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Abstract

The nonlinear fourth order elliptic equations with jumping nonlinearity was modeled
by McKenna. We investigate the trends for the researches of the existence of solutions
of a fourth order semilinear elliptic boundary value problem with Dirichlet boundary

condition, Fu+cdu=258[(ut+1)*—11+bu" in £ where Q is a bounded open set in
RY with smooth boundary 8%.

0. Historical Review

The nonlinear fourth order elliptic equations with jumping nonlinearity was modeled by
McKenna. In this article we investigate the trends for the researches of the existence of
solutions of a fourth order semilinear elliptic equation

Lu+cdu=b[(u+1) =11+ bu+f in Q 1)
u={0, du=0 on JL

where 4° denote the biharmonic operator, A4 is the laplacian on RN, ut = max {u, 0},

Q is a smooth open bounded set of RY. Here A,<c <A, where {A,} s>; denote the

% This work was supported by Inha University Research Grant 2003.
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sequence of the eigenvalue of —4 in H (l)(.Q) and b, b, are not eigenvalue of

4%+ cd.

The existence of solutions of the fourth order elliptic boundary value problem

LPu+ cdu=bg(x, u) in 2 (2)
u=0, du=0 on £

have been extensively studied by many authors. Choi and Jung [1] proved by the

Variation of Linking Theorem that problem (2) has at least two solutions under some
condition on g. Micheletti and Pistoia [7] proved that problem (2) has at least two
solutions by the classical mountain pass theorem when A;<c¢ and b <A;(A;— ¢). Choi

and Jung [2] studied the problem, with Dirichlet boundary condition,
A%u+cdu=but+f in 2 (3)

They proved by variational reduction method that (3) has at least two solutions when
A<c<Adyand b<A(Aj—0) and f=s>0, or c¢<A, A=) <b<Ape1(Apy1—0)
(k=1, 2, ) and f=s<0.

The nonlinear biharmonic equation with jumping nonlinearity problem

Lutcdu=b(u+1) =11 in (4)
u=0, Jdu=0 on 08

was studied by some authors. Lazer and McKenna [3] has been pointed out that this
kind of nonlinearity furnishes a good model to study travelling waves in a suspension

bridge. In [4] the authors proved the existence of 2k—1 solutions of (4) when QCR
is an interval and &> (A,—¢) , by global bifurcation method. Tarantello [9] showed

by degree theory that if &> 2;(A;—c¢), then (4) has a solution # such that u(x) <0
in £ when ¢ <A, Micheletti and Pistoia [7] showed that there exist two solutions

when b >=A4,(A;—c¢) and three solutions when & is close to AA,—c¢) for a more

general nonlinearity source term.

It is natural to consider equation (1) that the nonlinear term has both bx" and

b[ (x+1)* —1]. The multiplicity of solutions of problem (1) is closely related to the
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position of ¢, b7 and b,

In this article we investigate the existence and multiplicity of solutions for the

Dirichlet boundary value problem in different six regions of (&, by) when A;<c <A,

and f=10. We also show the existence of solutions when the source term is non-

constant.

1. Sobolev Space and Linking Theorem

We introduce the Sobolev space spanned by the eigenfunctions of the operator

4%+ ¢4 with Dirichlet boundary condition.

Let A, denote the eigenvalues and e, the corresponding eigenfunctions, suitably

normalized with respect to L%() inner product, of the eigenvalue problem du+Au=0
in £ with Dirichlet boundary condition, where each eigenvalue A, is repeated as often

as its multiplicity.

We recall that 0 <A; <Ay < A3+, A;—>+ooand that ¢; >0 for all x4

The eigenvalue problem with Dirichlet boundary condition, 4%u+ cdu=Awu in Q. has
infinitely many eigenvalues A,(c)=A,1,—¢), k=1, 2, --- and corresponding eigen-

functions e,. Set
H,=span{ey, -, e;}, Hi={weH|(w,v)yg=0, VveH,).

