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Abstract

We investigate the properties of fuzzy semi-topogenous orders.

We study the relationship among fuzzy supra

topologies, fuzzy supra interior operators and fuzzy semi-topogenous orders. We give examples of them.
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1. Introduction and Preliminaries

Csaszarl3] introduced the concept of a syntopogenous
structure to develop to the three main structures of
topologies, proximities and uniformities. Katsaras and
Petalas [11] extended them to the theory of fuzzy sets.
Katsaras [4-11] has developed in many directions. Abd
El-Monsef and Ramadan [1] defined some of their
properties and studied the concept of fuzzy supra
topological spaces. Kim and Ko [12] investigated fuzzy
semi-topogenous orders and fuzzy supra topologies.

In this paper, we investigate the properties of fuzzy
semi—topogenous orders fuzzy supra topologies and fuzzy
interior operators. We study the relationship between
them and give examples of them.

Thought this paper, let X be a nonempty set,

I=[0,1] and I* the family of all fuzzy subsets of X.

For ecl, a(x)=a for all x€X. For a subset A of X,
x4 1s a characteristic function of A.

Definition 1.1([1,2]) A subset z of I* is called a fuzzy
supra topology on X if it satisfies the following
conditions: '

(01 0, 1eg

(02) ;'\E/I’# e for any p.er

A fuzzy supra topology t is called a fuzzy topology if it
satisfies

(03) g\ Apser for any p,, pret.

The pair (X,7) is
topological space.

called a fuzzy (resp. supra)

Definition 1.2([1,2]) A function int:/*~I%is called a
fuzzy supra interior operator on X if it satisfies the
following conditions:

(I int(1=1.
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(I2) int(A)<A for each Aer”.
(I3) If A,<A,, then int(A,)<int(1,) where A, A,el*.

A fuzzy supra interior operator int is called a fuzzy
interior operator if it satisfies
(D int(A; Ay =int(A DAint(1,), where A, A=l
A fuzzy supra interior operator int is called topological if
it satisfies
(T) int{int(A))=int(A) for each Asrl*.
Theorem 1.3([1,2]) Let (X, ) be a fuzzy (resp. supra)

topological space. We define a function int :7%—=I% as
follows:

int ()=V{pel™| u<i,pesr}

Then

operator on X.
Let < be a binary relation on X. The facts that
(A, mwe<gand (A, pwéEL are denoted by A<g and

A<, respectively.

int ; is a topological fuzzy (resp. supra) interior

Definition 1.4([11]) A binary relation € on I%is called

a fuzzy semi—topogenous order on X if it satisfies:

(T 1<1 and 0<0,

(T2) if A<y, then A<y, where A,pelX.

(T3) if A<A €p <y, then A<y, where A, Aq, 4,19
erX.

Let <€ be a fuzzy semi-topogenous order on X. We
define A<<p iff (1—w)<(1—2), where A,pusl.
Then <<° is a fuzzy semi-topogerots wiaa oii X.
Definition 15 ([11]) A fuzzy semi-topogenous order <
is called:

(1) symmetric if € =<{°, that is,
(T4) A<y iff (1-p<(1-2) -

(2) fuzzy topogenous if for any A,Aq,Ag, ey, oI,
(TS A VA iff A€y, A€p
(T6) A<u Ay iff A<y, A<pny

(3) perfect if, for any {u,A;| iecr®,
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(T ,\/PA Ly iff ALy, for all el

(4) biperfect if it is perfect and any {A,u; | ielcIX,
(T8) i« /E\ \pi iff ALp, for all il

Definition 1.6 ([111) Let < and <,
semi-topogenous orders on X. <<; is finer than <<,
({5 is coarser than<<,) if A< g for all A<y

be fuzzy

Definition 1.7 ([11]1) A fuzzy topogenous order < on
X is called a fuzzy topogenous structure if it satisfies
the following condition:

(T) € -< is finer than € where < - < is defined by,
for any A, gl A(€ - Qpu iff there exists o=l* such
that A€p and op< .

The pair (X, <) is called a fuzzy topogenous space.

Theorem 1.8 ([12]) Let < be a fuzzy semi-topogenous
order on X. We define the mapping int :/*—I% is as
follows: for each Ael”X

int (D) =V{gel®| i},
Then we have the following properties:
(1) int( is a fuzzy supra interior operator.

(2) If < satisfies (T6), then

operator.
(3) If < satisfies (T5), then int . is a fuzzy interior

int ¢ is a fuzzy interior

operator.

(4) If €-< is finer than <, then, for each Aerl”,
int «(int (1)) = int ().

(5) If < is a fuzzy topogenous structure, then int ( is a
topological fuzzy interior operator.

Theorem 1.9 ([12]) Let <€ be a fuzzy semi-topogenous

order on X. Define a fuzzy topology on X by

T = {Ael™ | int ((A)=A}.

