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UNIVALENT HARMONIC EXTERIOR MAPPINGS

Sook HEuUI Jun*

ABSTRACT. In this paper, we will show that the bounds for coef-
ficients of harmonic, orientation-preserving, univalent mappings f
defined on A = {z : |z| > 1} with f(A) = A are sharp by finding
extremal functions.

1. Introduction
Consider the class ¥ of all complex-valued, harmonic, orientation-

preserving, univalent mappings f defined on A = {z : |z| > 1}, which

are normalized at infinity by f(co) = oo ([1]). If f € ¥ with f(A) =

A, then f has a Poisson integral representation

et + 2

o 1 27
f(z) = az+ﬁz+Alog|z|——/ Re { .
2 0

et — 2

:| (eie(t) _aeit _Be—it)dt

where 6 is a nondecreasing continuous function on R with 6(¢ 4 27) =
0(t) +2m, 0 < |B|] < |af, and |A|/2 < |af + 6] ([1, 2]). Since

Re [ZZJZ} =—-1->>_ (i:t + Q;T), we have
- 0 am o0 7m
1 = Al -m Om
(1) f(z) = az+ Bz + Og|Z|+mZ_OZm+mZ_lzm’
where
1 27 ‘
ap =5— e qy
2 Jo
_ 1 21 . B 1 27 ‘
a=— [+ _/ el[t+9(t)]dt, by = —a + — e—z[t—é)(t)]dt’
21 Jo 2m Jo
1 2n 1 27
Uy =— M0l g and b, = — o—ilmt—0(6)] g
27 Jo 2 Jo
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for m > 2. Thus we know that |an| < L, |by,| < L for m > 2 ([2,
Corollary 2.5]).

In this paper, we will show that the bounds |b,,| < % are sharp for
m > 2 by finding an extremal function for each m.

2. Extremal Functions
From now on n > 2 unless there is further mention. Consider the
) 0 (i nt if0<t<27w/n
function e» () where ,,(t) = ' Then f(z) of
2r if 27w /n <t < 27
the form (1) is a harmonic function in A and f(co0) = oo . And also
we have

_ in(l_eiZ‘/r/n) . .
1 —B— ot ifm=1
ao—l__7 Ay = . (1 i27rm/n)
n n(l—e .
~ 2mm(nym) if m > 2,
and
; _e—i T/n .
—at mgﬂ(n—j)) if m=1
b = % ifm=n
; _e—i Tm/n .
Zn(217rm(n2—m) ) if m 7& n, m > 2.
Thus we obtain
I 1 2 Q
(2) f(z) :aZ+ﬁZ+Alog|z|+(1__)_§_t
n z z
m 1-— ei27rm/n mn 1 e—i27rm/n 1
_ 7 - @ 4+ n
m#n

and b,, = %

In the remainder of this section we shall show that there exists
a choice of o, (3, and A so that f is univalent, hence an extremal
function in X. ‘

It is obvious that Z;; g—g = —log(1 — () for |¢| < 1. By replacing

¢ by 1/z and e’?™/" /2, we obtain

> 1— ei27rj/n P ei27r/n

(3) Z T = log -1 L(z)
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for |z| > 1. From (3), we have

(4)

0 1— ei27rm/n 1 0 1 ezQTrm/n
D ECCCRIE SR g FE il
= m(n+m)z n L= (n+m)z

I
S|
i
|
N
=
=
&
+
N

3

by letting j = n 4+ m and then by applying (3) again. Similarly we
also have

oo 1— ei27rm/n 1 1 1 n—l — 6_127U/n
5 I N =
(5) mz_lm(n—m)zm n ( " "Z
m#n -

Substitution of (4) and (5) into (2) leads to the representation

a2 1 3 « 1
(6) f(Z)Zaz+ﬂz+Alog|z|+(1—_)_é_t_i_Tn
n z z nz
7 " . n 1_ei27rj/n
~ 5 (1—-2"L(2)+ =2 ZJT
=1
2 1 1 n 11—6 275 /n
I TR RSN Sl e

Thus
(7)

j=1 gz

fomatith +”€J[L<z>—2fz ez,

n—1 _e—i27r’/n

4cos(m/n)—1 f >3
Let &, = 6 cos(m/n) =2 Then $ <& < gforn>3
0 for n = 2.

and Lemma 2.1 is true for this &,. We made this choice for &, with
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help of a computer. If we choose a = ke'(»~D7/n 3 = kg, e~m/m
and A = k in (6), then the necessary conditions 0 < |§]| < |a| and
|A]/2 < |a] + |F] for the mapping in ¥ are satisfied for all £ > 0.
Therefore, from now on we restrict o, 3, and A to be of this form.
In order to prove our main theorem, we need several lemmas. In
Theorem 2.7, we are going to show for each n > 2 that there exist
a, 3, and A of the form above such that f € ¥ with b,, = 1/n.

