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A Genetic Algorithm Approach to the Fire
Sequencing Problem

Ojeong Kwon*

Abstract

A fire sequencing problem is considered. Fire sequencing problem is a kind of
scheduling problem that seeks to minimize the overall time span under a result of
weapon-target allocation problem. The assigned weapons should impact a target
simultaneously and a weapon cannot transfer the firing against another target before
all planned rounds are consumed. The computational complexity of the fire
sequencing problem is strongly NP-complete even if the number of weapons is two,
so it is difficult to get the optimal solution in a reasonable time by the mathematical
programming approach. Therefore, a genetic algorithm is adopted as a solution
method, in which the representation of the solution, crossover and mutation strategies
are applied on a specific condition. Computational results using randomly generated
data are presented. We compared the solutions given by CPLEX and the genetic
algorithm. Above 7(weapon)X15(target) size problems, CPLEX could not soive the
problem even if we take enough time to solve the problem since the required
memory size increases dramatically as the number of nodes expands. On the other
hand, genetic algorithm approach solves all experimental problems very quickly and

gives good solution quality.
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1. Introduction

We consider a fire sequencing problem for the weapon-target system. We can
classify the weapon-target problem arising in the military field into two regions. One
is targeting problem and the other is fire sequencing problem. Targeting problem is
considered to allocate weapon systems against targets so as to achieve the desired
objective while satisfying various tactical/operational constraints. On the other hand,
fire sequencing problem is concerned with the scheduling of the firing operation when
the results of targeting problem is given. The objective of fire sequencing problem is
to minimize the timespan to finish all the required firing.

The two problems may be considered together as one model. However, combined
model will be too complex to solve. Moreover, there may occur a situation that a
plan officer can obtain weapon-target allocation using other mathematical models
and/or subjective judgment, in which case it will be more desirable to consider the
problem separately. In the Republic of Korea Army doctrine, the optimal assignment
and the firing sequencing problem are not enough developed. Recently, these
problems are considered as the important issues according to development of C4l
system and the training based on both field and simulation. In this paper, we
consider only fire sequencing problem.

While many researchers have considered targeting problem for several decades, fire
sequencing problem has rarely been studied [18]. Flood [1, in Ash] formulated a
targeting problem as a problem of minimizing enemy threat with nonlinear objective
function and linear constraints. Danzig [20, in Manne] modified Flood's model with
reliability concept. Manne [20] transformed Flood’s model into a transportation
problem approximately and solved it. Ash [1] solved Flood’'s model that consists of
small kill probability by Lagrangian multiplier method.

Miercort and Soland [21] proposed optimal allocation of missiles against area and
point defenses by heuristic methods and Grotte [14] considered a targeting model that
minimizes collateral damage. Bracken and McCormick [5] considered a targeting
problem with nonlinear objective function and general assignment constraints and
they also considered a mathematical model for inflicting specified damage with linear

objective function. They approximated the problems to the linear programming
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models, and solve the problems and rounded the fractional solutions to nearest
integers.

Orin [23] considered optimal allocation of weapons against layered defenses by
minimum cost network model. Sherali et al. {26] suggested 5 kinds of linear functions
that provide lower bounds on the nonlinear objective function for the probabilistic
partial set covering problem. The objective function of the probabilistic partial set
covering problem has a similar structure with a targeting problem of minimizing the
total enemy threat. Kwon et al. [17] solved a targeting problem composed with
various tactical constraints by Lagrangian relaxation. Other researchers and analysts
have made efforts to solve their specific targeting problems by heuristic methods
[9,12].

In the fire sequencing problem region, although many scheduling problems have
been researched, most of the results can not be used to solve the fire sequencing
probiem because important assumptions of the fire sequencing problem are different
from ordinary scheduling problems. Fire sequencing problem is very important when
we minimize the time span under known results of targeting problem. It can be used
as a sub-module of C4lI (Command, Control, Communications, Computer and
Intelligence) system and it plays a key role of the distribution of fire. As the
computerized system becomes powerful, fire sequence problem will be more
significant subject in military field. Kwon et al. [18] defined the concept of fire
sequencing problem and presented a heuristic method based on the node packing
problem. Lee et al. [19] showed the computational complexity of the problem is
strongly NP-complete. However, in their early work, they assumed that the density
of weapon-target allocation matrix is very sparse and the heuristic method they
developed is very effective on such a problem. In their paper, they suggested a
further research under a dense weapon-target allocation matrix should be done. So, it
is necessary to develop a general method to solve the fire sequencing problem in
various environments.

