Kangweon-Kyungki Math. Jour. 11 (2003), No. 2, pp. 93-109

ON A LIMIT CLASS OF
LORENTZ OPERATOR IDEALS

Hi JA SonNG

ABSTRACT. We give an extensive presentation of results about the
behaviour of the approximation operator ideals L, 4 in connection
with the Lorentz operator ideals £ 4.

1. Introduction
Schatten-von Neumann operator ideals

o0

Sy =1{T € L(H Z 1p=1/ag T)]q)l/q < oo},

0<p< oo, 0<q< oo, where s,(T) is the n-th singular number of
the operator T acting on a Hilbert space H, have played an important
role as the historical starting point of the theory of operators.

In order to treat certain problems of perturbation theory and invari-
ant subspaces, V. Macaev [6] introduced the operator ideals S 1 =
{T € LH) : Y07 n'sy(T) < <}. Later on, the operator ideals
Seoq = AT € L(H) : (302, n7 s, (TN < 0}, 0 < ¢ < o0, ap-
peared naturally in the work of V. Peller [7] on the averaging projection
onto the set of Hankel matrices.

It is well-known that approximation numbers coincide with singu-
lar numbers for operators acting between Hilbert spaces. So we can
extend the operator ideals described above to the class of all Banach
spaces by setting for 0 < p < ooand 0 < ¢ < o0 , Ly, ={T € L:
(3202 [ [nY/P=1/4q,,(T)]9)1/9 < 0o}, and for 0 < ¢ < 00 ,Looq = {T €
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L£:(>2 nta,(T)9)Y < co}. Here ay,(T) is the n-th approximation
number of the operator T acting between Banach spaces.

Based on the theory of Lorentz operator ideals £, ,, many strik-
ing results on eigenvalue distributions of abstract operators on Banach
spaces were established and successfully applied to various types of in-
tegral operators. Some important properties of Lorentz operator ideals
Ly follow from the fact that they can be regarded as approximation
spaces.

F. Cobos and I. Resina [4] established some results about the op-
erator ideals L 4. It turned out that the general theory of Lorentz
operator ideals £, , does not cover the limiting case of operator ideals
Lo ¢ by taking p = oo.

In this paper we survey geometric structures of the operator ideals
Loo,q-

We first give a representation theorem for operators belonging to
the operator ideals L 4 in terms of finite rank operators. By virtue
of this result we obtain a multiplication formula.

Next we deal with the stability under tensor products of the operator
ideals L 4. And then we describe the behaviour under interpolation
of the operator ideals Lo 4.

Finally we investigate the relationship between the operator ideals

Los,q and entropy operator ideals £§?,q generated by entropy numbers.

2. Definitions and Notation

We present some of the definitions and notation to be used. Through-
out this paper E and F' denote Banach spaces.

If © = (z;) is a bounded sequence then we put s,(z) = inf{oc >
0 : card(i : |z;] > o) < n}. (sn(z)) is called the non-increasing
rearrangement of z. Let 0 < p < oo and 0 < ¢ < oco. Then the
Lorentz sequence space £, , consists of all sequences z = (z;) having a
finite quasi-norm

(%, [nV/P=19 5, (2)]7) ¢ if 0 < g < oo,
|’xwp7q” = "
sup,, [n/P s, ()] if q=oo.

Notation. (1) L(E, F') denotes the set of all bounded linear operators
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from E into F.
(2) F(E, F) denotes the set of all finite rank operators
from F into F.
(3) K(E, F) denotes the set of all compact operators from
FE into F'.
(4) The closed unit ball of E is denoted by Bpg.
The n-th approximation number of T' € L(E, F) is defined by
an(T) =inf{||T — L|| : L € F(E, F), rank(L) < n}.
An operator T' € L(E, F) is said to be of approximation type ¢, , if

(an(T)) € £, 4. The Lorentz operator ideal £, ,(E, F') consists of these
operators. For T € L, ,(E, F), we define [|T|L, 4| = ||(an(T))|¢pqll-

For 0 < ¢ < oo, the approximation operator ideal Lo, 4(E, F) is
the set of all operators T' € L(FE, F') which have a finite quasi-norm
IT|Locqll = (niy ntan(T)1)M1.