Then:

(1) 74, is a fuzzy supra topology on X induced by
int ¢ .

(2) If < satisfies (T6), then 7y, is a fuzzy topology
on X.

(3) If <« is perfect, then A€z, iff A4 for each
rsr¥,

Theorem 1.10 ([12]) Let int be a fuzzy supra interior
operator on X. Define a binary relation <<;; as

Al e ¢ iff A< int ().
Then :
(1) < is a perfect fuzzy semi-topogenous order on X
such that int «,(4) = int(Dfor each Al
(2) If int is a fuzzy interior operator on X, then <{ is

a fuzzy topogenous order on X.
(3) If int(int(1)) =int(A) for each Aer¥, then

470

(i © <) 1s finer than <<y
(4) If int be a topological fuzzy interior operator on X,
then <{y,; is a fuzzy topogenous structure on X.

(5) If < is a fuzzy semi-topogenous order, then <{iy..
is finer than <.

(6) If < is a perfect fuzzy semi-topogenous order, then
€ = int ¢ -

2. The properties of fuzzy
semi—topogenous orders

Theorem 2.1 Let 7 be a fuzzy supra topology on X.
Define a relation

AL iff there exists p=rt such that A<p<u.

Then:
(1) <<, is a perfect fuzzy semi-topogenous order on X.

(2) If 7 be a fuzzy topology on X, then <<, is a perfect

fuzzy topogenous order on X.
3) K=y

Proof (1) (T1) Since 0, ler, we have 1<, 1 and
0¢< . 0.
(T2) If AL, there exists per such that A<p<p.
(T3) It follows from the definition of <<,.
(T7) Since A,< Z\E_/F/Ii for iel’, by (T3)implies A; <, g,
for all for il

Let A; <, p, for all foriel. For each ierl, there
exists p;,r such that A; <p;<g X. It implies
Z\E/r/l < >E/Fp <y and l_\E/Fp .=r. Hence Z\e/rxi L ot
(2) We only show that A<,z and A< ,puy
implies A< 1A\
Let A<(,p, and A<,z Then there exist p,p.e7
such that A<p <p,, A<py<pu,
Since (p1Apper and A<(0 Ap)=<(g i A\xsy).
we have A< (1 /A\ps).
(3) Let A <y, u. Since A<int (p)<yg and int (p) ez,
then A< .. Let A< ,p. Then there exists per such
that A<p<u. Since int {p)=p, A i,
A K int, M.

o<y implies

Example 2.2 Let X={x,y,2} be a set. Define a fuzzy
supra topology 7={0, 1, % (v}, X v..1}-We obtain
A=0 or p=1,
Mo iff { 0FASx oy 1F420 0y
0FA<x 0 1Fu2x(.2

Then <, is a fuzzy semi-topogenous order but not



topogenous order from:

T Xy 2 X o

2 K = (X e 0N (5,21

From Theorem 1.2, we obtain supra interior operator
int ;77°>I* as follows:

1 if A=1,

Xy if x (x,y}é/l¢_1
int ()= N
Ly L X asAF 1

0 otherwise

But it is not a fuzzy interior operator because

0=int {x YAV (y'z)):’: int (x (x‘y))/\int x (y.z)) =X
We easily show that the property (3) in Theorem 2.1
hold: A< ¢ iff A< e e for all A, pel” | that is,
K=, Thus 74, = {0, X ey, X ey, 1} i @
supra fuzzy topology but not topology from

X\ .= X1 F Cint e
Theorem 2.3 Let < be a perfect fuzzy semi-topogenous
order on X. Define Aer iff A<A.
Then (1) 7« is a fuzzy supra topology on X.
(2) 1= Tim

(3) If < is perfect fuzzy topogenous order on X,
then r( is a fuzzy topology on X.
(4) «is finer than<< ..

(B If <-< is finer than <, then < =<<,,.

Proof (1) (O1) Since 1<<'I and 0<¢ 0, then
_0,_152'«.
(O2)For all ieT, A=, iff for all iel", A LA,
= for all i€l , A, <V A; ( by (T3))
iff \E/F/l < ,\E/F/l ; (L is perfect )
iff (\Va)=c,
(2) From Theorem 1.9(3), A=t iff A<A
iff A= int «(A) iff A=7m .
(3) We only show the condition (O3).

/11,/1261‘« iff /11<</11, /12<</12
=AAAKA ], A ALK A,

iff A1\ A1, (L s topogenous )
iff A A ET.

(4) Let A<,
Since per iff p<Lp and Asp<ypy, by(T3), then AL .
Thus, < is finer than <{, .

(6) We show that <<, is finer than < from (4).

Let A<p. Then A<int (1) <u.

#. Then there exists per with A<p<u.

