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Comparison of Semi-Implicit Integration Schemes for Rate-Dependent
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During decades, there has been much progress in understanding of the inelastic behavior of the materials
and numerous inelastic constitutive equations have been developed. The complexity of these constitutive
equations generally requires a stable and accurate numerical method. To obtain the increment of state variable,
its evolution laws are linearized by several approximation methods, such as general midpoint rule(GMR) or
general trapezoidal rule(GTR). In this investigation, semi-implicit integration schemes using GTR and GMR
were developed and implemented into ABAQUS by means of UMAT subroutine. The comparison of
integration schemes was conducted on the simple tension case, and simple shear case and nonproportional
loading case. The fully implicit integration(FI) was the most stable but amplified the truncation error when the
nonlinearity of state variable is strong. The semi-implicit integration using GTR gave the most accurate
results at tension and shear problem. The numerical solutions with refined time increment were always placed
between results of GTR and those of FI. GTR integration with adjusting midpoint parameter can be
recommended as the best integration method for viscoplastic equation considering nonlinear kinematic

hardening.
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Table 1 Material Parameter of Chaboche Model
Material T(C% n K k C T Q B a, E
316L stainless steel 20 24 151 82 162400 2800 60 8 1 196000
316L stainless steel 600 12 150 6 24800 300 80 10 1 149760
A} .
¢ oAo, =[K—§p(l—MIIé’,ﬁAEkk
. - - G
‘](sn+l n+1)+0[3/u+6)pn+lAt=J(sn+1_Xn+l) 30ub AL
+2y[l—L;"*’j6A£ij
(29) c
A @9 S3HAL wygsia A ongd e Joentl_ax, ~0ca(p,) ol
-l —r|n
52 gEZ7(Dynamic yield condition)& T &G ™o, Prn Prot) g [ |0
olq.
AA
S0P A LR
( n+1 n+l) nel = (30) O-G ¢ (34)
. 1/n
714 ¥, —R+1—k—K(pn+1) olch. AN Gy =T (8,0 - Xpn) O k= buk
oA A GoE AHsE A 0DF 2ol poquus ook WY v AlEE pol HE T
S7b £UEE SE(p)0 PAFL AR wo gpiag 4 (34)011*1 F2g e ¥
BRAE F=E 7 A opA e gol A38(X,, )0l Yol Yrke A
n
ol .

%) pn+1At Yn+1 (31)

4714 &= (8, ~X,.,) oItk
A8 G(p,,)=0 2
HE F5(p,,)E BRI

G+ _ o ) _ G(p"“(l))
oG/ 3p,.,

A GnlA I5FH S gEde asx
god p S A @)Y Zo] AT F dod

TZ.
L=

Newton i

A7 S 24

(32)

Ay

o] Zt& Newton iteration & Z7)gtoz A}23lR T
5 (o)zJ(s"’—X,>—(k+R,) )
m O(3u+C+bQ)At
o714 §7 =sn+2yAeij°1E}.
2 2 BEe TES WUYE SE9
#AE Jdede "’ﬂéi BE LAY g 1T
“H 2 2 FEHEE FASH] Yste] Hag AJRol
1;}'(8)

2 (22), A (29, 4

% l{P"“ﬁO] UH—°r &‘0}
o E}("” upebA 2 Aol
Ae 9dA AR F 3 7kA] HEHE AME
&} Chaboche 2.2 &}

ek AWA 2A4LS GTR%

2 F30H EE&0)0°] 05 20 Aol 4 21)~(24)
ANA 4 F7 FH F&ol AgHEY vl
HoE 93l 2% 22 o=z AU F
HA A4 %ﬁﬂ% BEol 1 A A= g o

B (full

T HE=E

of 2 ZA3E v}

ARE-3E AR v o

g mlo
2
L AQ 2o

A AHEH(fully implicit integration, ©|3} FI)o]t}.
a8z AT F9E GMR & AMgdtn Z20F

2£E&©)0°] 05 A4 FAfolth T4 E&(@©)0] 1 9
H GTR ¥ GMR 25 94#d g3 uglo] 5o
T4 25 =&t} gebr GMR Z FI 9 o
% F&A GMR A9 FHde A4S, GTR
FI ¢ ¥iE Z3hA GTR dlA9 FTde o
e 4 4 Atk HYd 3dA BELS GIR A
S H&Ha FI H&, 28z vlx 9 94yl e
oz AR g}