Let (o) and ((,) be non-negative real-valued sequences. Then
oy < (B, means that o, < C (3, for n = 1,2,---, where the constant
C' > 0 may depend on various parameters but not on the index n. We
write o, ~ By, if o, < B, and G, < ay,.

By a cross norm 7 we mean a norm which is simultaneously defined
on all algebraic tensor products F® F such that 7(x ®y) = ||z|| g ||y||F
for x € F and y € . We denote the space F ® F' equipped with 7 by
E ®; F and its completion by E®, F.

The algebraic tensor product of the operators S € L(FE,F) and
T € L(Ey, Fy) is the linear operator S® T from E® Ey into F ® Fy de-
fined uniquely by ST (Y1 2 Qyi) = Y iy Sz; @ Ty;, 1, , Xy €
E, yi,--- ,yn € Eyg. A cross-norm is called a tensor norm provided
that for all such maps the following holds : (3" Sx; ® Ty;) <
ISIITI (3, #i®y;). In this case S®T admits a unique 7-continuous
extension acting from E®,Ey into F&,Fy which is denoted by S&®.T.

An operator ideal U is said to be stable with respect to a tensor norm
Tif S € U(E,F)and T € U(Ey, Fy) imply S®,T € U(E®, Ey, F&, Fy).

Let (Ep, E1) be a couple of quasi-Banach spaces. We consider the
functional K(t,, Eo, E1) = K(t,z) = inf{[|zo| g, + tllz1llp, : 7o €
Ep,z1 € Ey,x =20+ x1}on Eg+ F. f 0 < <land 0< g < oo
then the real interpolation space (EO,El)g’ , consists of all elements
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x € Fy + E; which have a finite quasi-norm

o0 14—6 gdtyq
R { A
sup, [t 0K (t, )] if g = o0.

Let 0 < ¢ < oo. We denote by L (E,F) the set of all op-
erators T € L(E,F) which have a finite quasinorm |T'|LZ || =
inf (sup,~q [2"/9]| T, ] ), where the infimum is taken over all represen-
tations T = S°°° | T, with rank 7}, < 2(2") and sup,,~.[2"/9||T,.||] < co.

For every operator T € L(E,F) the n-th outer entropy number
en(T) is defined to be the infimum of all ¢ > 0 such that there are
elements y1, -+ ,y, € F with ¢ <2"! and T(Bg) C UL_,{y; + cBr}.

For 0 < ¢ < oo, the space Lﬁ((gq(E,F) is defined to consist of all

operators T' € L(E, F) which have a finite quasi-norm ||T"| E((fj),qH =
(S5inean()) 7.

An operator ideal U is surjective if for every surjection @ € L(Ey, E)
and every operator T' € L(E, F) it follows from T'Q) € U(Ey, F') that
TcU(E,F).

The surjective hull &° of an operator ideal U is the smallest surjec-
tive operator ideal containing /. In case of a quasi-Banach operator
ideal U the surjective hull #* of U becomes a quasi-Banach operator
ideal if it is endowed with the quasi-norm

IT: E — F|Us|| = inf{||S|U| : T(Bg) C S(Bg), where S € U(G, F)}.

Let U be any quasi-Banach operator ideal. The n-th generalized
entropy number of T € U®(E, F) is defined by

en(T|U) =mf{|[SU| : T(Br) € Uiy + S(Ba)l,
where yy,- -+ ,y, € Fwith ¢ <2" 'and S € U(G, F)}.

Let U be an operator ideal. A sequence (y,) in F' is called U-
convergent to zero if there is an operator S € U(G, F') with the follow-
ing property : Given € > 0 there exists a natural number n. such that
Yn € €+ S(Bg) for all n > ne.
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Let U be an operator ideal. A subset M of F' is called U-compact if
MC{yeF :y=>77"1Nlis2 e Ni| <1}, where (y;) is a sequence
in F' which is U-convergent to zero.

Let U be an operator ideal. An operator T' € US(E, F) is called
U-compact if for each bounded subset U of E, T'(U) is U-compact in
F. The set of these operators is denoted by Z/lég ).

A quasi-Banach operator ideal U is approximative if F(FE,F) is
dense in every component U(E, F').

Let U be any quasi-Banach operator ideal. The n-th generalized
approximation number of T' € U(FE, F) is defined by

an (T |U) =inf{||T — L|U| : L € F(E,F), rank(L) < n}.