The constraints of fire sequencing problem are as follows. Considering from the
weapon system side, a weapon system can fire only one target at a time. Next, if a

weapon starts firing against a target, it should terminate firing after consuming all
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planned rounds. On the other hand, considering from the target side, the fire starting
time on a target from all weapon systems assigned to the target should be the same.
However, the fire terminating time of each weapon on a target may be different.

In the manufacturing systems, jobs are generally processed by only one machine
at a time and optimize various measurements [24]. However, for the fire sequencing
problem, a target may be fired on by more than one weapon system simultaneously.
In the previous researches, the simultanecus resource scheduling bears resemblance
with the fire sequencing probiem that a machining operation may require the multiple
resources simultaneously[10]. In the early days, people in the computer and
communication systems paid attention to simultaneous resource scheduling. Recent
researches about simultaneous resource scheduling are concerned with the
manufacturing systems. Dobson and Karmarkar [10] suggested the Lagrangian
relaxation and the surrogate relaxation for simultaneous resource scheduling for
providing a lower bound. However, it has somewhat different faces with the fire
sequencing problem. For the detailed contents of comparison between the fire
sequencing problem and the simultaneous resource scheduling problem, see Kwon et
al. [18].

We present the integer programming formulation of the fire sequencing problem
and analyze the problem in section 2. We take a genetic algorithm approach for the
fire sequencing problem in section 3. We report computational results with randomly

generated data in section 4. Finally, we give concluding remarks in section 5.

2. Problem Description

To formulate the fire sequencing problem, let us denote the following notations.

W : Set of weapons,
T : set of targets,

tj : Fire starting time against target j, for all je T
a,-j : Planned firing duration from weapon i to target j,

W(j, k) : Set of weapons which fire target j and k.
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Fire Sequencing Problem (FSP)

min ¥
st 4> t+max(ay)for all j€ T (1)
jeEW
t—t <-max(a;)+M(1—1y) for j<k for all ke T (2)
JEW(K)
t —t; < -max(a;)+M(y) for j<k for all k€ T (3)
JEWGK)

t, >0 integer forall € T
yx € (0,1} for all ke T,j<k

where, M is a large number

The binary variable gy is equal to 1 if and only if target j precedes target k to be
attached, for all j,k€ T,j<k. FSP has |TH1 general integer variables and
|ITIT|-1)/2 binary variables and |T} constraints. Constraints (1) mean the dummy
target's starting time, % , is the last and we wish to minimize it. Constraints (2) and
(3) are the disjunctive constraints which represent the starting time relationship. The
same starting time of some weapons is reflected by right hand side value. If target j
and k are available on same time, —ma%c wix (@) and —mazic wgry () will be 0
and %=1, can be accomplished.

We can regard fire sequencing problem as a job sequencing problem. The
machines correspond to the weapons and the jobs to the targets. While simultaneous
resource scheduling problem requires that the operation termination time of a job on
multiple machines must be the same [10], fire sequencing problem may have different
termination time. Therefore, simultaneous resource scheduling problem can be

regarded as a special case of fire sequencing problem [19].

One of the fire sequencing problem properties is the history dependent attribute.
To minimize the timespan, we have to consider the proper target sequence. However
the optimal target sequence of a target is influenced by all the targets allocated

ahead. It is different from the one machine scheduling with sequence dependent
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set-up time problem {24]. One machine scheduling with sequence dependent set-up
time problem can be solved by traveling salesman problem [24]. However, since fire
sequencing problem should consider all history ahead of a target, traveling salesman
problem can not be applied for fire sequencing problem.

