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Abstract. In this paper, some rank equalities related to generalized inverses A
(2)
T,S of

a matrix are presented. As applications, a variety of rank equalities related to the M-P

inverse, the Drazin inverse, the group inverse, the weighted M-P inverse, the Bott-Duffin

inverse and the generalized Bott-Duffin inverse are established.

1. Introduction

In the theory of generalized inverses of matrices, rank equalities related to gen-
eralized inverses are the important subjects, and have been widely studied ([3],
[5]-[10]). How to characterize equalities for the M-P inverse of a matrix? Tian ([6])
presented a simple and excellent method for coping with above problem, and use
it to characterize a variety of valuable equalities related to the M-P inverse of a
matrix. It is well-known that M-P inverse A† is a generalized inverse A

(2)
T,S , and it is

also well-known that the Drazin inverse AD, the weighted M-P inverse A†M,N , the

group inverse Ag, the Bott-Duffin inverse A
(−1)
(L) and the generalized Bott-Duffin

inverse A
(+)
(L) are all generalized inverses A

(2)
T,S . So, it is significant to study the

rank equalities related to generalized inverse A
(2)
T,S . Following [6], in this paper, we

present a variety of rank equalities related to the generalized inverse A
(2)
T,S . As their

applications, we shall give some rank equalities related to A†, AD, A†M,N , Ag, A
(−1)
(L)

and A
(+)
(L) . The matrices considered in this paper are over the field C of complex

numbers. For A ∈ Cm×n, we use A∗, r(A), R(A) and N(A) to stand for the conju-
gate transpose, the rank, the range and the null space of A, respectively.
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Lemma 1.1 ([1]). Let A ∈ Cm×n be of rank r, let T be a subspace of Cn of
dimension s ≤ r, and let S be a subspace of Cm of dimension m − s. Then A has
a {2}− inverse X such that R(X) = T and N(X) = S if and only if

(1.1) AT ⊕ S = Cm,

in which case X is unique, this X is denoted by A
(2)
T,S.

Lemma 1.2 ([11]). Let A ∈ Cm×n be of rank r, and let T be a subspace of Cn of
dimension s ≤ r, and let S be a subspace of Cm of dimension m − s. In addition,
suppose G ∈ Cn×m such that R(G) = T and N(G) = S. If, A has a {2}− inverse
A

(2)
T,S, then

(1.2) Ind(AG) = Ind(GA) = 1.

Further, we have

(1.3) A
(2)
T,S = G(AG)g = (GA)gG.

From [11] and Lemma 1.2, let G be equal to A∗, N−1A∗M, Ak, A, PL and PS re-
spectively, we have

Lemma 1.3 ([1], [2], [11]).

(1) Let A ∈ Cm×n, then one has

A† = A
(2)
R(A∗),N(A∗) = A∗(AA∗)g = (A∗A)gA

∗,

A†M,N = A
(2)
R(N−1A∗M),N(N−1A∗M) = N−1A∗M(AN−1A∗M)g = (N−1A∗MA)gN

−1A∗M ;

where M, N are Hermitian positive matrices of order m and n, respectively;

(2) Let A ∈ Cn×n, then one has

AD = A
(2)

R(Ak),N(Ak)
= Ak(Ak+1)g = (Ak+1)gA

k,

Ag = A
(2)
R(A),N(A) = A(A2)g = (A2)gA,

Ag = A(A3)†A;

(3) Let A ∈ Cn×n, then one has

A
(−1)
(L) = A

(2)

L,L⊥ = PL(APL)g = (PLA)gPL,

where L is a subspace of Cn satisfying AL⊕ L⊥ = Cn;

A
(†)
(L) = A

(2)

S,S⊥ = PS(APS)g = (PSA)gPS ,

where L is a subspace of Cn, S = R(PLA) and A is an L-p.s.d matrix, i.e.
A is a Hermitian matrix with the properties: PLAPL is nonnegative definite,
and N(PLAPL) = N(APL).
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Lemma 1.4 ([3]). Let A ∈ Cm×n, B ∈ Cm×k and C ∈ Cl×n be given, and suppose
that

R(AQ) = R(A), R[(PA)∗] = R(A∗),

then

r(AQ, B) = r(A,B), r

(
PA
C

)
= r

(
A
C

)
.