An operator T' € U(E, F) with lim, . a,(T|U) = 0 is said to be
U-approximable. The collection of all U-approximable operators is
denoted by L{c(g ).

Given a family of Banach spaces F,, with n € N, the direct sum
[l2, Ey] consists of all sequences (x,,)52; such that z, € E,,n € N,
and )07 HanEn < .

3. Results

We begin by showing that the lexicographical order of the scale of
Lorentz operator ideals £, , can be transferred to the limiting case
p = 0.

PROPOSITION 1. Lo C Loo,y for 0 <p < g < oo.

Proof. We select T' € L, ,. An appeal to the monotonicity of ap-
proximation numbers reveals that

o

1T Looqll <1 Z T)(logn)'/?)"Pay,(T)Pn 1]

n

< [sup{an (D)3 ™) /9 [ an (1)n 1)1/

n>1 1

Zak W/ (@=p)/9)| 7| £ P79 = || T| Loopll-
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This gives us the desired inclusion. 0

F. Cobos and I. Resina [4] showed that the representation theorem
for Lorentz operator ideals £, , fails to be true in the limiting case
p = 0o. The following lemma enables us to establish the representation
theorem for the operator ideals Lo 4.

From now on, we write v, instead of 22") . n =0,1,2,---

LEMMA 1. Let0 < g < oo. IfT € L(E,F) theny o~ an(T)In~" ~
a1 (T) + 32520 2" aw, (T)".

Proof. We deduce from the monotonicity of approximation numbers
that

oo Vkt+1—1

Y an(T)n ' =ar (1) +) > nlan (1)

k=0 n=vg

oo Vk41—1

Sal +Z Z auk( ) <CCL1 —I—ZQka,,k q.

k=0 n=vg

On the one hand, we have

a1 (T)" + ) 2"ay, (T)* < Co(ar(T)* + as(T)" + Z 2 ay,
n=0
Vk+1
< Cl (al(T) + CL2 74 Z Z allk+1 (T)q)
=0 n=vr+1
< Oy Z an(T)n "
n=1
This completes the proof. 0

THEOREM 1. Let 0 < g < co. An operator T' € L(E, F') belongs to
Loo.q(E, F) if and only if there exists a sequence (1,,)5., C F(E, F)
with rank(T},) < 22") such that T = Y o T}, converges in the op-
erator norm and Yy .. 2"||T,||? < oco. Moreover, ||T|Lxql|"" =
inf{[>°°° , 2"||T,,||]*/}, where the infimum is taken over all possible
representations, defines an equivalent quasi-norm on Lo .
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Proof. It T € Lo 4(E, F) then we choose L,, € F(E,F) such that
|IT — L,| < 2a,,(T) and rank(L,) < 2@") = v, for n = 0,1,2,---.
Define Ty = 0,7y = Lo and T,, = L,y — L,,_9 for n = 2,3,---.
Then we have rank(7},) < rank(L, 1) +rank(L,,—2) < vp—1 + Vp_2 <
v, |Tall < [T = Lol + [[T|| < 2a2(T) + a1 (T) < 3a1(T), and || T, <
|Ln—1 —T|| + |T" — Lpn—2|| <4ay, ,(T),n=2,3,---. Since (a,(T"))
converges to zero, it follows that 7' = limy Ly = Zzozo Tr.

We invoke lemma 1 to infer that

Z 27| T, |19 < 2 - 3%y (T)9 + Z 2(”+2)4qayn (T)4

n=0 n=0

< Co(ar(T)1+ > 2%y, (1)7) < C1 Y an(T)'n "
n=0 n=1

Additionally, it turns out that ||T'|Ls q||"P < Cll/q||T\£oo,q||.

