x.
From the surjectivity of f we have 1y = f(1x) = f(Uies, (f71(A:))°) =
Uieso f((f71(4;))°). Since f : X — Y is smooth open with respect to 7
and o, from Proposition 3.6[3] we have f((f~1(A4;))°) C (f(f~1(A4;)))°
for each ¢ € J. Since f : X — Y is quasi-smooth continuous with
respect to 7 and o, from Proposition 3.5[3] we have f—1(A4;) i) CfT L(A))
for each i € J. Hence 1y = Uje g, f((F~1(A:))%) C Uses, (f(f~1(4:)))° C

Uieso (F(f7H(A:)))% = Uies, (4:)°, Le., Uies,(4i)° = ly. Thus (Y,0)
is weak™ smooth nearly compact. 0
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