AL oot KK

>

MR

Q

i



1912
200
150 4
©
[
2
o 100
w0
1<
[ At =0.01sec
50 4 0 - At=0.1sec
o - At=0.2sec
A At =0.4sec
0 T T T
0.0 0.5 1.0 1.5 20
Strain (%)

Fig. 3 Tension curve (GTR, 6=0.5)

2004 /(W
1501 e
P P
c y:
£
» 100 /é
] i
£
» — At=001sec
50+ o at=0.1sec
{ O At=0.2sec
A at=0.4sec
0 T T T
0.0 0.5 1.0 15 2.0
Strain (%)
Fig. 4 Tension curve (Fully implicit)
300
a
2501 a o . .
o Sf
2001 L oo
© a 5 3
[N P A 5
2 1504 o f L o E
- 3 :
] ° -
= 1004 o N
w o ——at=0.01sec
D - At=0.1sec
504 O - At=0.2sec
&0 pt = 0.4sec
0 T T T
0.0 0.5 1.0 15 20

Strain (%)

Fig. 5§ Tension curve (GMR, 6=0.5)

2.5 ABAQUS 2}2| o1&

2 AFN nRE

Ae FBResTEQ

(User material, UMAT)A]

FHAS A2

=] [e]
&I]V__tgt_

ABAQUS o] A}&x AF
S AgHAAC

HEEIO

—T =

o] ARE2"Le AA A|lAdle HaulAAS

?.

o & %
gote A BEE0 4 EFAAY 34
923 $8 FEL ANV AT APEe 3
¥ 2709 ¥ 2 Juws, 220 WEE 2
e AT FR@ZPH AF 469 3 2
AH WFE ANSE Ao AesE AEay
% A8 BHRUE At 4 Axg g

dE gyl Yste] wHFAAEYY
(deformation  gradient tensor)®™ HF I APH
(Averaged rotation tensor)o}l A|FHi=uwl B Ftd
Al BAARYEE AHeetd AR ZA HA
(Rigid Body Rotation)3 13 }% ct.®

3. Numerical Application

3.1 EhElE sy

A7 BAEHE AHEE @ I HAS
FstHch Ao AR AR AFE 316 AH
0131* 739] 600°C ARZ A<EZ Table 1 o] 55

o] Qtl. LA WYE £ E(1%sec)Z 2% B
HEAA AFsAT A FELS 0.1sec, 0.2sec,
0.4sec 9 A7HA =AdA HAL FPstn A
£ vzt Mt EAeA 7] Wi
A EE-S 001sec Z AXS ARE A= A}
|84t AEERC] 00lsec AER 83 &L
AL ANA WY BE 543 Anrt ="

Fig 32 GTR 29 Q7T He vehd 1ol
ot ZE A FERAA FAE 23S AFHE
RHolx glow MEAFAAM 2x47t 713 ol
Fig. 4 & FI A& ZAnUd &4 A7t ¢33
B & Ao AZEESEol AAFE A7 F
7bebe A& B Fig. 5 GMR A& A3
2 FANE FAHLE MFste A4S 2
A rEEo vt WFo] Frigtt. &7p w4t
A= ARt JFFo Zo] e Zm 03I} F
o 60%¢l o] &t}