Lemma 1.5 ([6]). Let A ∈ Cm×n, B ∈ Cm×k , C ∈ Cl×n and D ∈ Cl×k be given.
Then we have

(1.4) r(D − CA†B) = r

(
A∗AA∗ A∗B
CA∗ D

)
− r(A).

Furthermore, let

C = (C1, C2), B =
(

B1

B2

)
, A =

(
A1 0
0 A2

)
,

then (1.4) becomes
(1.5)

r(D − C1A
†
1B1 − C2A

†
2B2) = r




A∗1A1A
∗
1 0 A∗1B1

0 A∗2A2A
∗
2 A∗2B2

C1A
∗
1 C2A

∗
2 D


− r(A1)− r(A2).

In particular, if

R(B1) ⊆ R(A1), R(C∗1 ) ⊆ R(A∗1), R(B2) ⊆ R(A2), R(C∗2 ) ⊆ R(A∗2),

then

(1.6) r(D − C1A
†
1B1 − C2A

†
2B2) = r




A1 0 B1

0 A2 B2

C1 C2 D


− r(A1)− r(A2).

Lemma 1.6 ([5], [6]). Let A ∈ Cm×n be given, and let P ∈ Cm×m and Q ∈ Cn×n

be two idempotent matrices. Then

r(PA−AQ) = r

(
PA
Q

)
+ r(AQ,P )− r(P )− r(Q),

r(P −Q) = r

(
P
Q

)
+ r(Q,P )− r(P )− r(Q).

2. The rank equalities related to generalized inverse A
(2)
T,S of a matrix



608 Yonghui Liu

In this section, some rank equalities related to generalized inverses A
(2)
T,S of a

matrix are given.

Theorem 2.1. Let A ∈ Cm×m be given. Suppose that G ∈ Cm×m such that
R(G) = T and N(G) = S. If A has a {2}− inverse A

(2)
T,S

A
(2)
T,S = G(AG)g = (GA)gG,

then

(2.1) r(AA
(2)
T,S −A

(2)
T,SA) = r

(
AG
GA

)
+ r(AG, GA)− 2r(AG).

In particular,

(2.2) AA
(2)
T,S = A

(2)
T,SA ⇐⇒ R(AG) = R(GA), R[(AG)∗] = R[(GA)∗].

Proof. Note that AA
(2)
T,S and A

(2)
T,SA are idempotent matrices. By Lemma 1.6, we

first obtain
(2.3)

r(AA
(2)
T,S −A

(2)
T,SA) = r

(
AA

(2)
T,S

A
(2)
T,SA

)
+ r(AA

(2)
T,S , A

(2)
T,SA)− r(AA

(2)
T,S)− r(A(2)

T,SA).

Note that

AA
(2)
T,S = AG(AG)g = (AG)gAG, A

(2)
T,SA = (GA)gGA = GA(GA)g,

r[AG(AG)g] = r(AG), r[(AG)gAG]∗ = r(AG)∗,

then applying Lemma 1.4,

r

(
AA

(2)
T,S

A
(2)
T,SA

)
= r

(
AG
GA

)
, r(AA

(2)
T,S , A

(2)
T,SA) = r(AG, GA),

r(AA
(2)
T,S) = r(AG),

r(A(2)
T,SA) = r[(GA)gGA] = r(GA) = r(GA)2 = r(GAG) = r(AG).

Thus (2.3) reduces to (2.1). Note that

r

(
AG
GA

)
= r(AG) ⇐⇒ R(AG)∗ = R(GA)∗,

r(AG,GA) = r(AG) ⇐⇒ R(AG) = R(GA),

thus (2.1) reduces to (2.2). ¤

Corollary 2.2. Let A ∈ Cm×m , M,N be Hermitian positive definite matrices of
order m. Then
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(1) r(AA† −A†A) = 2r(A,A∗)− 2r(A);
AA† = A†A ⇔ r(A, A∗) = r(A) ⇔ A is EP;

(2) r(AA†M,N −A†M,NA) = r(A∗,MA) + r(A∗, NA)− 2r(A);
AA†M,N = A†M,NA ⇔ R(MA) = R(NA) = R(A∗) ⇔ both MA and NA are
EP;

(3) r(AA
(−1)
(L) −A

(−1)
(L) A) = r

(
APL

PLA

)
+ r(APL, PLA)− 2r(APL);

AA
(−1)
(L) = A

(−1)
(L) A ⇔ R(APL) = R(PLA), R(APL)∗ = R(PLA)∗;

(4) r(AA
(+)
(L) −A

(+)
(L)A) = r

(
APS

PSA

)
+ r(APS , PSA)− 2r(APS);

AA
(−1)
(L) = A

(−1)
(L) A ⇔ R(APS) = R(PSA), R(APS)∗ = R(PSA)∗.