The computational complexity of FSP is strongly NP-complete and remains
strongly NP-complete[13] even if the number of weapons is two[19]. Now we
compare the complexity of FSP with the complexities of other well-known scheduling
models. First, consider the parallel machine scheduling problem with the objective of
minimizing makespan without preemptions [24]. The problem is known to be
NP-complete even if there are only two machines. However, the problem can be
solved in pseudo-polynomial time if the number of machines is fixed. It is
well-known that the scheduling problem with the objective of minimizing makespan
in flow shops with unlimited intermediate storage can be solved in polynomial time
when there are only two machines [24], though the problem with three machines is
strongly NP-complete. Lee et al. showed that FSP is already strongly NP-complete
even if only two weapons {(machines) are available. Moreover, even when the
processing times (a;) are all the same, the problem remains to be strongly
NP-complete, but in this case, the other two problems (parallel machines, flow shop)
can be solved trivially. These results show that FSP is a very difficult scheduling
problem.

About simultaneous resource scheduling problem, the objective of it is to minimize
the total weighted flow time of n tasks on m resources. Each task j requires a

subset S of the m resources and consumes time %. The additional restriction is that
the task j must capture all of the resources S; simultaneously. This problem is

known to be NP-complete [10]. Differences between the simultaneous resource
scheduling problem and FSP lie in 1) the objective function and 2) a task j does not

release any of the resources S, until it is completely processed in the simultaneous

resource scheduling problem.
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3. Genetic Algorithm for FSP

3.1 Introduction

Genetic algorithm(GA) is biologically inspired search method borrows mechanisms
of inheritance to find solutions [16]. GA is a general purpose search method that can
be used to provide heuristic solutions to hard combinatorial optimization problems.
GA searches a problem space with a population of structure and select structures for
continued search based on their performance. Each structure decodes to form a point
in the problem space in the context of optimization problems[7].

GA has achieved successfully in field of many industrial engineering and
management science, especially job-shop scheduling, keyboard configuration design,
optimization and pipeline systems, traveling salesman problem, and multi-vehicle
routing problem. Therefore, GA is a reliable approach to obtain solutions in hard
combinatorial optimization problems[3, 6, 22, 271.

GA repeats a typical procedure to get a solution in a generation. However, it has
a flexible structure that can change the procedure and adopts various strategies
according to the characteristic of the problem. So, researchers have developed various
strategies and methods to get good solutions in a short time. The solution of one
generation evolves by the crossover and mutation operations as the generation
proceeds. To make the implementation of GA on a specific problem, first of all, we
have to represent the problem solutions (genetic encoding) that can be manipulated
(through some sort of crossover or mutation) to yield other candidate solutions to the
problem. Second, acting on an initial population, these transformations create the next
generation of candidate solutions. Third, calculation of the objective function for each
candidate solution supplies a measure of fitness which affects its likelihood of
leaving surviving offspring in the next generation. Selection pressure is the tendency
toward the survival of the fittest; high selection pressure means low probability of

the survival of the less fit [25]. For the detailed concept of GA, see David[8].
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Begin
t—0
P(t) Initialization ( Generation of initial population )
Evaluation of P(¢)
While( not satisfy the condition of termination ) do
Begin
te—1 +]
Selection P(t) from P(t—1)
Genetic operations (Crossover and mutation)
Evaluation of P (t)

End
End

Figure 1. The overall procedure of the genetic algorithm

3.2 Representation of Solution Structure

In FSP, a solution structure can be represented in the sequence of impact for each
target based on the location order. For example, the structure of (4 1 3 2) means
target 1 is impacted by all assigned weapons for the fourth time and target 2 is
impacted for the first time, and so on. In case of simuitaneous impact on the
different targets, we adjust the sequence of impact when we consider the fitness
function evaluation. So, the structure of solution we set up is a type of cyber
sequences not an actual one, that is, the solution structure (1 3 2 4) may mean (1 1
2 2) or (1 2 2 3) in the implementation. The cyber sequence restricts the sequence of
firing strictly, it means that the later number of target should be impacted after the
completion of impact for the earlier number of target. But, in the real situation, if we
have available time to fire at the same time against the different targets, we fire
them at the same time to finish the firing as soon as possible. The more detailed

procedure of adjustment will be explained in section 3.4.

3.3 Generation of initial population and population size
The proper size of initial population is important to perform genetic algorithm to

solve the problem successfully arising in many industrial engineering fields. We set
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the population size to be 100 and generate the initial population with random number
generator. Every locus in the solution structure is represented differently from the
other locus. As mentioned section 3.2, the simultaneous locus that can be occurred in
the actual firing sequence problem may be represented in the evaluation procedure.
The length of solution structure is equal to the number of targets since the

solution structure is represented the sequence of impacts.