Fig. 6 & Al 7}z] ABANG =3 73 A4
HE £x9 o8& ez gt GMR F

14%_’—«1 A5 *“55} HAo & 24 WEE
#57 ZEU A dAstet

to S

GMR FE A o] FEvitt & ¥EE Ho
A F1 A2 AS FAH 2 FHI= A
< B9t} GIR ZH:_'— 3 24



1.0

Plastic strain rate x 100 (/sec)
o

oo xe N gl

|
i
J | o 4 .1
0.5 ’ s —— Refined |
To GTR |
e Pm Fl |
J | o GMR |
[ |
0.0 T u T
0.0 0.5 1.0 15 2.0
Strain (%)

Fig. 6 Change of plastic strain rate (At: 0.2sec)

120
o
100 o
g 80 "
~ a
& 604
1 at=0.4 sec
w a
E"; 40+ ~—— Refined
£ & GTR
w5 o fl
o GMR
4 ®  GMR at midpoint
0 T T T T
0.0 0.4 0.8 1.2 1.6 2.0
Shear Strain (%)

Fig. 7 shear stress-strain curve (At: 0.4sec)

50
e -
404 ’
©
o o7
< ©
~ 304
&
@
H 20+
(‘Ll:i ap=0.2%
x .
] 104 ~--— Solution
o o GMR
) o Ft
0 T T ™ T
0.0 0.2 0.4 0.6 08 1.0

Equivalent Plastic Strain (%)
Fig. 8 Back stress evolution curve

Zo| Py At}

o A%k 1913

H
(823)O] Z_]'-%fg- 73“?" O23, X23 % Z‘“‘Q}{?}

By RE
dA AEL& oo o] HJ wWEe] AEYHS 24
st o f-&siek 316 2 Qg A7) 600°C off 4]
o) gAg(Table NS AE3lgon HEYE &5
= A g FASA 1%sec & 2R}
A &7t Zﬂﬂﬂ %7 wRo] AIZFEEo

2 Abgsh T

Asec & BAT A9 A
Uebd Zlolth GTR o]
ARE Holi FlI Aol 1
e e & Fo7 MUFsta
U Fig. 7 oA £o] 3 715(@,A)E e
P

o rlo %
o

¢
=

2o lo g

jalo)

BN L 1o
> o
= W
o
2y t
g

&

R

:‘oj_:_l

o

o,

2

L

N

SR

.|

L

I

O
to & ro

Akshe wgow 7)e
wye) 3% 4 g A2
o 9gade 4 AT A G5 Bol FE 4

r:i 1

gl
X =—9—(1—e><p(—rp)) (35)
73
471 p & 57 24¥BEEA p= [ pdi ol

A (& GMR o 93 M@t H¢AL AN
std A (36)3% 2o

6-1_, 1X,+0C/\3Ap

X+ = X, +— 36
“Ye T8 1+6mp (6

ZFzrel 2gol 1 7 05 ¢ A9 d3HH
Hoaie vlnstd Fig 8 # Bk 57t 249 Y
g0l 02%4 F7tHE 2% GMR HE2 79 A

ol Ho|X At FI FEL A} 43
2ol & Btk olAL FI AEL 2 (1Y vj4ad
*é% FE8 a#A EIA 2 P2Rear

w9 Z7)o vl F7MsTE. FI ¥ E
0%14011]‘ﬂ deEjiel vl dMdo] 2 A5
A 2ozt dA4d = Aok

rlo

rir

3.3 Nonproportional loading 2| &} 4
A AEH Ad wYPL FFEe o] W
8tA] @& v] # 8} (proportional loading)©) 7] &
of &4 WEE Wwao] WA gon Alite A
gx= 2 57 24WEE F2ApY At
o E gt stA T vl EF o] obd B¢ 23‘—‘3‘4
24-EEY] Wgo] FAFE ALl &
of 2

FFm)e w3 JA] Ao FEE



1914 o A
1.04
0.54
3
£ % A
2
? 05
—O—el1
-1.01 y | —o—e22
|| —0—e33
T ==
0 2 4 6 8 10

Time (sec)

Fig. 9 Strain history of nonproportional loading

Stress (MPa)

656
Time (sec)

T
6.4 6.8 7.0

Fig. 10 Stress history of nonproportional loading
(At: 0.1sec)