We now verify the sufficiency of the given condition. To this end,
assume that 7' € L(E, F') admits a representation with the properties
stated above. Then we have rank( Z;é Ty) < ZZ;S Vi < Up, N =

—1
1,2,---. Therefore a,, (T) < ||T — Z%o Tull < >0t IITkll, n =
1,2, and ay, (T) < ax(T) = [T < 22020 [ITwl]-

Fix p and A such that 0 < p < min(1,¢) and 0 < A < 1/q. Define s by
1/p=1/s+1/q. We apply Holder’s inequality to get that

ay, (T) < YTkl < O IITe?)MP
k=n k=n

< (Z 2—>\k3)1/5(z 2)\kq||Tk”q)1/q < KOZ—An(Z 2>\k‘QHTkHQ)1/Q_

k:n k:n k:n
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Combining this estimate with lemma 1 we obtain

Zan 1/q<K1 CL1 —f—Z?nCLV 1/q

< Kala (1) + K63 Y 220703 2

n=0 k=n
%) k

= Kifar(T)? + K§ Y (> 2n(-2 a2k 1y ||a]t/a
k=0 n=0

< Kofay(T)* + Y 2| Ty |17/,
k=0

This proves that T' € Lo 4(E, F) and ||TL 4

| < K[[T[Loc gl O
In the next theorem we see that the multiplication formula for
Lorentz operator ideals £, , remains true for the limiting case p = oo.

THEOREM 2. If0 < qo,q1 < oo and 1/q=1/qo+1/q1 then L 4, ©
Loo,gy = Loo,q-

Proof. LetT € Loo g, (E,F)and S € Lo ¢, (F,G). Applying Hélder’s
inequality and the multiplicativity of approximation numbers, we de-
rive

IST|Lo0qll = (D an(ST)n =) < O} azn—1(ST)"n )"/

[n~Y/%q, (s)n~1 " a, (T)]7)/

K

< C(
1

C(Zan( qonfl 1/qo Za n ! 1/Q1
n=1

Hence ST € L 4(E,G). This yields that L ¢, © Loo,q; € Looq-
To verify the reverse inclusion, take R € Lo 4(E,G). We consider
a representation R = Y .-, Ry such that Ry € F(E,G), rank(Ly) <

9(2%) _ vk, and Zz’;o 2k||Rk||q < 00. Choose factorizations Ry =

3
Il

IN
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SkT with Ty, € L(E, Fy,), Sk € L(Fy, G), [Tl = [|[Re|?", [|Sk]l =
|Rx||9/% and dim(Fy) < vz. We take F to be the £ direct sum
[l2, F| of countably many copies of Fy. Let Jy € L(Fy, F) and Qj €
L(F, F},) denote the canonical injections and surjections, respectively.
Notice that rank(S Qr) < vk, Dopeg 2[S9k Q| < S50, 28| Rk |9,
and rank(Ji, Ti) < vi, Y opeo 28Tk Trl|™ < Dy 2F|| Ri||9. We take
account of theorem 1 to conclude that S =Y 7o SkQk € Loo g (F, G)
and T = > 22 STk € Loo,q (E,F). As aresult R = ST € Lo g, ©
Lo g, (E,G). This implies that L ¢ € Loo g0 © Loo,q - O

A. Pietsch [10] and H. Konig [5] showed that Lorentz operator ideals
L, 4 fail to be tensor-stable. However, the theorem given below shows
that the operator ideals L , are stable with respect to tensor norms.

THEOREM 3. Let 0 < ¢ < oo. If S € Loy (E,F) and T €
Loo.q(Eo, Fo) then S, T € Lo (E®, Ey, F®, Fy) for any tensor norm
T.

Proof. Given any € > 0, we pick Sy € F(FE,F) and Ty € F(FEy, Fp)
such that rank(Sp) < 2™ and ||S—So|| < agn(S)+e, rank(Tp) < 2™ and
|T — To|| < ag«(T) + €. Since rank(Sy®,Tp) = rank(Sy) - rank(Tp) <
22" we get

ag2n (S, T) < [|S©.T = So@-To|| = [|(S = S0)&+T + So&-(T — To)||
< |15 = SollITl| + NI Solll|T" = To||
< (a2 (S) + )T + (a2~ (S) + € + [|S]))(azn (T) + €)
< (agn(S) + O[T + (2[S]| + €)(azn (T) + €).

Passing with € to zero we obtain agzn (S®,T) < 2[agn (S)||T||+]|S||az (T)].
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This enables us to obtain the following estimate

18- T|Los,qll = Za” (S&-T)In 1M < | Za2n 9|1/
n=1
< 20[) ] azn (S, T)7s < 27 - 2[2 azn (S)|| Tl + (|5 ]lazn (7))«
n=0
< 20t max{1,27~ Zazn )a || 7| + ||S]I( Zazn )7
- 1 1
<CQY_an(8)n ) Zan )7 = ClIS|Locqll - 1T Loc.q
n=0
Thus we have SQ,T € Lo (E®,Ey, FR, Fp). O

Now we describe how the scale of operator ideals £ 4 behaves under
interpolation.

