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ABSTRACT

This paper discusses the enhancement of the buckling capacity of column strips by use of piezoelectric layer. The analytical model
for obtaining the buckling capacity of the piczoelectric coupled column with general boundary conditions modelled with different
types of springs applied at the ends of the column is derived the first time. Based on this proposed model, the buckling capacity
of the column strips can be accurately predicted by solving an eigenvalue problem. The computational results show the great
potential of the piezoelectric materials in enhancing the buckling capacity of the column strips. The optimal locations of the piezo-
electric layer for higher buckling capacity are also obtained for the columns with standard pinned-pinned, fixed-free, and fixed-
pinned structures. In addition, the buckling capacity and the increase of bucklingr/capacity are discussed for those columns with
the general boundaries as well. This research may provide a benchmark for the buckling analysis of the piezoelectric coupled strips.

Keywords: column strips, buckling analysis of structures, piezoelectric coupled columns, piezoelectric layers, enhancement of buckling

capacity of structures

1. Introduction

The analysis and application of coupled piezoelectric
structures have recently been keenly researched because of
the actuation and sensing functions of the piezoelectric
materials. The analytical modelling and behaviour of a
beam with surface-bonded or embedded piezoelectric sen-
sors and actuators were presented by Bailey (1985), Lee
and Moon (1989). The use of finite element method in the
analysis of piezoelectric coupled structures has been stud-
ied by Tzou and Tseng (1990), Robinson and Reddy
(1991), and Saravanos and Heyliger (1995). One of the
successful applications by piezoelectric materials is in the
vibration control. The use of piezoelectric materials in
composite laminates and for vibration control was dis-
cussed by Ha and et al. (1992). Crawley and de Luis
(1987) developed the analytical model for the static and
dynamic response of a beam structure with segmented
piezoelectric actuators either bonded or embedded in a
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laminated composite. As was pointed in this paper, the
shear forces acting at the interfaces of the piezoelectric
patches and the host structure can be modelled as con-
centrated forces at the ends of the patches. Owing to their
good characteristics of lightweight and electro-mechan-
ical coupling effects, the piezoelectric materials can be
applied in other application fields, such as acoustic wave
excitation, health monitoring of structures, and other appli-
cations (Milsom et al., 1977, Monkhouse ef al., 2000; Mor-
gan, 1998). Although the majority of the research work
has been paid attention to the above mentioned application
fields, the potential of the piezoelectric materials in the
enhancement of buckling capacity of structures was received
scant attention from the scientific community.
Chandrashekhara and Bhatia (1993) developed a finite
element model for the active buckling control of laminated
composite plates with surface bonded or embedded piezo-
electric sensors that are either continuous or segmented.
They also investigated the dynamic buckling behaviour of
the laminated plate subjected to a linearly increasing com-
pression load. In controlling the buckling of flexible col-
umns, investigations were made by Meressi and Paden
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(1993). They showed that the buckling of a flexible beam
could be postponed beyond the first critical load by means
of feedback using piezoelectric actuators and strain gauges.
The spillover problem was discussed as well in their work.
Thompson and Loughlan (1995) reported their experi-
mental results in verifying the potential to increase the
load bearing strength of imperfection sensitive composite
columns loaded in compression. The principle of their
work is to apply a controlled voltage to the actuators to
induce a reactive moment at the column centre. Such
induced moment by piezoelectric actuator will remove the
lateral deflections and enforce the column to behave in a
perfectly straight manner. Chase and Bhashyam (1999) pro-
posed optimal design equations to actively stabilize lam-
inated plates loaded in excess of the critical buckling load
using a large number of sensors and actuators. Berlin (1995)
proposed several other designs, control and implemen-
tation issues for stabilising buckling using PZT actuators.
The principle of most of the above work is to apply a con-
trolled voltage to the actuators to induce a reactive moment at
the column centre. Such induced moment by piezoelectric
actuator will remove the lateral deflections and enforce the
column to behave in a perfectly straight manner. Wang
(2002) proposed a study on the enhancement of buckling
capacity of a column strip with the piezoelectric effects
fully modelled. The tensile effect by the piezoelectric layer
was first employed for the buckling enhancement of struc-
tures. The finite difference method was employed to study
the buckling capacity of the column strip with standard
pinned-pinned, fixed-free boundaries. In view of all the
above-cited researches on the enhancement of buckling
capacities of the thin-walled structures, it is concluded that
an accurate analytical model is necessary by using the ten-
sile effect of the piezoelectric layer in the buckling
enhancement of column strips with general boundaries.
This paper presents the computational results on the
enhancement of buckling capacity of column strips with a
pair of piezoelectric layers symmetrically bonded on the
surfaces of the host column. These piezoelectric actuators
bonded to the structural surfaces may be made to expand
or contract depending on the direction of the applied elec-
trical voltage and the poling direction of piezoelectric
actuators. By ensuring that the piezoelectric layer expands,
a tensile force may be introduced that will enhance the
ability of a column structure against buckling, which is a
different method from the previous researches in the
enhancement of buckling capacity of structures. In order to
obtain a general solution for this problem, we study the
column strip with general boundary conditions. The gen-
eral boundary conditions are modelled by applying two