Theorem 2.3. Let A ∈ Cm×m be given and k be an integer with k ≥ 2. Suppose
that G ∈ Cm×m such that R(G) = T and N(G) = S. If A has a {2}− inverse A

(2)
T,S

A
(2)
T,S = G(AG)g = (GA)gG,

then

(2.4) r(AkA
(2)
T,S −A

(2)
T,SAk) = r

(
AG
GAk

)
+ r(AkG,GA)− 2r(AG).

In particular,

(2.5) AkA
(2)
T,S = A

(2)
T,SAk ⇐⇒ R(AkG) ⊆ R(GA), R[(GAk)∗] ⊆ R[(AG)∗].

Proof. Writing AkA
(2)
T,S −A

(2)
T,SAk = −[(A(2)

T,SA)Ak−1−Ak−1(AA
(2)
T,S)] and applying

Lemma 1.6 to it, we obtain
(2.6)

r(AkA
(2)
T,S−A

(2)
T,SAk) = r

(
A

(2)
T,SAk

AA
(2)
T,S

)
+r(AkA

(2)
T,S , A

(2)
T,SA)−r(AA

(2)
T,S)−r(A(2)

T,SA).

Note that

r[(GA)gGAAk−1] = r(GAAk−1), r[Ak−1AG(AG)g] = r(Ak−1AG).

By applying Lemma 1.4, we have

r

(
A

(2)
T,SAk

AA
(2)
T,S

)
= r

(
GAk

AG

)
, r(AkA

(2)
T,S , A

(2)
T,SA) = r(AkG,GA).
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Thus (2.6) reduces to (2.4). The result in (2.5) follows immediately from (2.4). ¤

Corollary 2.4. Let A ∈ Cm×m, M,N be Hermitian positive definite matrices of
order m. Then

(1) r(AkA† −A†Ak) = r

(
Ak

A∗

)
+ r(Ak, A∗)− 2r(A);

AkA† = A†Ak ⇔ R(Ak) ⊆ R(A∗), R[(Ak)∗] ⊆ R(A);

(2) r(AkA†M,N −A†M,NAk) = r

(
Ak

A∗M

)
+ r(Ak, N−1A∗)− 2r(A);

AkA†M,N = A†M,NAk ⇔ R(Ak) ⊆ R(N−1A∗), R[(Ak)∗] ⊆ R(MA);

(3) r(AkA
(−1)
(L) −A

(−1)
(L) Ak) = r

(
APL

PLAk

)
+ r(AkPL, PLA)− 2r(APL);

AkA
(−1)
(L) = A

(−1)
(L) Ak ⇔ R(AkPL) ⊆ R(PLA), R[(PLAk)∗] ⊆ R[(APL)∗];

(4) r(AkA
(+)
(L) −A

(+)
(L)A

k) = r

(
APS

PSAk

)
+ r(AkPS , PSA)− 2r(APS);

AkA
(+)
(L) = A

(+)
(L)A

k ⇔ R(AkPS) ⊆ R(PSA), R[(PSAk)∗] ⊆ R[(APS)∗].

Theorem 2.5. Let A ∈ Cm×m be given, Suppose that G ∈ Cm×m such that
R(G) = T and N(G) = S. If A has a {2}− inverse A

(2)
T,S

A
(2)
T,S = G(AG)g = (GA)gG,

then

(1) r(A∗A(2)
T,S−A

(2)
T,SA∗) = r




AG(A∗A−AA∗)GA 0 AGA∗

0 0 AG
A∗GA GA 0


−2r(AG);

(2) If R(A∗GA) ⊆ R(GA), R[(AGA∗)∗] ⊆ R[(AG)∗], then

r(A∗A(2)
T,S −A

(2)
T,SA∗) = r[AG(A∗A−AA∗)GA];

(3) A∗A(2)
T,S = A

(2)
T,SA∗ ⇔ R(A∗GA) ⊆ R(GA), R[(AGA∗)∗] ⊆ R[(AG)∗], AGA∗AGA =

AGAA∗GA.

