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Abstract

The present paper establishes a strong law of large numbers for sums of tight fuzzy random variables as a

generalization of SLLN for sums of independent and
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1. Introduction

The theory of fuzzy sets introduced by Zadeh [16] has
been extensively studied and applied in statistics and
probability areas in recent years. Since Puri and Ralescu
[13] introduced the concept of a fuzzy random variable,
there has been increasing interests in limit theorems for
fuzzy random variables. Among others, strong laws of
large numbers (in brief, SLLN) for independent fuzzy
random variables have been studied by several
researchers. SLLN for sums of independent and identi-
cally distributed fuzzy random variables was obtained by
Joo and Kim [7], Klement et al. [11], Molchanov [12].
Inoue [3] established a SLLN for sums of level-wise
tight fuzzy random variables by using a different metric
from that will be used in the present work. Also, Joo
[4] studied a SLLN for sums of convexly tight fuzzy
random variables and Kim [9] obtained SLLN for sums
of strongly tight fuzzy random variables as a corollary
of compact-uniformly integrable case. These results
were obtained by similar arguments used in Daffer and
Taylor [1] which established SLLN for sums of Banach
space valued random variables. But unfortunately,
independent and identically distributed fuzzy random
variables are neither convexly tight nor strongly tight.
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identically distributed fuzzy random variables.
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Thus, the results of Joo [4] and Kim [9] cannot be a
generalization of SLLN for sums of independent and
identically distributed fuzzy random variables. Accord-
ingly, it is significant to study SLLN for sums of tight
fuzzy random variables as a generalization of indepen-—
dent and identically distributed case.

The purpose of this paper is to solve such a problem.
Section 2 is devoted to describe basic facts for fuzzy
numbers. The main results are given in section 3.

2. Preliminaries

Let K(R?) be the family of all non-empty compact and
convex subsets of R’. Then K(R”?) is metrizable by the
Hausdorff metric % defined by

WA, B) = max {sup ,c4inf jcgla— 8,

SUD pe ginf e gla— H},
where |- | is the usual norm in R”.
A norm of A= K(R?) is defined by
Al =h(A{0)=sup,calal.

It is well known that the metric (K(R?),4) is complete
and separable (See Debreu [2]). The addition and scalar

multiplication on K(R?) are defined as usual;

A@B={a+b| a= A, be B},
AA={Aa| acA}.



Let F(R?) denote the space of fuzzy numbers in R’
e, the family of all normal, fuzzy convex and
upper-semicontinuous fuzzy sets « in R? such that

supp © = ¢l xR’ : ulx) > 0}

is compact, where ¢/ denotes the closure. For a fuzzy

set uin R?, the a- level set of « is defined by

_ o ({x wlx) = e}, 0<e<l,
Lae = {suﬁp u, a=0.

Then it follows that « € F(R" if and only if
Lu € K(R?) for each o = [0,1].

lLLemma 2.1. For u € F(R"), let us define
Fu 200,11 = (K(R"),B) by fle) =L
Then the followings hold;
(1) f, is non-increasing: ie, e < B implies
L) 2 f.AB).
(2) £, is left -continuous on (0, 1].
(3) f, has right limits on [0,1) and is right
continuous at 0.
Conversely, if g:[0,11 - (K(R").h) is a function

satisfying the above conditions (1) - (3), then there

oxists a unique v € F(R") such that
gla)= L, for all ¢ € [0,1].
Proof: See Joo and Kim [61.
If we denote the right-limit of f, at « = [0,1) by
L ,u, then

L,u=c {xsR” : w(x)>a}.

The addition and scalar multiplication on F(R?) are
defined as usual;

(u®Dv)(x) = sup ,; ;= ,min (2(), v(2)),

(ulx/A), if A#F0
(A”)(x)_[l(ﬂ,(x), i =0

where 1, is the indicator function of {0}.
Then it is well known that for each e<[0,1],

L(u®v)= L uDLyv
and
L (Auw)= AL u.
Now, the uniform metric dw on F(R") is defined by
doo(tt,v) = SUp gz AL u, Lov).
Also, the norm of we F(R") is defined as

Vol = dolot, I ) = SUD serw | x| .
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Then it is well-known that (F(R®),d.) is complete,
but is not separable. (See Klement et al. [11]). Joo and

Kim [5, 6] introduced a new metric on F(R’) which
makes it a separable metric space as follows:

Definition 2.3. Let T be the class of strictly increasing
continuous mappings of [0,1]1 onto itself. For
u,v eF(R"), we define

d{u, v)= inf{e)>0:there exists a t€T
such that sup g<e<ilf@)—d < ¢
and do(u, Kv)) < €},

where #v) denotes the composition of » and ¢.

It follows immediately that o, is a metric on F(R?)
and du,v) < dolu,v). The metric &; will be called
the Hausdorff-Skorohod metric.

3. Main Results

Let (R,F,P) be a probability space. A set-valued
function X : £ — (K(R?),h) is called a random set if
it is measurable.