types of springs, translational springs and rotational
springs, at the two ends of the column. The optimal loca-
tion and the size of the piezoelectric layers will be dis-
cussed in order to obtain better enhancement of the
buckling load. The buckling capacity and the increase of
the buckling capacity of the structure will also be studied
versus the variations of the stiffness of the springs at the
ends of the column strips.

2. Problem Description

Consider a host column with width b, thickness £, length
L and a pair of piezoelectric layers bonded to the surfaces
of the column whose length is and the thickness is as
shown in Fig. 1. The beam is isotropic with Youngs mod-
ulus E. E, is the equivalent elastic modulus of piezo-
electric material; and e,, is the equivalent piezoelectric
coefficients for one-dimensional problem. Let x denotes
the coordinate along the length of the beam with its origin
at the left end of the beam. The positive direction of the
deflection of the beam, , is defined downward. The piezo-
electric layers are located from to x= L,. In order to obtain
the buckling analysis of a general column strip with the
pair of piezoelectric layers, we assume the column is sub-
jected by a translational spring with stifthess constant ¢,
and a rotational spring with constant J, at the left end, and
the same kind of springs but with constants ¢, and 3, at the
right end separately.

As the length to the thickness ratio of the column is very
large, the assumption for Euler-Bernoulli beam is adopted.
Therefore, the shear deformation and rotary inertia effect
in the structure are omitted. The displacement field of the
column for a static analysis is written as follows:

u, = — 2w (1)

X dx

where w(x) and u, are the displacements in the trans-
verse z-direction and longitudinal x-direction respectively.

The amplitude of the strain €, stress ©,, and the induced
moment M_ in the column strip can thus be written as

L
} Ly h 2

- ‘L -7 hi

L

Fig. 1. A compressed column strip with a pair of piezoelectric
layers.
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€, = —ZF (2)
X
2
G, = _EZZ—V; 3)
X
; d*w
M, = fzzcxdz = —EIE )
2
where
1,.3
[= ]_th &)

According to electro-mechanical effects of the piezo-
electric materials, the stress in the piezoelectric layer can
be expressed as (Wang, 2002)

2

= dw _
Ox = ‘Epz_v:_eSIEz (6)
dx

where the over-bar represents the variations in the piezo-
electric layer.

Actually, the above equation is under the assumption
that the piezoelectric layer is much thinner than the sub-
strate metal.