THEOREM 4. Let 0 < qo,q1 < oo and 0 < 0 < 1. If 1/qg = (1 —
8)/qo + 0/q1 then (Loo g0Loo,q1)0,q = Loo,q- The quasi-norms on both
sides are equivalent.

Proof. We divide the proof into two steps.

Step 1. The first step is to verify the following formula : Lo, =
(L, LL ,)o,q for 0 <p<oo, 0<f<1land1/q=0/p.

Let us take T € Lo ¢(E, F). For n = 0,1,2,---, we can find L,, €
F(E,F) such that |T'— L,|| < 2a,,(T) and rank(L,) < v,. Define
=0Ty =Lyand T, =L,,_1—L,_o forn=2,3---. Then we have
T =Y o Tk with |Th]| < 3a1(T), T, < 4ay, ,(T), n =2,3---,
and || T — >} _o Tkl < 2a,, ,(T), n=1,2---. Fix p and X such that
0 < p <min(l,q) and 1/¢g < A < 1/p. Define s by 1/p = 1/s+1/q.
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We make use of Holder’s inequality to derive that

n+1 n+1
K@ P T) <|T =Y Tl +277| Y Thl£ |l
k=0 k=0
n+1
< 2ay, (T) + 277D 2/P|| Ty ||7)1/7
k=0

< Colay, (T) + 2*"/p(a1(T)p + Z Qk‘(l/p*/\)pzkkpayk (T)p>1/p]
k=0

< Colay, (T) +27"/7 1+sz< M%) (a +Zz“qa,,k )9)i]
k=0

»Q\»—A
-

< Cilaw, (T) + 27" May (T)7 + Z okrag, (T

Using this inequality, together with lemma 3.1.3 of [1] and lemma 1,
we get

> dr
Tloq = (|~ = Kra e
0 T
S CQ(Z[QnG/PK(Q*n/P, T)]Q)l/q p— CQ(Z an(2fn/p, T)q)l/q
n=0 n—0
< 03(2 Qnar/n (T)q + Z 2n(l—)\q)[ 74+ Z 2k>\qa 1/q
n=0 n=0

< 04(2 2"a,, (T)? + a1 (T)? + Z 2k, (T)4 Z gn(1=Xa))1/q
< Cs(ay( q—l—ZZ"aV 1/q<C’6 Zan T)in™h) /a,

Hence T' € (L(E, F), L ,(E, F))g,q- This proves that
‘EOO,q g <£7 ﬁﬁ,p)evq
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To show that we have equality, take T' € (L(E, F), L3 ,(E, F))o,q
Let T' = Ty + Ty, where Ty € L(E,F) and Ty € L ,(E,F). We
consider a representation Ty = Y~ L,, such that rank(L,) < v,, and
sup,, 50 {277 | Lall} < 2/ Th[ L3 . Since rank(3} 75 Li) < 33 vk <
Up, for any p > 0 small enough, we have

(1) < ||Th — ZLkH—IIZLkII <( 22 ko/pokelP|| Ly ||P) /P
< Co /P Sup{2’“/”||LkH} <2002 P T L2, |-
k>0

Therefore from the additivity of approximation numbers it follows that

a,,(T) < a1(To) + au, (Ty) < Co(||Tol| + 2777 11 |1£22,|I)

and thus a,, (T) < C1K(27/?,T).
While, for any p > 0 small enough, we obtain

ar(Ty) = |Tu|| < (D27 Fe/rakele|| L, ||P)t/e
k=0
< Oy iup{Z'“/”HLkll} <203 Th L2, |-
>0

It takes another appeal to the additivity of approximation numbers to
yield that

ai(T) < ar(To) + ar(Th) = [[Tol| + ar(T1) < Cs([Toll + I TAILZ 1)

and so a1(T) < C3 K(1,T).
Applying lemma 3.1.3 of [1] and lemma 1 again, we have

Za” qn—l 1/q < 04 al —|—ZQ”CLV 1/q

< C5(K(1,T)" + 2[2"/"K(2_”/”,T)]q)l/q
n=0

< Co(S /P K (2P, T < O / T K (T

n=0 0

d_T)l/q.

