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PROJECTIVELY FLAT FINSLER SPACES
WITH CERTAIN (a,3)-METRICS

HoNG-SUH PARK, HA-YONG PARK,
Byung-Doo Kim AND EuN-SEO CHOI

ABSTRACT. The (a,B)-metric is a Finsler metric which is con-
structed from a Riemannian metric o and a differential 1-form (3.
In this paper, we discuss the projective flatness of Finsler spaces
with certain («, 8)-metrics ([5]) in a locally Minkowski space.

1. Introduction

A Finsler metric function L(z,y) is called an (a, 8)-metric if L is a
positively homogeneous function of a Riemannian metric @ = /a;;y*y’
and a differential 1-form 3 = b;y* of degree one. The specially interesting
examples of (o, 8)-metric are the Randers metric and Kropina metric.

A Finsler space F™ = (M™, L) is called a locally Minkowski space
([7]) if M™ is covered by coordinate neighborhood system (z*) in each
of which L is a function of y* only. A Finsler space F™* = (M", L) is
called projectively flat if F™ is projective to a locally Minkowski space.

The condition for a Randers space to be projectively flat was given by
Hashiguchi-Ichijyd ([4]) and Matsumoto ([6]). The projective flatness of
Kropina space was investigated by Matsumoto ([6]) and of Matsumoto
space was studied by Aikou-Hashiguchi-Yamauchi ([2]). The condition
for a Finsler space with a generalized Randers metric L satisfying L? =
cro? + 2coa3 + c33%, where c’s are constants, to be projectively flat was
given by Park and Choi ([8]). A locally Minkowski space with («, 3)-
metric is called flat-parallel ([1]) if o is locally flat and § is parallel with
respect to a.
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It is well-known ([5]) that a locally Minkowski space F* = (M", L)
with one of the following («, §)-metrics is flat-parallel:

(1) L=cia+cB+a%/B, c1 #0,
(2) L=cia+cf+ /e, e #0,
(3) L = (c10? + coaB + c38%)/(a + B),
where ¢’s are constants.
The purpose of the present paper is to consider the projective flatness
of Finsler spaces with the above (o, 3)-metrics (1), (2) and (3).

2. Preliminaries

In a Finsler space F™ = (M", L) with an (a, 3)-metric, let ;% (x)
be the Christoffel symbols constructed from the Riemannian metric a;.
We denote by (;) the covariant differentiation with respect to 7;'x(z).
In a Finsler space F™ with (a, §)-metric, we define

—_ _ T ar
2.1) 2rij = bij + by, 2855 = biyy — bjii,  8Tj = a” sy,
. 2
S; = brsrh Yihk = ahr’erka b = arsb’rbs-

Then, by Theorem 1 of [6] a Finsler space F™ with an (o, §)-metric is
projectively flat if and only if the space is covered by coordinate neigh-
borhoods on which v;%(z) satisfies

(Yo'o — Yo00y'/c®) /2 + (aLﬂ/La)SiO

(2.2) y .
+ (Laa/La)(C + aTOO/Zﬁxa bl/ﬂ - yz) = O:

where a subscript 0 means a contraction by y¢, L, = 0L/0a, Lg =
OL/0B,Laq = 0Ly /0a, Lgg = OLg/0B and C is given by

C + (o®Lg/BLa)s0

(2.3) + (aLaa/B2Lo) (02 — B2)(C + arg/28) = 0.

By the homogenity of L we know o?L,, = 32Lgag, so the formula (2.3)
can be rewritten in the following form:

{1+ (Lgp/aLa) (@ — B3 }C + are/26)

(2.4) = (o/28){roo — (2aLs/La)s0}
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If 1+ (Lgg/aLa)(a?b? — B?) # 0, then we can eliminate (C + argg/283)
in (2.2) and it is written as the form:

{1+ Lps(a®b? — B%)/(aLa) H(v0'0 — Y000y’ /?) /2
(2.5) + (aLg/La)s"o} + (Laa/La)(a/28){roo
— (2aL/La)so} (@' /B — y) = 0.
Thus we have

THEOREM 2.1. If 1+ (Lgg/aLas)(a?b? — 3?) # 0, then a Finsler
space F™ with an (a, §)-metric is projectively flat if and only if (2.5) is
satisfied.

It is known ([3]) that if a2 contains 3 as a factor, then the dimension
is equal to two and b = 0.

Throughout this paper, we assume that the dimension is more than
two and b? # 0, that is, & 2 0 (mod ).

3. A Finsler space with metric L = c;a + c28+ o2/

Let F™ be a Finsler space with an («, §)-metric given by
(3.1) L=cia+c8+0a?/B, ¢ #0.

It is known ([5]) that a Finsler space with («, 3)-metric (3.1) is flat-
parallel if it is locally Minkowski.

In this section, we find the condition for a Finsler space F™ with (3.1)
to be projectively flat.

The partial derivatives with respect to o and 3 of a metric (3.1) are
given by

La:C1+2C¥/,6, L,B:CQ_QQ//B2>
Loo =2/8, Lpg= 20(2/ﬁ3.