LEMMA 2.1. Let Y = 2cos[(n — 1)n/n — 6(n — 1)] + cosnb +
2¢, cos[m/n—6(n+1)] for 0 <0 <27/n. Then Y > 0.

Proof. If n =2, then Y > 1 since 0 < sinf < 1. In case n > 3, let
nd =t. Then 0 <t < 27 and
(8) Y =2cos[m — (m —t)/n—t] + cost+ 2&, cos[(m —t)/n —t].

Since Y (2 — t) = Y (t), we only need to show Y > 0 for 0 < ¢ < 7.
We can rewrite (8) as follows
2n—Dt+7m . m—t

Y = 2sin sin + 4&, sin -
2n 2n

sint

+ (26, — 1) cos m+(n—1)t

by using properties of trigonometric functions.

If (7(1 2)7)r < t <, then cos LF(Z Dt 0, sin Zn_Ditr QQHW sin -t > 0,

and sin ™! sint > 0. Thus Y > 0 because 1/3 <&, <1/2 forn>3

If 0 < t < (7(1 2)17;’ then 0 < COSM < cos I, sing- <
(2n—1)t+m

T—t

sin 5 Sin 4(n ) < sin %*, and sin — tsint > 0. Thus Y >
2sin o-[sin =D — 1 sin -] because &, = % for n > 3. Since
sing- > 0forn >3 and Slnm 3sin g~ > sin 4(n_1) — G 1t

6Ln 4(n7r—1)’
then 0 <z < ¢ and sin 4( ) — g = sinz — %, say g(x). Since
g(0) =0, g(%)>0 andg( ) >0, we have g(z) >0 for 0 <z < 3.
Therefore sin ﬁ 6 > 0 for n > 3. This implies that Y > 0 for

n—2)m
0<t< G2s O

is enough to show that sin ﬁ — is positive. Let x =




UNIVALENT HARMONIC EXTERIOR MAPPINGS 35

_ei27r/n

LEMMA 2.2. Let ( = H(z) = *=%—=— for |z| > 1. Then the image
of |z| > 1 is the half plane m/n — 7 < arg( < 7/n and arg H(e'?) =
{ w/n if2m/n < 6 <27

m/n—7m if0<60<2m/n.

Proof. The proof is elementary. We omit it. O
_ei27r/n

LEMMA 2.3. Let L(z) = log =%~

(r>1).

= a(z) +ib(2), and z = re*?

a(re®®)y <0 ift/n<O<m+m/n
Then { a(re®®) =0 if0 ==/n, 7+7/n
a(re®®)y >0 if0<f<7/n, mn+7/n<6<2m.

Proof. In a straight-forward manner, one analyzes the situation
Z_ei27r/n

z—1

when is less than 1, equal to 1, and larger than one. O

In the following lemma, we compare derivatives on |z| = 1.

LEMMA 2.4. Let z = €%(0 < < 27). Then function (6) satisfies
|f2| = |fz| for 2w/n < 0 < 27, and if 0 < 6 < 27/n, then |fs| < |f.]|
for all k sufficiently large.

Proof. From (7), we have

n 2 A 3 "1 — ei2mi/n
fl =g et o+ )+ L) =) ———

mnzn—1 2z 22 = j2I
PATN s " i 2=
Since zz = 1, we have
| /2] :% mzizﬂ(ﬁ + % +az? — Z"H -l—:il_j#m — L(z)
:% mz%(gﬁ-%-i-a—zn_l)—gl_;%j/n-kuz)
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Let 25 (a+ g+ 5) - Y0, 257" = K(2) = o(z) +id(2). Then

| f= ——IK+L| 7rI(CJra)JrZ(der)l and
2 . 2
fol = = et a)+id+ T —b)|.

From these, we have |f.|? — |f:]? = "—2(d + I)(b — T). By Lemma
2.2, we know that

b = { w/n if 2 /n < 6 < 27
“)= w/n—m if0<6<2n/n.