It is noted from the above equation that the stress in the
piezoelectric layer consists of two parts. The first term on
the right hand side of Eq. (6) will lead to the bending
moment applied to the column strip. This bending
moment, M, will be approximately expressed by:

M, = —Ephbh (@m )d—zv—” 7
x P 1 2 1 dx2

The second term of the right hand side of Eq. (6) will be
modelled as a pure tensile force provided the pair of piezo-
electric layers is placed symmetrically with poling direc-
tion oriented in the transverse direction of the column.
When two equal voltages are applied to the upper and
lower piezoelectric layers, the mechanical forces executed
by the piezoelectric layer can lead to tensile stresses in the
two piezoelectric layers. As pointed out by Crowley and
Luis (1987), the shear forces acting at the interfaces of the
piezoelectric layers and the host structure can be modelled
as concentrated forces at the ends of the layers when the
bonding layer is very thin. As such, the tensile forces
excited by the two piezoelectric layers should be modelled
as a pair of concentrated forces applied at the two ends of
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the piezoelectric layer, i.e. x = L, and, x = L,,

F =2bh,6,= -2bh,E 2, ®)

As the electric field E, in the piezoelectric layer is
expressed by
-V
Ez - h] (9)
The tensile force executed by the piezoelectric layers
due to the voltages can thus be obtained from Egs. (8) and

(E

F =-2be;,V (10)

Such tensile force induced by the piezoelectric layer
may be used to enhance the ability of a column structure
against buckling.

Next, the buckling analysis will be conducted for this
piezoelectric coupled column strip when a compression
force P is subjected at the ends of the column. The math-
ematical model will be given first based on the above
stress-strain analysis for the host column and the piezo-
electric layer. An analytical solution for the mathematical
model will be obtained hereafter.

3. Mathematical Model for the Buckling Analysis
of the Column Strip

In order to obtain the governing equation for this piezo-
electric coupled column, the column strip is analyzed by
three parts: 0<x<L,; L, <x<L,; and L,<x<L, as there
are different moment distributions for the different three
parts. The displacement of the column strip for the above
three parts will be obtained and expressed with w,(x),
wy(x), and separately.

Since a general column is used here for analysis, it will
be easy to obtain the solution for all the other particular
cases by the current general analysis. For example, if we
want to study the buckling analysis of a pinned-pinned
column, the four constants for the springs at the twos ends
of the column can be assigned by ¢, = o,= ©° and f,= B,=
00 in the solutions for the general case. Similarly, the anal-
yses for a fixed-free column and a fixed-pinned column
can be conducted by substituting &, = f,= ©; o, = 3,=0
and o, = B= o= ©°; B,=0 respectively.

For the buckling analysis of the general column in Fig.
1, we assume possible variations of the displacements and
rotations at the two ends of the column are A,, A,, 8,, and
0, respectively.
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When 0<x<L,, a simple moment analysis yields
M, = o, Ax-p,6,+P(w,—A)) (1
Substituting Eq. (11) into Eq. (4) yields,

2

d
Eld—v‘;l+a1A1x—ﬁ191+P(w1—A1):O (12)
X

whose solution can be easily obtained as

A
wi(x) = A lcosK1x+Blsm7u1x+( ﬂle)—%flx (13)

where A, =J§.

The coefficients A, and B, can be derived below by con-
sidering the boundary conditions

d
Wil,oo=4, and % _0=91’
B 4 6
—P91 and B, PL 7, (14)

Similarly, when L,<x<L, the governing equation is
obtained by
dzw3
EI?+OC2A2(L—X)—[3291+P(W3—A2)= O (15)
X

whose solution can be expressed as

LA
2 (L-x)

ws(x) = A,cos?»lx+B3sin7u1x+(A2+ﬂ2 2)—
(16)

Again the coefficients A, and B; can be derived below
by considering the boundary

conditions ws|,_, =4, and dwyl  _,,
- dx x=L
A;=M,A,+N,6, and B, = M;A,+N,0, am
_ opsinA|L _ sinhM L Bycosh|L
where M, = L Ny,=- TP
_ geoshL cosh L ,stm?\. L
My=- P and N; = T P
For the part L;<x<L,, the moment due to the tensile

force F and the bending moment due to the piezoelectric
layer will be involved and the governing equation can thus

be expressed by
M +M,= a,Ax-B, 0+ P(wy~A)-F(wy~w|,_, ) (18)