Proof. From Lemma 1.2 and Lemma 1.3, we have

A∗A(2)
T,S −A

(2)
T,SA∗ = A∗GAG[(AG)3]†AG−GAG[(AG)3]†AGA∗.
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By applying formula (1.6) in Lemma 1.5 and block Gaussian elimination, we have

r(A∗A(2)
T,S −A

(2)
T,SA∗) = r




(AG)3 0 AG
0 (AG)3 AGA∗

−A∗GAG GAG 0


− 2r[(AG)3]

= r




0 0 AG
−AGA∗(AG)2 (AG)3 AGA∗

−A∗GAG GAG 0


− 2r(AG)

= r




AG(A∗A−AA∗)GAG 0 AGA∗

0 0 AG
A∗GAG GAG 0


− 2r(AG)

= r




AG(A∗A−AA∗)GA 0 AGA∗

0 0 AG
A∗GA GA 0


− 2r(AG).

The last equality is based on Lemma 1.4, and the results in (2) and (3) follow
immediately from (1). ¤

Corollary 2.6. Let A ∈ Cm×m , M, N be Hermitian positive definite matrices of
order m. Then

(1) r(A∗A† −A†A∗) = r(AA∗A2 −A2A∗A);
A∗A† = A†A∗ ⇔ AA∗A2 = A2A∗A ⇔ A is star-dagger;

(2) r(A∗A†M,N −A†M,NA∗) = r[AN−1(A∗A−AA∗)MA];
A∗A†M,N = A†M,NA∗ ⇔ AN−1A∗AMA = AN−1AA∗MA;

(3) r(A∗AD −ADA∗) = r




Ak(AA∗ −A∗A)Ak 0 AkA∗

0 0 Ak

A∗Ak Ak 0


− 2r(Ak);

A∗AD = ADA∗ ⇔ R(A∗Ak) ⊆ R(Ak), R[A(Ak)∗] ⊆ R[(Ak)∗],
Ak+1A∗Ak = AkA∗Ak+1, where k = Ind(A);

(4) r(A∗Ag −AgA
∗) = r




A(AA∗ −A∗A)A 0 AA∗

0 0 A
A∗A A 0


− 2r(A);

A∗Ag = AgA
∗ ⇔ A2A∗A = AA∗A2 and E is EP.

(5) r(A∗A(−1)
(L) −A

(−1)
(L) A∗)

= r




APL(AA∗ −A∗A)PLA 0 APLA∗

0 0 APL

A∗PLA PLA 0


− 2r(APL);

A∗A(−1)
(L) = A

(−1)
(L) A∗ ⇔ R(A∗PLA) ⊆ R(PLA), R[(APLA∗)∗] ⊆ R[(APL)∗],

and APLA∗APLA = APLAA∗PLA;
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(6) r(A∗A(+)
(L) −A

(+)
(L)A

∗)

= r




APS(AA∗ −A∗A)PSA 0 APSA∗

0 0 APS

A∗PSA PSA 0


− 2r(APS);

A∗A(+)
(L) = A

(+)
(L)A

∗ ⇔ R(A∗PSA) ⊆ R(PSA), R[(APSA∗)∗] ⊆ R[(APS)∗],
and APSA∗APSA = APSAA∗PSA.

3. The rank equalities to power of the generalized inverse A
(2)
T,S of a

matrix

In this section, we present some rank equalities of matrix expressions involving
power of the generalized inverses A

(2)
T,S of a matrix.

Theorem 3.1. Let A ∈ Cm×m be given, Suppose that G ∈ Cm×m such that
R(G) = T and N(G) = S. If A has a {2}− inverse A

(2)
T,S

A
(2)
T,S = G(AG)g = (GA)gG,

then

(1) r[Im ±A
(2)
T,S ] = r[A(G2 ±GAG)A]− r(AG) + m;

(2) r[Im − (A(2)
T,S)2] = r[A(G2 + GAG)A] + r[A(G2 −GAG)A]− 2r(AG) + m.