Let H=Hy,(@2)NH)L) be the Hilbert space equipped with the inner product

(u, )y = fdudv =+ f vVuvy. When f=0 the functional G: H—R corresponding to

(1) is given by
G(u)=%f[(du)z—C|Vu|2—b2(u+)2]—%f{[(u+1)+]2~2u—1}. (5)

We rewrite G(u) as follows

6 =1 [y =clvul— b, 1= 5 [+ 2 [l D ®
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We note that the functional G is CY(H, R) (cf. [3, 111) and its critical points are weak

solutions of problem (1).

Definition 1.1. We say G satisfies the (PS) condition if any sequence u,=H for which

G(u,) is bounded and G'(u;)— 0 as k— o possesses a convergent subsequence.

The (PS) condition is a convenient way to build some “compactness” into the function—
al G Indeed observe that (PS) implies that K, ={u=sH|G(u)=c and G'(u)=0}, ie.

the set of critical points having critical value ¢, is compact for any c€R. For any
ceR, bj+b,#A,c) (j=1, 2,+) and b, b,#0 the funcional G satisfies the (PS)

condition.

To introduce a Variational Linking Theorem, we define the following sets.

Definition 1.2. Let X be an Hilbert space, YCX, p>0, and e=X/Y e#0. Set
B(Y)={xeY|lxlx<p},
S(Y)={xeY|lxlx=0p},
de, Y)={oe+v|0o=20, veY, loetvlx<p}

S(e, V)={oe+v|0=20, veY, loetvlx=plU{v|veY, [vlx<o}

We recall a theorem of existence of two critical levels for a functional which is a

variation of linking theorem.

Theorem 1.3 (a Variation of Linking). Let X be an Hilbert space, which is topological
direct sum of the subspaces X; and X,. Let feC'(X, R). Moreover assume

(a) dim X; < + o0,

(b) there exist p >0, R>0 and e=X,, ¢#+0 such that o <R and
sup s,(xpf <inf s, x,/,

() —oo<a=inf 4, x)/,

(d) (PS). condition holds for any c&[a, b] where b= sup s, (x,f.
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Then there exist at least two critical levels ¢; and ¢, for the functional f such that

a<cy=<supg,x)f <inf g, x)f << b

2. The Investigation for Nontrivial Solution

In this section we suppose that f=0. We investigate the existence and multiplicity of

solutions for problem (1) in six regions of (b;, by) when A;<c<A,.

(i) Uniqueness

The following three theorem is the uniqueness results for problem (1).

Theorem 2.1. Assume that b;+ by < A,(c), A;(c)<b;<0. Then problem (1) has only

the trivial solution.

Theorem 2.2. Assume that b+ by, <A,(¢), b;>0. Then problem (1) has only the

trivial solution.

Let L=4%+cd and k=/11——2*‘&. We rewrite (1) as

Lu=b[(u+1)"—11+ bu”
or equivalently
Lu—ku=b[ (u+1)" =114 byu™ — ku.

Since A; < ¢ <A, the eigenvalue of operator L satisfies A,(c) <0< A3(c) < A5(c), we

have the following uniqueness result.

Theorem 2.3. Let |A| <|A;l|. Suppose that b; > |kl, b, > |kl, and b;+ b, < A,. Then

equation (7) has only the trivial solution.
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(ii) At least two solutions

We prove the existence of two solutions for problem (1).

Theorem 2.4. Assume that b,+ by <A (¢) and b,>0. Then problem (1) has at least

two solutions.

To prove Theorem 2.4 we need the following two lemmas.

Lemma 25. Let b;+ by <A,(¢) and b, >0. Then we have lirEwG(— re)) =— 0,

-2
Remark 2.6. We have lim Llut D17 =().

juln 0 |l

From the above equation we have f[ (ut+ 1) P<lul%- o(uly).