Eq. (18) will change to the following form by con-
sidering Egs. (4) and (7),
. .d2W2
(EI)7+a]A1x—[3191+P(w2—A1)—F(w2—w1|x:Ll)= 0
X
19)
where (EIY' = EI+E,hbh (h+h )

The analytical solution for w, can be written as

F
W, = Azcosk2x+stmk2x+P FA P—-_leszL‘
ﬁlel o4,
>
P PP for P>F (20a)
= A,coshh,x+ B,sinhh,x+—=— P ——A, - £ wl
2 2 2 2T p_F P—F k=L,
ﬁlel o4,
e PP for P<F (20b)
L = [P=F
where A, (EDY

For any given external voltage applied to the piezo-
electric layers, the tensile force F can be obtained from Eq.
(10). Thus the buckling capacity for this piezoelectric cou-
pled column strip will be derived based on the above gov-
erning equations together with the continuity conditions
for the deflection and rotation at x =L, and x=L,. We
will provide the detailed analyses in the next section.

4. Analytical Solution for the Buckling Capacity
of the Piezoelectric Column

The continuity conditions for this sectional analysis of
the column is listed below for deducing the buckling
capacity.

W1IX=L, = Wzlszl (21)
Wilear, = waleer, 22)
Waleer, = Wilioy, (23)
Woleer, = Walee1, (24)

Besides these continuity conditions, two equilibrium equa-
tions for the column strip are provided for the deduction. The
balance of the force in flexural direction of the beam leads to
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A+ oA, =0 (25)
The balance of the moment of the column leads to

-B:6, +ﬂzez’0‘2AL—F(W2|X=L2‘W2|X=LI)+P(A2"A1): 0

(26)

From Egs. (20a) and (20b), the derivation of relies on

the expression of wy| _, . According to Eq. (13), the solu-
tion of wy| _, is found to be,

Wil,or, = MA+N, 6, 27
_oysink L, oL, _ ByjcoshL,
where M, = P +1- o M=%
sinM Ly B
T, TP
Hence w, can be expressed as
Wy = Aycoshyr+ Bysinhyx + =LA
2 = AgC08Mx+ BysinApx+ 57 rd,
F Bi6 a4,
TP P MATN O e

for P2F (28a)

wy = Aycoshhox + B, sinhhyx+ ET—FAI

B.6 o4,

F
TP AN e

for P < F (28b)

The solution of w,, w,, and w, from Egs. (13), (16), and
(28) will be substituted into six conditions in Egs. (21)-
(26), which will leads to six homogeneous equations. The
requirement for the non-trivial solutions for the unknown
variables, A, 4,, B, 5,,A,, and B, will lead to an eigen-
value problem from which the buckling capacity P can
thus be obtained.

Eqgs. (25)-(26) and Eqgs. (21)-(24) can be re-arranged into
the following matrix expressions respectively after sub-
stituting the solutions of w,, w,, and w, from Egs. (13),
(16), and (28) into them,

ry r, 0 0 0 O 4, 4, 0
Pl Typ Faz Py as Tagl |2 4, 0
r3| 0 r33 O r35 r36 ﬁl Bl 0
=[R] =
Far 0 ryy 0 rys 146 B> B> 0
Tsi Fsp TFsy Tsy Tss Tsgl| Ay A, 0
fei T2 O res res Te6| LBy By 0

for P>2F (292)
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rs“ s, 00 0 o0 4 4
S21 S22 S23 Sp4 S25 So6 4 4,

s 0 s;3 0 535 syl) B =[8] By -

= eleloNele]