A random set X is called integrably bounded if
E| X| ¢ oo. The expectation of integrably bounded
random set X is defined by

E(X)={E(&) | £ L(2,R") and
Hw)eX(w) a.s.},

where L(2,R") denotes the class of all R’
random variables & such that El§<co,

A fuzzy number valued function X : 2 — F(R?) is
called a fuzzy random variable if it is measurable. It is
well known that X is a fuzzy random variable if and

valued

only if for each e=l[0,1], L,X is a random set (For
details, see Kim [8]).
A fuzzy random variable X is called integrably

bounded if Ell X| < oo. The expectation of integrably
bounded fuzzy random variable X is a fuzzy number
defined by

E(X)(x) = sup{a=l0,1] | xe E(L,X)}.

It is well-known that if X, ¥ are integrably bounded,
then
(1) L.E(X) =E(L,X for all e=[0,1].

(2) (XD )= E(XBED).
(3) EQX)=AE(X).

Lemma 3.1. Let E|| X| (. Then for each e > 0,

there exists a partition 0=a;<a<.. ..<a,=1 of [0,1]
such that
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Elh(Ly X, L,X] < e (31)

for all £=1,2,...,m
Proof. For 0<a<B<1, let

¢(a,B)=ELh(L X, LX)
We define

{1 if ¢(0,1)<e,
"V inf{8] #(0, A= e}, otherwise,

and for j=2,

_ {1 if ¢(7,-1,D<e,
TiTUinf{8> 7;-1 | 6(7,_1, =€}, otherwise.

Now we must show that y;=1 for some ;.
Suppose that 7;<1 for all ;. Then by left-continuity
of L,X as a function of e, there exists a sequence {e,}

with y,{a@,{7,+; such that
Er(L,X, L, X)) = &2 (3.2)

for all ». Since {7,} is monotone increasing sequernce, it
follows that

WL, X, L, X)— 0 pointwise.
Then by the dominated convergence theorem,
ElW(L, X, L, 3] — 0,
whish is impossible by (3.2). Q.ED.

Remark. If E| X| (o, by applying Lemma 2.2 of Joo
and Kim [6] we can obtain the following:
For each ¢ > 0, there exists a partition 0=ga;< @<

..<an=1 of [0,1] such that
B(L,;, E(X),L,EX) < e (33)
for all #=1,2,...,
WL - E(X), LX) < EWL X, LX),

it follows that (3.1) is stronger than (3.3).

m. Since

Definition 3.2. Let { X,} be a sequence of fuzzy
{ X,} is said to be tight if for each

&>0, there exists a compact subset A of F(R?) relative
to d,-topology such that

random variables.

P X,2A)e for all n.

The purpose of this paper is to obtain SLLN for sums
of tight fuzzy random variables as a generalization of
independent and identically distributed case. By lemma
3.1, it is natural that the condition (3.1) should be
assumed to this end.
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Theorem 3.3. Let { X,} be a sequence of independert

and tight fuzzy random wvariables. Suppose that the
following two conditions are satisfied;

(1) sup, Ell X,lI"=

(2) For each ¢ > 0, there exists a partition (==
a;<as<...Sa,=1 of [0,1] such that

E{h(Ly, Xu Lo X1 < &

for all » and all £=1,2,...,m
Then

M < for some 1.

limL a2, (@1_, X, @1 B XN=0 a.s.

Proof: Let >0 be given. By assumption (2), we choose
a partition 0=a;<{a:<...<a,=1 of [0,1] such that

Elh(Ly, Xu Loy X1 < & (34)

for all » and all £=1,2,..., m.
Now, if a@,-,{ae<a,, then

WB%=1Ly X, @11 EL, X))
< M@ L, X, DL, X))
+MBi-1Lo, X:, D1 E(L,, X))
T D=1 E(L, X)), @11 E(L,, X))
< Zlh(La;ﬂ XL, X))
+ (D=1 Lo, X;, D E(L,, X))
+ B MEL,;, XD, BL,, ).

Thus,

Lsup o, casa, M@l X O E(L, X))

< % 121 h(La:,l Xh La,, Xz)
+ L M@ Ly, X, D B L, X))
+ L B MEL,, %), EL., X))

=(I) + (I + (II)
For (I). first we note that

Eh(L, X, L., X))
< 2El R, 17 < 2'M

Thus, by SLLN for real-valued random variables, we
have

1 Iﬁ;‘.][h(L,,;_l X Lo, X))
~En(Ly XL, X21 = 0 a.s.
Therefore, by (3.4),
(D = & DMLy, Xi Lo, XD
—EnL,; Xi L, X)]



-+

Nl

ElW(L,; X, Le X)]

=1
{ € a.s.
It is obvious that by SLLN for tight random sets(
Taylor and Inoue [14], Uemura [15D]),

(II) — 0 a.s.
Now for (III), we have by (3.4).

