KYUNGPOOK Math. J. 43(2003), 579-585

On a Class of Univalent Functions Defined by Ruscheweyh
Derivatives

S. SHAMS AND S. R. KULKARNI
Fergusson College, Pune - 411004, India
e-mail : kulkarni-ferg@yahoo.com

JAY M. JAHANGIRI
Kent State University, U.S.A.
e-mail : jayOgeauga.kent.edu

ABSTRACT. A new class of univalent functions is defined by making use of the Ruscheweyh
derivatives. We provide necessary and sufficient coefficient conditions, extreme points,
integral representations, distortion bounds, and radius of starlikeness and convexity for
this class.

1. Introduction

Let A denote the family of functions f that are analytic in the open unit disc
A = {z : |z|] < 1} and consider the subclass 7 consisting of functions f in A,
which are univalent in A and are of the form f(z) = 2 —> ", a,2", where a,, > 0.
For« >0, 0 < < 1and XA > —1, we let D(a, 8, ) consist of functions f in 7
satisfying the condition

o ()

2D (2)
DAf(z)

1‘ 8
The operator D*f is the Ruscheweyh derivative [2] of f defined by

A—1 ) o0
D= TN 2 =2 Y B
: n=2

(1-2)

where

(A =1 A+ DA+2)---(A+n—1)
Bw=(""")- (-1 |

Here the operation * stands for the convolution of two power series f(z) = z —
S sanz™ and g(z) =z — Y07, byz™ denoted by (f *g)(2) =z — > .0 anbyz™.
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The family D(a, 8, A) is of special interest for it contains many well-known as
well as new classes of analytic univalent functions. In particular, for a = 0 and
0 < A <1 it provides a transition from starlike functions to convex functions. More
specifically, D(0, 3,0) is the family of functions starlike of order 8 and D(0, 3, 1)
is the family of functions convex of order . For D(«,0,0), we obtain the class
of uniformly a-starlike functions introduced by Kanas and Wisniowska ([1]), which
can be generalized to, D(«, (3, 0), the class of uniformly a-starlike functions of order
(. Generally speaking, D(a, 3, ), consists of functions F(z) = D*f(z) which
are uniformly a-starlike of order § in A. In this paper we provide necessary and
sufficient coefficient conditions, extreme points, integral representations, distortion
bounds, and radius of starlikeness and convexity for functions in D(«, 3, \).

2. Main results

First we provide a necessary and sufficient coefficient bound for functions in

D(a, B, ).
Theorem 2.1. Let f € T. Then f is in D(«, 8, ) if and only if

2) 3 n(l +O{):ﬁ(a+ﬁ) anBp()) < 1.

Proof. Suppose that f € D(«, 8, ). Using the fact that ® w > ajw — 1| + g if and
only if R(w(1 + ae’?) — ae’) > 3 for real v and letting w = z(D*f)'/D* f in (1)
we obtain

or equivalently

R {(1 - 3) - 27010:2(” - ﬁ)in_BgigznalB_ E)‘)\e;:ng_:l?—z(n - 1)aan(/\)Zn1] <0

The above inequality must hold for all z in A. Letting z — 1~ yields

R {(1 ) = S5, (n— BanBa(N) — ac” T, (n — 1y Ba(N)
1- 2212 anBn(\)

and so by the mean value theorem we have

X

Re |(1=8) =Y (n—B)anBn(N) — ae Y (n—1)anBn(\)| > 0.
n=2 n=2
Therefore

oo

Z(n(l +a) = (a+f8))anB,(A) <1-4.

n=2
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Conversely, let (2) hold. We will show that (1) is satisfied and so f € D(«, 5, A).
Using the fact that ®(w) > « if and only if |w — (14 )| < w4+ (1 — )| it is enough
to show that

WW_(HaW_lHﬁ)’

D(2) D I(2)
ADVEY (L HDEY
DV () *(1 oy ﬁ)‘

. A
For letting e'? = \gxﬁz;\ we may write

DA () 2(DA f(2))
po= PO+ (oGt )
— e DM + (0= D) - a0 ) - DG
2 [ =
> ——— [(2-0) - n+1—08+na—a)a,By(\
e > Jan ()
and
DA () 2(D f(2))
o= PO (e B )
= m —Bz — Z(n —1—B)anB,(\)z" — ae™| Z(l —n)a, B, (\)z"
< WJ?(Z” ﬁ+Z(n—1—ﬁ+na—a)aan()\)

It is easy to verify that E — F > 0 if (2) holds and so the proof is complete. O

Remark 2.2. The above theorem for the special cases D(0,3,0) and D(0, 5, 1)
lead to results obtained by Silverman ([3]).

Remark 2.3. Since B, (A2) < B, (A1) for A2 < A1 we note that D(a, 8, A\1)CD(a, 5, A2).
The extreme points and integral representation for the class D(«, 5, \) are given
in the next two theorems.