Sq0 0 sz 0 sus sl Bo B>
Ss1 S5y Ss3 Ssq Sss Ssel Az 4,
561 Se2 O Ses Ses Seg LB, B,

for P<F (29b)
where r)| =, r,=0,,1y =—P+[%Fal(L2—Ll),
ryp == L+P, ry3=s3=-P,
ray = By rys = —F(cosh,Ly—cosh,L)),

oo =—F(sind,L,—sinh,L,)

r =——P
NTP-F

oL
—Ml(l F )_ 1L B N1(1+ F ),

YPoF PR B TP_F P_F

rys = cOsh, Ly,

ojcosMLy, o o

r36=siﬂ}\«2Ll, Yq1 = 2 _P+P-—F’
M B sink L
a3 = ———-lﬁl ;n L 1+c0s7\.1L1 ,
P-FM,-o,L
P45 = Apsind,Ly, rye=—Aycosh,Ly, rg = ————P_lF 12
oL(L-L
Fsy = —Mycosh Ly-Mysinh L, ~1 +¥,
o = FN,-B,
$=TPF

Foq = —NzcosKlLZ—N3sin?»1L2—%, rss=cosh,L,,

Fsg = Sink,Ly, rg =i%1F ,
Fep = —X]Mzsinlez+7»1M3c0s7»1L2+%2 ,

Fes = =M Nysink L, + A ;Nycosh L, ,

Fes = ASinAyL, , reg=—Ayco5h,L, 5
sp=ri=12..,65j=1,2, .. 4

Sy5 = —F(COSh)\qu—COSh}\-zL]):

Sye = —F(sinhA,Ly—sinhh,L,), s;5=coshA,L,,
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$36 = SiNhA,L, , S45=—Aysinhh,L,, 545 =—hycoshh,L,,
Ss6 = Sinhh,L,,
Ses = —AySinhA,L, , s¢6=—Aycoshh,L,.

The condition for non-trivial solution for the vector of
(A, 4,, 01,92,A2,BZ)T) is thus obtained as

detfR] = 0 for P=F
det[S] = 0 for P<F

(30a)
(30b)

Hence the buckling capacity for this column strip with
piezoelectric layers will be determined through Egs. (30a)
and (30b) given the geometry of the host column and the
piezoelectric layers as well as the size of the layer and the
voltage applied to the layer.

In the next section, the enhancement of the buckling
capacity of the column strip will be studied computa-
tionally.

5. Buckling Results and Discussions

In this section, buckling results for a column strip with a
pair of piezoelectric patches that are bonded on its two sur-
faces (see Fig. 1) are presented. The adopted values for
material and geometrical parameters of the column strip
and the piezoelectric layers are given in Table 1. The non-
dimensional buckling capacity will be taken as P = P/P,,
n’El

LZ
buckling load (Timoshenko and Gere, 1961). First, a val-
idation is conducted by comparing the results of the buck-

for all the following studies, where P, = is the Euler

Table 1. Geometrical and Material Properties of Column Strip
and Piezoelectric Patch

Column Strip Piezoelectric Patch

Length (m) 1. -
Width (m) 0.02 0.02
Height (m) 0.002 0.0001
Youngs modulus (N/m?) 210.0 x 10° 78.6 X 10°
g5 (C/m?) - -9.29

ling capacities for the columns with standard pinned-
pinned (P-P), fixed-free (Fi-F), and fixed-pinned (Fi-P)
ends by the current study and the results in Timoshenko
and Gere (1961). The computational solutions by the cur-
rent study are obtained from Eqgs. (30a) and (30b) based on
the mathematical models discussed in the paper when
voltages and the thickness of the layers are taken zero. The
results shown in Table 2 reveals that the error percentage is
within 0.1%.