3.4 Fitness function and the selection of parents

In the research of the genetic algorithm in FSP, the evaluation of the fitness
function and the selection of parents are crucial procedures. First, we converted the
current solution structure to the one that has actual representation of string. We
decide the sequence of firing and the exact time of impact considering the matrix of
weapon-target allocation results. It is a very simple procedure that decides the firing
time in a given firing sequence. When we decide the actual sequence of impact based
on solution structure, we have to consider both of the weapon-target allocation

results and the solution structure.

Target1 2 3 4 5
1 [2 1 1 1 0] (31245)
Weapon2|0 0 1 0 3
313 1 0 2 OJ
[Firing time duration matrix] [solution instance]
Target

Figure 2. Sequence of firing given a targeting results and solution structure
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Let’s take one example. Assume that we have a weapon-target allocation result
and solution structure respectively as Figure 2. The weapon-target allocation result
indicates that the number of weapon and target are 3 and 5, respectively. The
number of element in matrix means the firing time duration of from weapon i to
target j.

As explained above, a target should be impacted simultaneously by the assigned
weapons and a weapon cannot transfer the firing against another target before all
planned rounds are consumed. So, the minimum termination time of firing is 7 unit
duration. Even if the sequence of impact is represented differently in the potential
solution structure, the targets 1 and 5 are impacted simultaneously in the evaluation
procedure of fitness function. Furthermore, the impact time of target 5 is represented
as the last sequence in the solution structure, its real time of impact from assigned
weapons is ahead of target 2 and 4 in implementation. It is due to the philosophy of
idle weapon system restriction.

To compute the firing time duration under given weapon-target allocation and
solution structure, let’s define following notations. As defined in chapter 2, let W, T
and a; be the set of weapons and targets and the firing duration from weapon i to
target j, respectively. The first thing we have to do is to rearrange and to reindex of
the columns with respect to the solution structure. We reindex the targets temporary
to evaluate the firing duration as the sequence order. The additional notations are
shown as follows.

k : Reindexed sequencial target index, k& {1,2,3,...|T);
L(k) : The maximum firing time duration up to target index k
I(i,k) : The maximum firing time duration to the current target index k& with

respect to weapon i

Then the algorithm that finds the firing time duration on a specific solution can be

represented as follows.

Initialize) k=1
L(k)=0
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W(ik)=0 for all 1€ W, ke T
Step 1) Termination condition check
If k=|T| +1 Print L(k-1) and stop
If k=1, go to step 3

Step 2) Find the maximum previous firing time duration
£ =maz{l(i, k—1)|ay > 0, for all i W}
l(i,k— 1)=¢, for all |0, >0 i€ W
Step 3) Compute the I(i,k) and find the current maximum length
If k=0 1(i,k) = oy
Else l(t,k)=1(4,k—1) + ag
L(k)= max; c yil(sk)}

Step 4) Update index k
k=k + 1

go to step 1.

An example for evaluating a firing time duration is presented below. Let’s assume

that we have a weapon-target allocation matrix and a solution instance as shown

below.
Target Solution instance
12345 (31524)
1/02200
Weapon 2{100320{=[a]=A
3{1000 3]

The first thing we have to do is to change the columns according to the solution

instance. Rearranged columns with respect to the solution instance is shown below.

._71_



Target

31524

Weapon 1 [2 002 0]

2 130002

3 {0 130 0}I

Sequential index k 31524

As shown above, the columns of matrix A are moved their places according to the
solution instance and the column indexes are designated as a sequence order. The

algorithm above gives following 1(i,j) matrix, L(k) and the configuration of firing time

duration as follows.

Target Index

12345
Weapon 1[22 244
] K 1 2 3 4 5
2133335 = [i(,5)]
l J LK) 3 3 4 4 5
3014414

Figure 3. Fire sequence of an example problem
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To select the parents in a population for the next generation, we adopt the
geometric function based on ranking order, that is, Prob(r)=¢(l—¢)",0< g< 1
where, r is a rank of fitness function and g is a parameter. Therefore, Prob(r)
represents the probability of selection that has rank r in the fitness function. As gq
becomes larger, the difference of selection probability also becomes larger. If the

number of population(Np) is a large number, the summation of probability becomes 1,

Ng Ny
Zprob(r)zi;q(l—q)' '~ 1., approximately. Here, we decide the rank of fitness by the

firing time duration of each solution structure. In this paper, we set g to be 0.05.