On fuzzy semi-topogenous orders
Since int ((int «((2)) = int «(x)from Theorem 1.8(4), we

have int «(¢)E7 i, Since 7y =1« from (2), we

have int ((#) e7r«. By Theorem 2.1, A<, p.

Theorem 2.4 Let r be a fuzzy supra topology on X.
Then T, =T~

Proof By Theorem 21, <, is
semi-topogenous order on X and<{ =< ;. Then, by

Theorem 2.3, 1, =r«,. Let Then, by
definition of 7, AL 4, A Thus A< A. By definition
of «; Aer So, r¢ ,Cr.

Let A=z Then int,(A)=A. By Theorem 1.10, it implies
AL e A If A€z, Thus Cre .

It completes the proof.

a perfect fuzzy

Ae [

Hence r=r17(,,.

Example 2.5 Let X={x,, 2} be a set. Define a relation
< on I* as follows:
A=10or p=1,
Ay iff | 0#ASx ) 1F 4224y
VFASxy 1Fa2x .

Then < is a perfect fuzzy semi-topogenous order but
not topogenous order from:

X T X <X .2
X KX = (x (x.y)/\x (y‘Z))-

From Theorem 1.8, we can obtain a fuzzy supra
interior operator int (¢ Z*—I%¥ as follows:

1if A=1,
Xy if X <At L
int (((/1) = —_
X i X a<A#F1
0 otherwise
But it is not a fuzzy interior operator from
—0 = int <<(Z (x.y)/\l’ (y,z})

+int <<(X (x,y))/\int <<(X (y.z)) =X

We obtain z(=7 i = {0, 1}

Moreover, by Theorem 2.3(5), € - < is not
finer than < from the fact that

X €2 LY ey and ¥ (3€K (1, ).

Then < is finer than (< ,_ from the fact that

+ A iff A=0 or p=1.

Example 26 Let X and r be given as in Example 2.2.
From Theorem 2.4, we can obtain
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T« =T« W= =1{0, Lxwy X ipal

Theorem 2.7 Let (X, int) be a fuzzy supra interior
space. Define a subset 7., of I¥ as
T = {4 | int(A) =4},
Then:
(1) r is a fuzzy supra topology on X induced by int.
(2) If (X, int) is a fuzzy interior space , r is a fuzzy
topology on X.
B Tim=r,.
(4) int . <int.
(5) (i is finer than <, .
®6)If (X,int) is

int .= int.

topological, =K., and

Proof (1) and (2) are similarly prove as in Theorem 1.9.
(3) Let A=z, with int(A)=A. It implies A< A iff

A=ty Thus, rxCre..
Let Aer(,,. Then A< A It implies A<int(A). Thus,
A€ T . SO T CTine
(4) Suppose there exists Ael* such that
int . (A) £int(A).
Then there exists x€X such that

int (D0 int (D).

By the definition of
int(x) =p<A such that

int ., there exists pery, with

int (D) 2 p(x)> int (A)(x).

Since int(z)<int(A), it is a contradiction.
Hence int, <int,

(5) Let A<, u. There exists pery, with
such that A<p<ypu . Since A<p= int{p), we have A< o

int(p)=1p

implies A . Hence << iy is finer than <<, .

(6) Let A< iyyu. Then A<int(g)<pg. Since (X, int) is
topological, int(x)ery, Thus, A<, u

is finer than << .

topological, int(int(A))=int(A)<A.
It implies int . (4)=int(4). By (4), int, = int.

Hence <<, Since (X, int) is

Example 2.8 Let X={x,y,2} be a set. Define a fuzzy
supra interior operator int:7*—I%¥ as follows:
1if A=1,
Xy if x(x‘y>g/1:’:_1
int(4) = .
X f XpasA#F1

0 otherwise
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But it is not a fuzzy interior operator because

0= 1int(x x, p/\X 15, ) F it Gt AN ) =2 (1. T h
us T 1S a supra fuzzy topology but not a topology
from the fact that

Tint— { ny(x,y))x{y,z)’ 1}.

Since < is topological, we have <« =<, as
follows:
( A=0 or p=1,
A it ff | 0FAS g oy 1Fp2x 4y
0FA<x 4,0 #4224

Furthermore, riw=1¢, and int=int,_.

Example 29 Let X={x,y,2} be a set. Define a fuzzy
supra interior operator int:I*—I% as follows:
T if A=1,

int(D) =1 xu if xuy<a+1

0 otherwise

We obtain ryw=r1¢,= {0, 1}. Since

X = int(x (o)) F int(int(y (. )) =0

then int is not topological. We have < #<<{,, as
follows:
A=10 or /z=—1,
AL e 2 AfF { N i
0#:/13)((,5) l:f‘:ﬂZX(x'y)
and

ML e iff A="0 or p=1,

Furthermore, int+int,  from the fact that

1if A=1
int, (D={ _
0 otherwise
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