Next the buckling capacities for the (P-P) column versus
the voltages applied to the piezoelectric layers are plotted
in Figure 2(a). The parameters for the locations of the lay-
ers are chosen as L, = Om ; L, = O.3mand L, = 0.4m
respectively. It is shown that the buckling capacities of the
column strip are increased up to 20% for the case L, =
0.4m when voltage V=26.03v. As is also noted at v=0,
there is slight increase for the buckling capacity which is
due to the composite effects of the piezoelectric layers.
However, such increase is incomparable with that by the
electro- mechanical effects of the piezoelectric actuator.
Figure 2(b) and Figure 2(c) show the buckling capacities
of the (Fi-F) and (Fi-P) column when L, = 0.5m and L, =
0.8m ; L, = 0.9m respectively. The maximum increases of
the buckling capacity for (Fi-F) and (Fi-P) are 86% and
13% respectively when V=26.03v. From the results
obtained above, it can be seen that the piezoelectric layer
has more effects on the enhancement of the buckling
capacity for “softer” structures, as is found that the
enhancement is 86% for Fixed-free column. This obser-
vation is reasonable because the critical buckling load for

o 125
[
E (
2 12
¥ i
5 [
2 115
g --L'=0.3m
£ 11
0
é -8-L'=0.4m
;§ 1.05
5
= I S
0 5 10 15 20 25 30

Voltage (v)

Fig. 2(a). Buckling capacity of the pined-pined column versus the
voltage on the piezoelectirc layer

Table 2. Validation of the Non-dimensional value of the buckling load

Pinned-pinned Fixed-free Fixed-pinned
Theoretical solution (Timoshemko, 1961) 1.000 0.250 2.047
Current finite difference method 1.001 0.251 2.046
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Fig. 2(b). Buckling capacity of the fixed-free column versus the
voltage on the piezoelectirc layer
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Fig. 2(c). Buckling capacity of the fixed-pined column versus the
voltage on the piezoelectirc layer

a fixed-free column is only 0.25P_, It is with no doubt the
same amount of tensile force executed by the piezoelectric
layer will produce more enhancement of buckling capacity
for such “softer” structure than for other “harder” struc-
tures, such as (P-P) and (Fi-P) columns.

The buckling capacities of the (P-P), (Fi-P), and (Fi-P)
columns versus the sizes of the piezoelectric layer are
studies in Figures 3(a), (3b), and (3c) respectively when
voltages are chosen as V= 26.03v. In all the cases, the left
end of the piezoelectric layer is put at the left end of the
column. The enhancement of the buckling capacities in the
three cases are up to 47%, 152%, and 30% when the
piezoelectric layers are in full size of the host column.

The studies of the placements of the piezoelectric layer
for obtaining the best enhancement of the buckling capac-
ities of the column stripes are studied in Figures 4(a)-4(c)
based on the analyses of (P-P), (Fi-F), and (Fi-P) columns
where the length of the piezoelectric layer is 0.3 m. It is
found that the optimal placements of the piezoelectric
layer are at the two ends of (P-P) column, and right ends of
the (Fi-F) and (Fi-P) columns. It is concluded that the best
locations for the placement of the piezoelectric layer in
enhancement of the buckling capacity of the column strip
is at the point with least curvature of the strip.

All the above conclusions are all based on the sim-
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Fig. 3(a). Buckling capacity of the pined-pined column versus the
size of the piezoelectirc layer
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Fig. 3(b). Buckling capacity of the fixed-free column versus the
size on the piezoelectirc layer
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Fig. 3(c). Buckling capacity of the fixed-pined column versus the
size of the piezoelectirc layer

ulations for the column strips with standard boundary con-
ditions. Next, further investigations on the enhancement of the
buckling capacities of the columns with general boundary
constraints are studied. The non-dimensional spring con-
stants in the following simulations are chosen as
o = a/a =00 Bi=B/B and B, =pB,/B where
a=EI/L> and B=EI/L.
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Fig. 4(a). Buckling capacity of the pined-pined column versus the
location of the piezoelectirc layer.
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Fig. 4(c). Buckling capacity of the fixed-pined column versus the
location of the piezoelectirc layer