Therefore,
o) IR 0 if 2% <0 < 2m
’ T -2@+n) ifo<g<2m

Now for 0 < 6 < 27/n, we want to show that |fz| < |f.| for all k
sufficiently large. Since o = ke!»=D7/n 5 = k£ e~ /" and A =k,
we have

d=— %k{Q cos(n — 1)(m/n — 0) 4+ cosnb + 2&,, cos[r/n — (n + 1)0]}

0j + sin(2£L — 05
+Zsmj sin( j)'

Jj=1 J

By using the notation of Lemma 2.1, we have

Je ’ﬂ'ky Zsmej-i—sm(%r/n— )

Jj=1 J

By substituting d into (9), we have

2n—1 . . . .
n sinf@7 + sin(27/n — 6
7 1l = iy = Ty OISR O,

=1 J
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From Lemma 2.1, we know that C' = ming<g<ar/nY > 0. Thus for
0<6<2n/n,

n—1 . . . .
2 ]2 > n kO — n Z sin 0 +sm(27r/n —0)j 1
7 J

7j=1
Since 2 Z;le SinejJrSinj(.Qﬂ/n_e)j + 1 is bounded, there exists M,, > 0
such that }%Z;le Sinejﬂin](.%/n_e)j + 1} < M,. Therefore |f.|* —
|fz|* > n(kC — M,,). Choose k such that & > M, /C. Then |f.|*> —
|fz|? > 0, that is, |f.| > | f=]. O

LEMMA 2.5. On E = {z : |z| > 1,2 # 1,2 # €?™/"}, we have
f» # 0 for all k sufficiently large.

Proof. Let F = k(—e™™/m 4 & + 5"627;/“), and let
S = m;:r_l Z;’;RJA 1=e®7" Phen f. = F + S by applying (3).

Ve
Part I: Let z = re?. Then we have |S| < "T:r_l > ieni ]% <
(CES ez ) for r > 1 and
(10) P> k(1 — = — 5y s pd Z ey forr > 1.
2r 2 2

Thus |f.| >k(%—§n)—W"T(T_1) for r > 1. If r > 2, then |f.| > 0

for allkz m
Part II: Let Fi(z) = £, ©; = {w: Re w > 0, Im w > 0}, O =
{w: Re w <0, Imw>0}, O3 ={w: Rew <0, Imw < 0}, and
Oy ={w: Rew >0, Imw < 0}. Then F(1) € O, F(e?™/™) € O,
4cos(m/n)—1 ifn>3

forn = 2,3, and F(e27/") € ©3 for n > 4 since &, = { 6 cos(/n)
0 ifn=2.

Choose € (0 < € < 5-) such that {w : |F(1) —w| < 2¢} € ©1 and

{w: |F(e™™/™) —w| < 2} € Oy for n = 2,3, and {w : |F(e?™/") —

w| < 2€} C O3 for n > 4. Since F is continuous at z = 1, €27/",

there exists & > 0 for which |F(z) — F(1)| < e if |z — 1] < § and

|F(2) — F(e™/")| < €if |z — /| < §,and {z: |z — 1| < 0} N {z:

|z — 2™/ < §} = ¢. Thus we have the following facts:

(11) 4) For |z —1| < 8, we have ReF > ¢/2 and ImE > ¢/2.
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(12)
i) If n = 2,3, then ReF < —¢/2 and ImF > €/2 for |z —e'?™/"| < 4.

(13)

iii) If n. > 4, then ReF < —e/2 and ImE < —e/2 for |z—e™?™™| < 6.
Now consider L(z) = log % Then by Lemmas 2.2 and 2.3,

we know that lim, 1 a(2) = oo, lim,_, sizx/» a(z) = —00, and L(]z| >

N=Aw:n/n—nm < Imw < 7n/n}. For M = (:;i):, |z| > 1,

there is a 01(0 < §; < ¢) for which a(z) > M if |z — 1| < ¢; and

a(z) < =M if |z —e**™/"| < §;. Choose &y small enough that

i)(50<51,
i) z =rei® € {z: ]z — 1| < b, |z|z1}:Q1;»oge<21
n

0r27r—2£<9§27r,

n
. . 3 5

iii) z =re? € {z: |z — /M| < 8o, 2| > 1} =Qy = T p< 2T,
2n 2n

Then |arg [% — 5| < efor z € Q1, and |arg [%} —37” <

€ for z € (2. This implies that

inz" !
(14) 5 L(z)e{w:Imw >0} forze @
™

and for z € Q2,

. n—1
(15) m; L(z) ¢ 0,08, ifn=2
(16) i é®, =3
ot z 4 n =.o,
inz" 1 — .
(17) L(z) ¢ ©; ifn>4.
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The proof above is elementary. So we omit it.
By substituting L(z) and F'(z) into (7), we have