Proof. By Lemma 1.2, Lemma 1.4 and formula (1.4) in Lemma 1.5, we easily obtain

r(Im −A
(2)
T,S) = r(Im −GAG((AG)3)†AG)

= r

(
((AG)3)∗(AG)3((AG)3)∗ ((AG)3)∗AG

GAG((AG)3)∗ I

)
− r(AG)3

= r

(
(AG)3 AG
GAG I

)
− r(AG)

= r

(
AGAGA AG

GA I

)
− r(AG)

= r

(
AGAGA−AG2A 0

0 I

)
− r(AG)

= r[A(G2 −GAG)A]− r(AG) + m.

Similarly, we can establish the other equality of (1). Next applying a well-known
rank formula r(I −A2) = r(I + A) + r(I −A)−m to Im − (A(2)

T,S)2, we obtain (2).



How to Characterize Equalities for the Generalized Inverse A
(2)
T,S of a Matrix 613

¤

Corollary 3.2. Let A ∈ Cm×m with Ind(A) = k, M, N be Hermitian positive
definite matrices of order m. Then

(1) r(Im ±A†) = r(A2 ±AA∗A)− r(A) + m;
r(Im − (A†)2) = r(A2 + AA∗A) + r(A2 −AA∗A)− 2r(A) + m;

(2) r(Im ±A†M,N ) = r(AN−1MA±AN−1A∗MA)− r(A) + m;
r(Im−(A†M,N )2) = r(AN−1MA+AN−1A∗MA)+r(AN−1MA−AN−1A∗MA)−
2r(A) + m;

(3) r(Im ±AD) = r(Ak ±Ak+1)− r(Ak) + m = r(I ±A);
r(Im − (AD)2) = r(I −A2), where k = Ind(A);

(4) r(Im ±Ag) = r(I ±A);
r(Im − (Ag)2) = r(I −A2);

(5) r(Im ±A
(−1)
(L) ) = r[A((PL)2 ± PLAPL)A]− r(APL) + m;

r(Im−A
(−1)
(L) ) = r[A((PL)2+PLAPL)A]+r[A((PL)2−PLAPL)A]−2r(APL)+

m;

(6) r(Im ±A
(+)
(L)) = r[A((PS)2 ± PSAPS)A]− r(APS) + m;

r(Im−A
(+)
(L)) = r[A((PS)2+PSAPS)A]+r[A((PS)2−PSAPS)A]−2r(APS)+m.

Proof. (1), (2), (5), (6) follow from Theorem 3.1. (4) follows from (3). For (3),
we use a well-known results r(p(A)q(A)) = r(p(A)) + r(q(A))−m, where p(A) and
q(A) are polynomial of A. ¤

Theorem 3.3. Let A ∈ Cm×m be given, Suppose that G ∈ Cm×m such that
R(G) = T and N(G) = S. If A has a {2}− inverse A

(2)
T,S

A
(2)
T,S = G(AG)g = (GA)gG,

then

(1) r[A(2)
T,S ± (A(2)

T,S)2] = r[A(G2 ±GAG)A];

(2) A
(2)
T,S = (A(2)

T,S)2 ⇔ AG2A = (AG)2A.

Proof. According to a well-known rank formula

r(A−A2) = r(I −A) + r(A)−m,

we get
r[A(2)

T,S ± (A(2)
T,S)2] = r(Im ±A

(2)
T,S) + r(A(2)

T,S)−m,

putting
r(A(2)

T,S) = r[GAG((AG)3)†AG] = r(AG),
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and Theorem 3.1(1) to them yields the two equalities in (1). The result in (2)
follows from (1). ¤

Corollary 3.4. Let A ∈ Cm×m , M,N be Hermitian positive definite matrices of
order m. Then

(1) r(A† ± (A†)2) = r(A2 ±AA∗A);
(A†)2 = A† ⇔ AA∗A = A2;

(2) r(A†M,N ± (A†M,N )2) = r(AN−1MA±AN−1A∗MA);
(A†M,N )2 = A†M,N ⇔ AN−1MA = AN−1A∗MA;

(3) r(AD ± (AD)2) = r(Ak ±Ak+1);
(AD)2 = AD ⇔ Ak+1 = Ak, where k = Ind(A);