Assume Py represents the buckling capacity of column
with general boundaries without piezoelectric layer bonded
on it. The variations of the buckling capacity, P, and the
increase of the buckling capacity of the strips in per-
centage, (P—P,)/P,, versus the variation of o, and o,
when B = B, =0 are studied in Figure 5(a) and 5(b). In
this simulations, voltage applied to the layers are taken as
V =26.03v, and the positions of the ends of the layer are
assumed to be L,;=0.3m and L,=0.7m. From Figure 5(a), it

= =
3
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5 9.5
= Fos
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Fig. 5(a). Variation of the buckling load versus the stiffness of the
springs
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Fig. 5(b). Enhancement of the buckling capacity versus the stiff-
ness of the springs

shows that for the columns with stiffer springs at the ends,
the higher buckling capacities of the column will be
obtained. This is an obvious conclusion as a higher buck-
ling capacity is always obtained for a stiffer structure. A
more interesting observation is found, in Figure 5(b), that
the highest value for the increase of the buckling capacity
is obtained at the lowest values of ¢ and o, . Thus it is
concluded that it is more effective to enhance the buckling
capacities of column with “softer” boundary constraints by
use of the piezoelectric layers.

The above observations are further validated through the
following similar simulations:

(1). Figures 6(a) and (b) for the variations of the buck-
ling capacity and the increase of the buckling capacity of
the strips in percentage versus the variation of o and B,
when o =B, =0;

(2). Figures 7(a) and (b} for the variations of the buck-
ling capacity and the increase of the buckling capamty of
the strips in percentage versus the variation of oy and o
when B =, B =

(3). Figures 8(a) and {b) for the variations of the buck-
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Fig. 6(a). Variation of the buckling capacity versus the stiffness of

the springs.
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Fig. 6(b). Enhancement of the buckling capacity versus the stiffness
of the springs.
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Fig. 7(a). Variation of the buckling load versus the stiffness of the
springs.

ling capacity and the increase of the buckling capacity of
the strips in percentage versus the variation of o, and B
when oy = oo, B,=0;

(4). Figures 9(a) and (b) for the variations of the buck-
ling capacity and the increase of the buckling capacity of
he strips in percentage versus the variation of @, and B,
when o, =, B,=0.
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Fig. 7(b). Enhancement of the buckling capacity versus the stiff-
ness of the springs.
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Fig. 8(a). Variation of the buckling capacity versus the stiffness of
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Fig. 8(b). Enhancement of the buckling capacity versus the stiff-
ness of the springs.

Similar to the observations in Figures 5(a) and (b), all
the higher buckling capacities of the column strips are
obtained for the columns with stiffer springs on the ends of
the strips. However, all the higher increase of the buckling
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Fig. 9(b). Enhancement of the buckling capacity versus the stiff-
ness of the springs.

capacities of the strips are obtained for strips with softer
springs on the ends of the column.

6. Concluding Remarks

The enhancement of the buckling capacity of general
column strips by use of a pair of piezoelectric layers is dis-
cussed in the paper. The analytical model is provided for
the column strip with general boundary conditions by
assuming two types of springs applied at the ends of the
column.

The numerical simulations are conducted to show that
the piezoelectric layer has great potential in enhancing the
buckling capacity of the column strip. In addition, the
results of the variation of such enhancement for the stan-
dard Pinned-pinned, fixed-free, and fixed pinned columns
reveal that the optimal location of the piezoelectric layer is
around the position of the column with minimum cur-
vature. Further investigation on the buckling capacity of

the column strip with general boundaries also indicates
that the buckling capacity is higher with stiffer springs at
the ends of the strip. In addition, the results also show that
for columns with softer springs, the increase of the buck-
ling capacity of the strip is more obvious.

This research may provide a benchmark for the estimate
of the buckling capacity of a column strip by use of piezo-
electric layer. Further research is under way to discuss the
effects of multi-piezoelectric layer in the enhancement of
the buckling capacities of column structures.
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