- n—1 - n—1 T _ o275 /n
-z mnz 1— e
. =kF L — —
f + 27 27 ; 727
Since %:_1 2?21 1—6]%3/” is a polynomial‘of‘ degree n — 2, there
exists My > 0 such that ‘—% 2?21 1—6]%/” < My on © =
@1 UQ2. So on ©, We have
_qnz"t
(18) |f2| > ‘kF + L‘ — M.
If z € @1, then from (11) and (14), we obtain
(19)
. n—1 . n—1
~ ~ k
If.] > ‘kF-i— nE L‘—Mo > I'm {kF-i— mnx L] My > g—MO.
s

Similarly, when z € Q2, apply (12) and (15), (12) and (16), (13) and
(17) to (18), then we also obtain

ke
(20) |fz| > ? - MO-

From (19) and (20), we have |f,| > ke/2 — My on ©. Therefore
f2#0on O for k > 2Mj/e.

Part III: Let U = {z : 1 < |z| < 2}\O. Then there exists M; > 0
such that |L(z)| < M;. By applying (3) to .S, we have

. n—1 n _ o275 /n
inz 1 —e*™
27 (2) Z 727
Jj=1
Thus
1 n—-1 n—2 n=1lgop_1-j
" 2 M2 2 J
|S|§n|Z| M1+Z - n L = RonU
= jlz m T
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(10) implies that |f.| > k(1/2 —&,) — Ron U. If kK > 2R/(1 — 2¢,),
then |f.| > 0 on U.
Part I, II, and III imply that for all

2M, 2R
k > max { n 0 }

(n+D7r(1—2&) € '1-2¢,

f-#0on E. O

LEMMA 2.6. The function f(z) of the form (6) with o = ke*(»=17/n
B = ké,e~ /" and A = k is locally univalent in A for all k sufficiently
large.

Proof. By Lemma 2.4, there exists k1 such that |f,| > |fz| on B =
{z:|2] =1, 2 #1, 2 # ¢e?™/"} for all k > k;. By Lemma 2.5, there
exists ko such that f, Z0on E = {z: |2| > 1, 2z # 1, z # ?™/"}
for all & > ko. Let ky = max{ki, k2}. Then for all £ > kf, we have
|fz] > |fz| for z € B and f, # 0 for z € E.

Let a(z) = fz/f., then a(z) is analytic on A and |a(z)| < 1 on B.

in

- s Regular terms/L(z) — T
|a(z)| =7 |~ ot | 1
e Regular terms/L(z) + *5—

as z — lor z — 2™/ By the Maximum Principle, we have |a(z)| < 1
in A. If |a] = 1 at some point in A, then |a|] = 1; but |a(c0)| =
|8/al = &, < 1/2. This implies that |a| < 1 in A. Thus |f.| > |f;] in
A. Therefore f is locally univalent in A, and at oo, too. 0J

THEOREM 2.7. Foreachn > 2 there exists a harmonic, orientation-
preserving, univalent mapping of A onto itself with the Fourier ex-
pansion (1) such that b, = +.

Proof. For each n, take (6) with o = ke?(»=D7/7 3 = kg e=im/m
4cos(m/n)—1 ifn>3

and A = k where &, = G cos(m/n) —  Then there exists
0 if n=2.

k > 0 such that f is local homeomorphism on A U {oo} and the
Jacobian of f, J; = |f.|? —|fz|?, is positiveon ' = {z = ¢ : 0 < 0 <
27 /n} by Lemma 2.6 and Lemma 2.4. f is a local homeomorphism in
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full neighborhood of each point p of ' to some neighborhood of f(p)
since Jy >0 on I
) e =1
Now define the reflection G(z) = 1 .

5 if |z] < 1.
local homeomorphism at each point of S?\I" where S? is the Riemann
sphere and T = {z =€ :2n/n < 0 < 2r}. It is continuous on S2.
However, G is constant on I'. Now identify points of T’ and call this
element b. We obtain a new function F' on a new domain, which
is topologically a sphere S2. F is a homeomorphism since F is a
local homeomorphism on S$2\{b} and continuous on S?. Hence G is a

Then G is

homeomorphism on Sz\f‘. Therefore, G| = f is a homeomorphism.
A
OJ
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