3.5 Genetic operators

In this paper, we carried out two genetic operators, which are the crossover and
mutation. The crossover operation is a phase that we generate the children objects
from the parent. We adopted the order based crossover strategy that is developed by
Davis(1985). To apply that, we initially designate arbitrary two points in the string
of gene. The offspring(child) 1 is inherited the chromosomes located between two
cutting points from parent 1, and the remaining chromosomes are taken from parent
2 in the restriction of not taking the same chromosomes in the parent 1. The
offspring 2 is inherited the genes as the same way except the sequence of choice for
parents.

We give the crossover ratio as 25 %. In a crossover procedure, we generate a
random number in the interval of [0, 99]. If the number is less than 25, we carry out
the crossover process. Figure 4 is an example of crossover process.

First, two cutting points for the parents are decided 3rd and 7th locations by the
random numbers generator. The child 1 is inherited the genes (4 5 6 7) located
between two cutting points from parent 1. Next, the remaining genes of child 1 are

taken from the parent 2.
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Figure 4. Crossover operation

We start to bring the genes of latter parts of child 1. The latter part of genes is
(5 2). However the gene 5 already exists in the middle part of child 1. Therefore, we
discard gene 5 and reselect the next candidate among the available set of gene. So,
we accomplish the crossover process with O1=(1 8 9 | 4 56 7 | 2 3). The child 2 is
got the same procedure of that of child 1.

Mutations are occurred in each generation as 5 % ratio. In a mutation procedure,
we generate a random number in the interval of [0, 99]. If the number is less than 5,
we carry out the mutation process. First, we take arbitrary two locations with

random number generation in solution structure, and exchange the two genes.

3.6 Termination criterion
We set the termination criterion the number of generation to be 100. Although we
can have many types of criterion, the number of generation criterion is a simple and

easy method.

4. Computational Results

To test FSP, we randomly generated data. We generated 60 test problems for FSP
in 6 kinds of weapon-target pairs, respectively. To reflect the reality, the data were
randomly generated in the interval from 1 to 10. The weapon sizes were estimated
by considering the number of field artillery battery in the battalion, regiment, division

and corps level. In this paper, we set the number of target to be about 1.2-2 times
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the number of weapon systems so as to reflect the flexible combat situations.

All problems could be solved within a reasonable time on a Pentium PC(200MHz,
32 Mb Memory). To evaluate the results of genetic algorithm, we run a popular
commercial code(CPLEX 4.0) that uses LP relaxation and branch-and-bound method.

The results are summarized in Table 1. It shows the average, maximum and
minimum values of the CPU time for each problem size and the gap between the
solution and a lower bound. We already know a lower bound of FSP,

mas; ¢ w(Zic ra;). This lower bound means that the minimum firing duration should

be larger than the maximum summations of firing time duration in all target that
place in a row. As showed in Table 1, the genetic approach can obtain solutions in a
very short time. On the other hand, CPLEX did not solve the problem to the
optimality in a reasonable time. Node limit in CPLEX is designated to save the time
and compare the incumbent solution. Above 7X15 size problems, CPLEX could not
solve the problem even if we take enough time to solve the problem since the
required memory size increases dramatically as the number of nodes expands. So, we
restricted the maximum number of node to be 30,000 in CPLEX.