<]
o
a
=

o

// -~—— Refined

o GTR
A Fl

O GMR -
\k‘__;'/——ﬁfl‘
) AN,

o

Stress (MPa)

o

T T
6.4 6.6
Time (sec)

7.0

Fig. 11 Stress history of nonproportional loading
(At:0.2sec)
Apd= =

o)t} #Mo) AMRE AE AeE

] 316 =H g
79l 20°C AE AT E Table 19 F

FHof o

Fig. 9 & 3] A}8-¥ nonproportional loading
Uy E °]a’°]‘:} HEEY ol &4 00]17]

.
o

b

ol & B
-50
2 - »
.
. .
= -100+ i
s
Cl i » 0=05
» 7 o -e=06
@ i
g -150 Juid 0-0=0.7
17} X A 9=08
Q v 0209
o ® - 0=10
- ——— Refined
-200 T T T T
4.0 44 4.8 5.2 56
Time (sec)

Fig. 12 Stress history with different midpoint parameters
(General Midpoint Rule)

yEd HYE 7 543 9 2
vith REE W3 FAsHA W Az
o] 0.1sec 3 0.2sec 21 %o dis] H &
Aot s Syt EASA ¥V dqEd At
o] 0.01sec Q1 B¢E FAHZ AHE-3HATh. Fig. 10
Aot FA e Apolrt 7F AA
620]]}\1 727X 9 &8 olgdog AZF 2
sec ©]t}. GMR H&o] 7} A8t GTIR A&
TZIHHELE} 8wt o F
A vt $HAskst o Ao 4 e GTR
B3 Fr o F3b 9A&tEd olHeg GTR ¥
ol A9 £&2 13 1240l EFE ¢
At A7k FE0] 0.1sec ¢! F$ GMR HEo] 7
T g 24 =&AL A FHEol S8t
d east F243] S Fig 11 & At FE
o] 0.2sec AW A4t delv] GMR -2
3 FHeE & Zoz WF3y] "o o3t
¢ & vl Yz GTR A& FI 8L
A3 fAg 3FE B,

Fig. 12 = GMR g3 o8 F4
gt 7@ 8 ooz ANFELS

& Hauy

KX
T
=
L

rlo e

b3 |

Bl

=]
AL

.l

>

-r-l

6
A
T
7}

@A

2|
uj
9)

R 0.2sec
2 nAsEY. RE T4 £&9 AN &
A7b w4 D ool GMR WS AHgsE 3§

— °©
4 222 A29 IR0 FANG &
Ad ATE 92 4 98e ¢ 4 99 Fig 13
& GTR WHe A8 A4 AHAY FWHel
052 ZAzsh Tl 109 23 Apolo] 3

7 EAsta Utk o A% FHE 2Ee A3
3 zAGoEH AN 4A1F ARE IS F

ot



Aad 744 Ao uAe dYs g 9

-50

-100

8=0.5
6=0.6
6=0.7
6=0.8
6=0.9
8=10
—— Refined

-150 A

Stress, o, (MPa)

et pDOOMN

-200 T T T — T
4.0 4.4 4.8 52 56

Time(Sec)

Fig. 13 Stress history with different midpoint parameters
(General Trapezoidal Rule)

Table 2 Error of different integration shemes

@ | 0~2sec 2~4sec 4~6sec 6~8sec 8~10sec
0.5 | 102.7 43.8 218.4 146.9 318.3
G| 06| 447 224 766 333 986
0.7 ] 345 200 5041 28.3  62.1
R|08]| 211 21.1 356 322  46.2
09| 86 254 352 409 498
Fil 1.0 8.6 321 46 .4 522  66.0
0.9 7.8 244 345 330 488
G|08 ]| 6.9 358 225 443  31.5
0.7 | 6.0 s6.6 11.8 77.7 158
R| o6 5.0 80.5 11.3 118.7 155
05| 53 1300 392 1725 556
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Fig. 14 Equivalent Plastic strain rate (At = 0.01sec)
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