(4) r(Ag ± (Ag)2) = r(A±A2);
(Ag)2 = Ag ⇔ A2 = A, i.e. A is idempotent;

(5) r(A(−1)
(L) ± (A(−1)

(L) )2) = r[A((PL)2 ± PLAPL)A];

(A(−1)
(L) )2 = A

(−1)
(L) ⇔ A(PL)2A = (APL)2A;

(6) r(A(+)
(L) ± (A(+)

(L))
2) = r[A((PS)2 ± PSAPS)A];

(A(+)
(L))

2 = A
(+)
(L) ⇔ A(PS)2A = (APS)2A.

Theorem 3.5. Let A ∈ Cm×m be given, Suppose that G ∈ Cm×m such that
R(G) = T and N(G) = S. If A has a {2}− inverse A

(2)
T,S

A
(2)
T,S = G(AG)g = (GA)gG,

then

(1) r[A(2)
T,S − (A(2)

T,S)3] = r[A(G2 + GAG)A] + r[A(G2 −GAG)A]− r(AG);

(2) A
(2)
T,S = (A(2)

T,S)3 ⇔ r[A(G2 + GAG)A] + r[A(G2 −GAG)A] = r(AG).

Proof. Applying a well-known rank equality

r(A−A3) = r(A + A2) + r(A−A2)− r(A),

we obtain

r[A(2)
T,S − (A(2)

T,S)3] = r[A(2)
T,S + (A(2)

T,S)2] + r[A(2)
T,S − (A(2)

T,S)2]− r(A(2)
T,S).

Then putting Theorem 3.3(1) and r(A(2)
T,S) = r(AG) in it yields (1). The result in

(2) follows from (1). ¤

Corollary 3.6. Let A ∈ Cm×m, M,N be Hermitian positive definite matrices of
order m. Then
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(1) r(A† − (A†)3) = r(A2 + AA∗A) + r(A2 −AA∗A)− r(A);
(A†)3 = A† ⇔ r(A2 + AA∗A) + r(A2 −AA∗A) = r(A);

(2) r(A†M,N − (A†M,N )3) = r(AN−1MA + AN−1A∗MA) + r(AN−1MA −
AN−1A∗MA)− r(A);
(A†M,N )3 = A†M,N ⇔ r(AN−1MA+AN−1A∗MA)+r(AN−1MA−AN−1A∗MA) =
r(A);

(3) r(AD − (AD)3) = r(Ak + Ak+1) + r(Ak −Ak+1)− r(Ak) = r(Ak −Ak+2);
(AD)3 = AD ⇔ Ak+2 = Ak, where k = Ind(A);

(4) r(Ag − (Ag)3) = r(A−A3);
(Ag)3 = Ag ⇔ A3 = A, i.e. A is tripotent;

(5) r(A(−1)
(L) − (A(−1)

(L) )3) = r[A((PL)2 + PLAPL)A] + r[A((PL)2 − PLAPL)A] −
r(APL);
(A(−1)

(L) )3 = A
(−1)
(L) ⇔ r[A((PL)2 + PLAPL)A] + r[A((PL)2 − PLAPL)A] =

r(APL);

(6) r(A(+)
(L)−(A(+)

(L))
3) = r[A((PS)2+PSAPS)A]+r[A((PS)2−PSAPS)A]−r(APS);

(A(+)
(L))

3 = A
(+)
(L) ⇔ r[A((PS)2+PSAPS)A]+r[A((PS)2−PSAPS)A] = r(APS).

Proof. (1), (2), (5), (6) follow from Theorem 3.5 and Corollary 3.4. (4) follows from
(3). We only prove (3). Applying a well-known rank equality

r(p(A)q(A)) = r(p(A)) + r(q(A))−m,

where p(A), q(A) are polynomial of A gives

r[AD − (AD)3] = r(Ak + Ak+1) + r(Ak −Ak+1)− r(Ak)
= r(A2k −A2(k+1)) + m− r(Ak)
= r(Ak) + r(Ak −Ak+2)−m + m− r(Ak) = r(Ak −Ak+2).

¤

4. Concluding remarks

In this paper, some rank equalities related to the generalized inverse A
(2)
T,S of a

matrix have been established and some well-known results have been extended.
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