CPLEX could solve only small size problem. In 5X7 size problem, both of the
genetic algorithm and CPLEX give the optimal solutions. However the CPU time of
CPLEX took about 3.7 times of genetic approach. As the problem size érows, the
Integer Programming (IP) approach with CPLEX could not solve the problem since
the number of node increases exponentially and could not fathom nodes because of
bad lower bound. In 30 x 50 size problem, CPLEX took 813.9 seconds to the node
limit 30,000(unsolvable to optimal solution), but the GA took only 13.0 seconds on

average, and GA gives better solution.
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Table 1. Computational results

Problem CPU Time(Second) GAP of Inclumbent Cplex
Size(Wepon Solution{2%)
X Target GA Cplex * GA » Cplex »x No..of Nodes
5 | Ave 17 6.4 79 7 79”7 4040
x| Max 20 10.88 1477 147" 6965
7 | Min 10 644 00" 00" 466
7 | Ave 21 866 240 354 *
x| Max 30 R8 324 405 *
15 | Min 20 829 174 240 »
10 1 Ave 30 1275 296 416 *
x| Max 40 143.1 3.1 466 *
20 | Min 30 1224 247 36.1 *
15 1 Ave 51 2919 396 464 x
x| Max 60 286.2 413 522 *
30 [ Min 50 3083 217 387 .
20 1 Ave 80 5517 481 55.2 *
X | Max 90 603.4 532 59.3 *
40 | Min 70 5202 418 492 x
30 | Ave 130 8139 511 57.3 *
x| Max 140 8233 536 64.1 *
50 | Min 120 803.8 490 523 *

The ratio of CPU time(GA/CPLEX) has a large amount of gap as the problem

size grows.

This means that IP method

is not proper approach. Generally,

* : Run Cplex with branch-and-bound node limit 30,000

** | Optimal Solution

% | The mean ratio of lower bound to solution value of Genetic algorithm

_ Solution value of genetic algorithm — Lower bound

Solution valueof genetic algorithm

*%: (Z-Lowerbound)/ (Incumbent value of IP(Z)) x 100

Lower bound : M&%;ew 03 jerQy)
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LP(Linear Programming) optimal bound of FSP in CPLEX is ordinary worse than a

lower bound, max;c w(ZX,e ro,). Figure 5 shows the mean time of CPU seconds of

both approaches.

900

813.9

CPU Seconds
E-Y
()
o

866w
100 5
0 y 2.1, 3 . 5.1 8 13
1.7
5x7 7x15 10x20 15x30 20x40 30x50

Problem Size

Genetic algorithm —#— Cplex l

Figure 5. The mean time of CPU seconds

Figure 5 shows the CPU time(Seconds) between genetic approach and CPLEX. As
mentioned above, we restricted the node limit in CPLEX, 30,000. The time of CPLEX

is represented to the node 30,000 except 5 X 7 size problem. Nevertheless, IP

approach is not effective not only CPU time but also the quality of solution.

In the side of solution quality, genetic algorithm approach gives better solutions
than those of CPLEX. As mentioned above, we give the node limit in CPLEX to
compare the solution. In the node limit 30,000, the gap of CPLEX defined above
shows much than that of genetic algorithm. The genetic algorithm improves 3.3 % -
114 % in the gap defined in Table 1 according to the problem sizes. This result
should be considered with the elapsed CPU time. So, we can conclude that GA is
better solution approach than IP approach. Moreover, the genetic algorithm approach
solves all problem sizes we considered within 14.0 CPU seconds. Figure 6 shows the

mean ratio of GAP defined in Table 1.
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Figure 6. The mean GAP of incumbent solution

5. Conclusion

We introduced the fire sequence problem that seeks to minimize the timespan
and proposed a solution method. To minimize the timespan is a criterion of deciding
a crucial factor of tactics. When we plan the fire sequencing with results of targeting
problem, we have to know the minimum time required for firing. If the timespan is
not satisfied with the requirement of operation, we have to consider the trade-off
between the timespan and overall cost of targeting problem. Thus, there are many
requirements that can provide the guidance deciding the sequence of firing in
military.

We formulated the fire sequencing problem by the integer programming.
Preliminary tests showed that the integer programming approach performs poorly on
this problem [18]. Therefore, we develop a genetic algorithm approach for the fire
sequencing problem. The genetic algorithm solved the problem in a reasonable
amount of time. Moreover, it found good incumbent solutions in all test problems in
any type of matrix density of weapon-target allocation tables.

When we need to fire some targets on an exact time slot, those targets should be
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allocated first on required time slot. Moreover, when we need to evaluate the
performance of fire sequencing problem with other criteria and/or constraints, we
need to modify the presented fire sequencing problem. These studies will be the

extensions of the fire sequencing problem provided in this paper.
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