Theorem 2.4. Let f1(z) = z and f,(2) = z — [n(1+a)—1(;iﬁ)]Bn(>\)Zn where n =
2,3,---. Then f € D(a, B, ) if and only if it can be expressed in the form f(z) =

D neo Hnfn(2) where py > 0 and 3707 | jin = 1. In particular, the extreme points of
D(a, B, A) are the functions f1(z) = z and

R (| AE R
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Proof. First let f be expressed as in the above theorem. This means that we can
write

Z):Z:l,unfn =Zz—- Z:Q 1+a ﬁﬁ)] th

Therefore f € D(a, 8, \) since

o0

1+a a+ >
Z f) tan()\):Zunzl—ul <1.
n=2

Conversely, suppose that f € D(«, 3, A). Then, by (2), we have

1-p
[n(1+a) = (a+ B)]|Bn(A)’

an < n=23,---

So, we may set

[n(1+ @) — (a+ B)|1Bn(M)

Hn = Qs n:2737"'

1-5

and pg =1— Y ", ftn. Then

& 0 i 1—5 n
&) = 23 o —Z—HZZ T a) (ot BB
Z—ZMTL n
<1_Zun> Z_Zﬂnfn Z/’Lnf”

This completes the proof. |

For a=A=0and a =\ —1=0 we obtain the following respective corollaries
which have also been obtained by Silverman ([3]).
Corollary 2.5. Let f1(z) = z and f,(2) = z — fgz , m =23, then f €
S*(B) if and only if it can be expressed in the form f(z) = >0 | pnfn(2), pn >
07 chzl Hn = L.

Corollary 2.6. Let fi1(z) = z and fo(z) = z — (1 —57% 2" n = 2,3,---, then

[ € K(B) if and only if it can be expressed in the form f(z) = 307 | pinfn(2), pn >
0, Y00 pn=1.

The following theorem provides integral representations for D f.
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Theorem 2.7. Let f € D(«, 3, ) then

3) D f(2) = exp < /0 ’ mcﬁ)

where |Q(z)| < 1. Also

() DA1(:) = e [ towta = 22 0+ (o))

where p(x) is probability measure on X = {z||z| = 1}.

Proof. The case a« = 0 is obvious. Let o # 0. Then for f € D(a,(3,A) and
A ’

w= % we have ® w > a|w — 1| + 3. Therefore Zj—:é’ <gand 2= = QS)

where |Q(z)| < 1. This yields

(DXf(2)) _ o—BQ(2)

DAf(z) — z(a—Q(2))

For the second representation, set X = {z : |z[ = 1}. Then we have, '=5 = Jxz or

and therefore

(D f(2)) _ a- Bxz - log D f(2)

DA f(z) 2(a — z2) z

= —(1+ 0)log(a — z2).

If u(x) is the probability measure on X then

D f(z) = zexp (/X log(a — xz)(Hﬁ)d,u(x)) .

Next we obtain a distortion bound for D*f.

Theorem 2.8. Let f € D(a, 5, \), then

1-— 1-—
9 ol = g ol < DM < Jol +

2.

Proof. For f € D(a, 3, \) we have Y~ , apnBp(X) < 2_1;fﬁ. Therefore

e . 0o 1 _ﬂ
DM ()] < J2l+ D anBa(W)[2]" < |2l + 217 Y anBa() < |2 + le\Z’
n=2

n=2
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and

) . [eS) 1 75
DX ()] = |2l = D anBaW)[2[" 2 |2 = 217 D anBu(X) > |2 - m\ZIQ-
n=2 n=2

O
Finally, we obtain the radius of starlikeness and convexity.

Theorem 2.9. Let f € D(a, 5,A). Then f(z) is starlike of order p (0 < p < 1) in
|z| < r(w, o, B, ) where

[n(1+ ) = (a+3)]|(1 — p)
(1=8)(n—p)

(6) r(p,a, B,\) = irﬁf {

Z}cé’;) - 1’ < 1— p. In other words, it

Proof. For 0 < pp < 1 we need to show that
is sufficient to show that

A1) 1‘ < Eoy(n = Dayls"
& T Sl

< 1—p

or

o0
(7) 3 T:Zan|z|"_1 <1
n=2

It is easy to see that (7) holds if

n1 < [n(1+a) = (a+B)|(1 —p)
(1=08)(n—p)

|z

B(\).

This completes the proof. O

Upon noting the fact that f is convex if and only if zf’ is starlike, we obtain

Theorem 2.10. Let f € D(«, 8,\). Then f(2) is convex of order p (0 < p < 1)
in |z| <r(wp,a,B,\) where

[n(1 +a) — (a+ B)(1 — ) o
n(l—p)(n — p) '

r(u,, 6, ) = inf
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