Consider the values of G in the set I,(H)={wu+u, Espan{el}QBHHfu%+
f(Aug)z—CIIVuZIZsz}. The set I',(H) is homeomorphic to a ball in H, whose
boundary is the set 7y,(H)= {u;+ u,<span{e}DH; | fu?-i— f(AuZ)Q—chVuZI2
= 0%},

Lemma 2.7. Let b+ b, < A (¢) and b;>0. Then there exists a small o >0 such that

inf uE,ﬂ('H)G(u) >0.

Proof of Theorem 2.4. Since A;<c<Ady, b+b,<A(¢c) and by>0, by Lemma 2.7
there is a small o >0 such that inf,e, s G(%) >0. By definition of G we have
G(0)=0 with 0I',(H). Set A={—re, 0}, B=y,(H). Then A links B. By
Lemma 25 there is sufficiently large 7»>0 such that —re&l',(H) and
G(—7e;) <0. Thus

sup 4 G(uw) < inf gG(w).

By the Mountain Pass Theorem G possesses a critical value

- 112 -



Q-Heung Choi -Yinghua Jin

c12inf e, g(w) >0 and 0= min ,er ) G(w).

So G has two critical values. Hence problem (1) has at least two solutions, one of

which is nontrivial.

(iii) At least three solutions

Lemma 2.8. Suppose &, >0 and b; > A,(c). Then there exists a small o >0 such that
SUD |y|=p, ueH, G(u) <0.

Lemma 29. Let 4;<c<A; and
T= max{f(u+>2|ueyf, f(Au)Z—c|Vu|2=1}.

1
< —.
Then we have T 1,00

Lemma 2.10. Suppose by >0 and b+ b, <-1T. Then there exist a large R >0 such

that inf{G(w) | u=o0e,+v, 6=0, veHy, f(du)z—cle/'u|2=R2} > 9.

Theorem 2.11. Let A; < ¢ < A,. Suppose b+ b,y <LT and b, > Ay(c), b,>0 . Then

problem (1) has at least three solutions, two of which are nontrivial.

Proof. Since b, + b, <—17: and b, > Ay(c), b,>0, by Lemma 2.8 and 2.10 there exist

R > p >0 such that

sup lu)=p, ueHzG(u) < 0 < inf uezk(ez,Hi)G(v)y
where Zg(e,, Hy) is the boundary of the set

{(G(w |l u=0ey+v, 620, veH,, f(du)z—CIIVuIZSRZ}.
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By the Variational Linking Theorem G(#) has at least two nonzero critical values c¢;,

Cy-
1 < SUP || =p, uEHZG(u) << inf vEER(ez,Hzl)G<v) < Cy.

Therefore (1) has at least two nontrivial solutions. This implies that (1) has at least

three solutions.

3. Nonconstant Source Terms

We let Lu= A u+cdu. We investigate relations between multiplicity of solutions
and source terms f(x) of the fourth order nonlinear elliptic boundary value problem,

under the condition: A; < ¢ <4y, b<A,(0).
Lu—bu"=f in H, (7)

where we assume that f= c;¢;+ ¢, (¢, 2 E€R).

Let V= span{¢,, ¢;} and we set

—b+ A
Ry = {di$)+ dybo| dy 20, |dol < —1 7" ey},
_b+A2 Az

Ry={d\¢,+ dy,1d, =20, mkdlédzﬁmkdl},

A
Ry={dy¢, +dy| d, 20, |d2|3—mkd1}.

Then we have the result([cf. 21).

A —b+ A
Theorem 3.1. Suppose — bu” satisfies lA21| > —b—l—A?' Let f=ci¢+cyp€V.

Then we have:
(a) If f=IntR;, then (7) has exactly two solutions, one of which is positive and the
other is negative.

(b) If f=IntR,UIntR, then (7) has a negative solution and at least one sign
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changing solution.

(c) f f=0R;, then (7) has a negative solution.

(d) If f=R3, then (7) has no solution.
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