(am <+ glEh(La;ﬂ X Lo X

< e.
Hence,
%{ sup a,_1<asakh(®’§'= lLa Xi: ®?=1E(La Xt))
{ 2¢ a.s.
and so,

L 4.(@%) X @11 X)) ¢ 2% aus.

Since € is arbitrary, this completes the proof.
QED.

Corollary 3.4. Let { X,} be a sequence of independent

and tight fuzzy random wvariables. Suppose that the
following two conditions are satisfied;

(1) There exists a compact subset A of F(R")
relative to the metric d, such that P( X,€A)=1

for all .
(2) For each e > 0, there exists a partition 0=
a<as<...<a,=1 of [0,1] such that

E[h(Lul_, Xn»La,, Xn)] { ¢
for all » and all £=1,2,...,m.
Then

lim L d. (@) X, @1 E( X)) =0 a.s.

Corollary 3.5. Let { X,} be a sequence of independent
and identically distributed fuzzy random variables. If
El X,| o fore some 7>1, then

lim deo( L @72y X ECXD) = 0 aus.

Example. Let A be a relatively compact and convex
subset of F(R?) w.rt. the metric &, and let { X,} be
independent fuzzy random variables taking values in A.
Then, by Theorem 3.11 of Kim [10], for each e > 0,
there exists a partition 0=a,<a<.. ,.<{a,=1 of [0,1]
such that

WL, u L] < ¢

pa3
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for all w=A and all £=1,2,...,m. Then
Eh(Ly XuoLg X1 < €

for all » and all £=1,2,..., m. Thus, by Corollary 3.4,
lim L a.(@%, X, @1 E(X)=0 as.

4. Conclusion

The result of this paper is a generalization of SLLN
for sums of independent and identically distributed fuzzy
random variables as indicated in Corollary 3.5. But it
remains an open problem whether the SLLN holds if we
exclude the condition (2) of Theorem 3.3.

5. References

(1. P. Z. Daffer and R. L. Taylor, Tightness and
strong laws of large numbers in Banach spaces,
Bull. Inst. Math. Academia Sinica 10 (1982),
251-263.

[2]. G. Debreu, Integration of correspondences, Proc.
Fifth Berkley Symp. on Math. Statist. Prob. Vol
2 (1966), 251-372.

[3. H Inoue, A strong law of large numbers for
fuzzy random sets, Fuzzy Sets and Systems 41
(1991), 285-291.

[4]. S. Y. Joo, Strong law of large numbers for tight
fuzzy random variables, J. Korean Statist. Soc. 31
(2002), 129-140.

[5l. S. Y. Joo and Y. K. Kim, The Skorokhod
topology on space of fuzzy sets, Fuzzy Sets and
Systems 111 (2000), 497-501.

[6]. S. Y. Joo and Y. K. Kim, Topological properties
on the space of fuzzy sets, J. Math. Anal. Appl.
246 (2000), 576-590. ,

[71. S. Y. Joo and Y. K. Kim, Kolmogorov's strong
law of large numbers for fuzzy random variables,
Fuzzy Sets and Systems 120 (2001), 499-503.

[Rl. Y. K. Kim, Measurability for fuzzy valued
functions, Fuzzy Sets and Systems 129 (2002),
105-109.

[9. Y. K. Kim, Strong laws of large numbers for
random upper semi-continuous fuzzy sets, Bull
Korean Math. Soc. 39 (2002), 511-526.

[10). Y. K. Kim, Compactness and convexity on the
space on the space of fuzzy sets, submitted.

[11]. E. P. Klement, M. L. Puri and D. A. Ralescu,
Limit theorems for fuzzy random variables, Proc.
Roy. Soc. London Ser. A 407 (1986), 171-182.

{12]. I S. Molchanov, On strong laws of large
numbers for random upper semi-continuous
functions, J. Math. Anal. Appl. 235(1999),
349-355.

757



HA| ¥ X sA 2”5 =2%] 2003, Vol. 13, No. 6

{131. M. L. Puri and D. A. Ralescu, Fuzzy random
variables, J. Math. Anal. Appl. 114 (1986),
402-422.

[14]. R. L. Taylor and H. Inoue, A strong law of
large numbers for random sets in Banach spaces,
Bull. Inst. Math. Academia Sinica 13(1985),
403-4009.

[15]. T. Uemura, A law of large numbers for random

sets, Fuzzy Sets and Systems 59 (1983), 181-188.

L. A. Zadeh, Fuzzy Sets, Inform. Control 8

(1965), 338-353.

(16].

758

X XA 7

A3 (Yun Kyong Kim)

He received the B.S. degree in
Mathematics Education from Kangwor
National University in 1978.

And then, he received the M.S. and Ph.
D degrees in Mathematics from Korea
University in 1983 and 1988,
respectively. From 1989 to 2002, he was
in Dept. of Mathematics, Dongshin

a professor ]
University. Since 2002, he has been a professor in Dept.
of Information & Communication Engineering, Dongshin

University. His research interests center on Fuzzy
Probability Theory, Fuzzy Measure Theory and related
fields.

E-mail: ykkim@dsu.ac.kr