T
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Hence T' € Lo o(E, F). This proves that (£, £ ,)6,q € Looq-

Step 2. We improve the result of the preceding step by the reiteration
property. Choose p such that 0 < p < min(qo, q1). Define 6y and 6; by
1/qo = 0o/p and 1/q1 = 61/p, respectively. Step 1 allows us to obtain
that Loo gy = (£,£3 p)00.q0 a0d Loo g, = (£,L£F ))0,,q,- Theorem
3.11.5 of [1] and Step 1 inform us that

(EOO7QO ) EOO,ql)e,q = ((£7 ££,p)9o,QO7 (£7 ££,p)917Q1)97q
= (Laﬁg,p)p/(m =Looq
because p/q = (1 —0)p/qo + Op/q1 = (1 — 0)0y + 660;. This ends the
proof. O

We pass to the discussion of the link between the operator ideals
Loo,q and E(e)

THEOREM 5. Let 0 < ¢ < 0co. Then L 4 C L’Ef;)q

Proof. We assume that T' € Lo, 4(E, F'). A result due to B.Carl [2]
guarantees the existence of a constant Cj such that

sup ke, (T) < Cy sup k'/9ap(T), n=1,2---
1<k<n 1<k<n

Thus
ne,(T)? < C¢ sup kap(T)? < CgZaj(T)q, n=12,---

1<k<n

This leads us to have that

o

ITIc®, ||—Zn SOLEEL S iakmqwq

= %[i(Zn‘Q)ak( 1< O Zk a1/,
k=1 n=k

Hence T € ﬁ(o?,q(E , ). This yields the desired inclusion. O

Finally we strengthen the above inclusion. For this purpose we need
the following preliminary results. As an immediate consequence of the
representation theorem we obtain the next result.
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PROPOSITION 2. If 0 < g < oo then the operator ideal L , is
approximative.

Proof. Let us take any T' € L, 4(E, F). We consider any represen-
tation T = Y-, Tj such that rank(T}) < vj, and Y oo 2F||Tk[|7 < oo.
Given € > 0, we choose a natural number ng with (3232, 2% T [|9)1/7 <
€. We call on theorem 1 to obtain that

1T = TulLoogll S CIT = TilLoo g™ < Ce  for n > ny.
k=0 k=0

This completes the proof. O

We derive the useful characterization of the ideal of U-compact op-
erators.

PrRoOPOSITION 3. Let U be a quasi-Banach operator ideal. Then
Us) = Uy
Proof. Let T € U(E,F). Given € > 0, we can find L € F(E,F)

such that rank(L) < m and |1 — LIU|| < an(T|U) + €. It takes an
appeal to the additivity of the generalized entropy numbers to see that

(1241 (TIU) < KT = LW + €141 (L))
< 1 I~ LUl m—1y2-1 (L)) < & a (T +em—1ye-41 (L) .

Take the canonical factorization L = LQ, where Q € L(E, E/kerL)
denotes the canonical surjection and L € £(E /kerL, F) is the operator
induced by L. We put Ey = E/kerL. The multiplicativity of the
generalized entropy numbers ensures that e(,,_1)211 (L) < |Lju* | -
em-1)2+1(Q). The surjectivity of the ideal quasi-norm || - |[/*|| makes
that || LIU*|| = || LQIU?| < ||L|U||. Also the surjectivity of the entropy
numbers permits us to have that e(,_1y241(Ig,) = €m-1)241[E,Q) =
e(m-1)24+1(Q). Since dim(Ey) < m, it follows from theorem 12.1.10
and proposition 12.1.13 of [8] that e(,,_1)241(Ig,) < 4/2™~!. Whence
e(m—1y24+1(LU) < ||L|U| - 4/2™~1. Note that

LU < RIIL=TU[+TIU < Klam(TO)+T(U[ €] < 52| T ]| +€].
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Combining the preceding inequalities, we obtain
1241 (TIU) < 1 [an (TIU) + 8/27 [ TIU| + (1 + 4r/277)]
Let € tend to zero to get
() etmonpn (TIU) < & fan (TI) + 85/27 [T

Now we assume that T' € uc([j )(E,F ). Then it follows from (x) and
limy, oo @ (T1U) = 0 that limy, oo €(m—1)241(T|U) = 0 and hence
T e Z/lc(s )(E , ). This assures us that uc(f} ) C L{c(s ). The surjectivity of
the operator ideal L{C(s ) tells us that (L{c(g ))S C uéj ).

To obtain the converse inclusion, we select T' € uéj )(E ,F). Then
the U-compactness of T(Bg) alerts us to the fact that T(Bg) C {y €
F oy =372 Nvi,yq Nl <1} = M, where (y;) is a sequence
in ' which is U-convergent to zero. Furthermore, we have y; = Sz;,
where S € U(G,F) and (z;) is a sequence in G converging to zero.
This sequence permits us to define an operator R : {1 — G via
R(N\;) = 202, Niz; for all (A\;) € ¢;. Tt is obvious that SR(By,) = M.
We consider the operator R, : {7 — G which is given by R,(\;) =
Yo Nz for all (\)P, € £¢. Tt follows from ||S(R — R,)|U|| <
ISR — Rl < (S| supis [|2]] that limy, .o [[SR— SR [U|| = 0.
Consequently SR € Uc(g)(fl,F). As T(Bg) € SR(By,) = M, we have
T € (UY)*(B, F). This gives that 4" C U{")e. O

Using the specific properties of the ideal of compact operators we
draw the factorization formula for the ideal of U/-compact operators.

PROPOSITION 4. Let U be a quasi-Banach operator ideal. Then
Uc(s) =U%o K or Uc(s) = UC(S) o K, respectively.

Proof. Let T € K(E,F) and S € U*(F,G). Then T(Bg) is a pre-
compact subset of F' and so S(T(Bg)) is U-compact. This means that
ST € Z/lc(g)(E, G). Hence we have U* o K C Z/léf).

We now assume that R € Uc(f)(E, G). Since R(Bg) is U-compact,
we invoke the fact that R(Bg) C{z € G:z = o) NiZi, 2iny M| <
1} = N,where (z;) is a sequence in G which is U-convergent to zero.
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Moreover, we have z; = Sy;, where S € U(F,G) and (y;) is a sequence
in F' converging to zero. we construct a sequence (p;) of real numbers
such that p; > 1, lim; p; = oo and lim; p;y; = 0. We set u; = p;y;,
i =12, Let M ={y € F:y=>3 "3 Nu,y 0y |N| <1}
Then M is a precompact subset of F' and thus S(M) is an U-compact
subset of G. Define Gy = {z € G : z = Tw, wherew € S(M)}, where
Gy is equipped with the norm ||z||¢, = inf{7 > 0: z = 7w, wherew €
S(M)}. Then Gy is a Banach space. Notice that R(Bg) C N C S(M).
This guarantees the factorization of R = R Ry through a Banach space
Go, where Ry € L(E,Gg) is an operator which is given by Rox = Rx
for all x € E and Ry € L(Go,G) is the identity map. Since z; =
Sy; = iSui and Su; € S(M), it follows that ||zg, < i and so
lim; ||zi|l¢, = 0. Accordingly N is a precompact subset of Gy and
hence R(Bpg) is precompact as well. This forces that Ry € K(E, Gy).
Observe that Ri(Bg,) C (1 4+ €)S(M) and S(M) is an U-compact
subset of G. This indicates that R; € Z/{c(s )(GO,G). Therefore R =
RiRy € uc(j) o K(E,G). Combining the first inclusion we arrive at
U o K C uc(;f) - uéj) o K. As a consequence uc(? = U° o K or
U =uld o K, respectively. O

We are now in a position to improve theorem 5.

THEOREM 6. Let 0 < g < oo. Then L4 C Eéi%q oK.

Proof. We use theorem 5 and the surjectivity of the operator ideal
ﬁé?,q to see that (Looq)° C Eg?,q. Thanks to propositions 2,3 and 4,
we obtain (Lo 4)® = ((,Coo,q)f;;))s = (Loo,q)ﬁf)) = (Loog)* o K. As a
result we have Lo ¢ C (Loo,q)® C Egﬁ,),q oK. O
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