If 1+ (Lgg/aLy)(a?b? — 3%) = 0, then we have ;8% + 2b%°a® = 0 which
leads a contradiction. Thus Theorem 2.1 can be applied.
Substituting (3.2) into (2.5), we get

(3.2)

(c18% + 20203 {2590 + 2B8(y0'o + cas'0B)a®
(3.3) +c170° 082 — 2v0008y @ — c1v0008°y'} + 2{2s00°
+2B(ro0 — c2B8s0)a’ + c1ro0B%a® Ha’b — By) = 0.
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Then the above equation (3.3) can be rewritten as a polynomial of eighth
degree in « as follows:

psa® + pea’ + pao® + pac® + po + apsa’ + psa® + p1) =0,

where

pg = 4(b'sy — b%sy),

Pg = 4ﬂ{b2(70io + co8'08) — oy + b (oo — c28s0)},

ps = 2¢16%(—s"08 + b*vo'o + Tood?),

pa = —48{b*v000¥" + B(roo — c28s0)y’},

p3 = 2¢182 (%0 8% + c25°08° — b2 y000y — TooBy"),

p2 =ci%'0B°, p1=—2c170008'Y", Po = —ciY0008°Y"-

Since pga® + pga® + p4Qc4 + paa? + po and psa? + psa? + p; are rational
and « is irrational in y*, we have

(3.4) psc® + pea® + psa + paa® + py = 0,

(3.5) p5a4 +p3a2 +p = 0.

It follows from (3.4) that the term 4(—b?sy + s0b%)a® must have a factor
. Since a? # 0 (mod B), we have a vector A! = \é(x) satisfying

sobt — b%stq = A,

Transvecting this by y; = a;;57, we get so = Ay, so that \; = s;.
Therefore we have b2sty = sgb* — s, that is,

(36) b28ij = biSj - bjsi.

Secondly, we observe in (3.5) that the term —2c;y0008*y* must have
a factor o?. Hence we have 1-form vy = v;(x)y* such that

(3-7) Yooo = Voaz-

From (3.4) and (3.7), the term (o — vy*)B8° must have a factor a?.
Hence we have u* = p'(z) satisfying

(3.8) Yo'o — voy' = plal.
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Transvecting (3.8) by y;, we have from (3.7), u'y; = 0, which implies
u* = 0. Thus we have

(3.9) Y'o = vy,
that is,
(3.10) 2v'k = b} + v;0},

which shows that the associated Riemannian space is projectively flat.
Next, substituting (3.7) and (3.9) into (3.3), we have

(c18? + 262a®) (c2 8% — a?)s’o + {2s00°

+ 2B(roo — c280B)a + 170032 H?b — Byt) = 0.
Transvecting (3.11) by b;, we get

2{(b°r00 — s0B)e® + (2508 — r00)5° }ax

+ c1(b%roo — s08)Ba” + c1(casoB — 190) B = 0,

which implies

(3.11)

(3.12)

(3.13) (b%ro0 — s08)a® + (c2808 — 700)3% = 0.
Therefore there exists a function k = k(z) such that
(3.14) Too — c2503 = ka?, b%ro0 — so8 = kB2
Eliminating roo from (3.14), we have

(3.15) (cab® — 1)s08 = k(% — b%a?),

that is,

(3.16) (c2b? — 1)(sib; + s;b;) = 2k(bib; — b2ay;).

Transvecting (3.16) by a*, we have (1 —n)b%k = 0, which implies k = 0.
We assume that b # 1/¢2. Then from (3.15), we have sy = 0, and hence
from (3.14) we obtain roo = 0, that is, r;; = 0.

On the other hand, from s; = 0 and (3.6) we have s;; = 0. So we get
bi;j =0.

Conversely it is easy to see that (3.3) is a consequence of (3.9) and
b;;; = 0. Thus we have

THEOREM 3.1. A Finsler space F™(n > 2) with an (o, 3)-metric
(3.1) provided b? # 1/c; is projectively flat if and only if the associated
Riemannian space (M™, a) is projectively flat and b;,; = 0.
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4. A Finsler space with metric L = cja + c28 + 8%/«

Let F™ be a Finsler space with an («, §)-metric given by
(4.1) L=cia+cf+ 8% a,cy #0.

It is known ([5]) also that a Finsler space F™ with («, 3)-metric (4.1)
is flat-parallel if it is locally Mincowski. The partial derivatives with
respect to a and (3 of (4.1) are given by

Loy =c1—B%/a® Lpg=cy+28/a,

4.2
(42) Loo = 26%/a°, Lgg =2/a.

If 1+ (Lgg/aLy)(a®b? — 3%) = 0, then we have o?(c; 4 2b%) = 342 which
leads a contradiction. Thus 14 (Lo /Ly )(a?b? — 3?) # 0 and Theorem
2.1 can be applied.

Substituting (4.2) into (2.5), we get

(c1a® = 367 + 2b%a?) (c170" 00" — Y0'00? 8
— c170000°y" + 70008%Y" 4 2c20° 5% + 4Ba’s')

(4.3) )

+ 20 (C]_’f'(]()a — 7‘00,82 — 202()(380

~ 4a®Bsy) (o' — By') = 0.

This equation (4.3) can be rewritten as a polynomial of seventh degree
in « as follows:

(g70° + gs0*)o + gea® + qua’ + gaa® + g = 0,

where

g7 = 2c2{(c1 + 2b%)s"g — 2b%s¢},

g6 = c1(c1 + 2b%)y0’0 + 4(c1 + 26%)Bs%y + 2c170b" — 8Bsob?,

g5 = 2¢23(—30s"0 + 2s0y’),

g1 = —2(2c1 +b*)B%v0"0 — c1{c1 + 26%) 000y’ — 128°s%
—2(b"8 + c1y*)ro0B + 862 sy,

g2 = B°{2(2c1 + b*)v000y" + 38%0"0 + 27008y},

g0 = — 38000y
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Since g7a® + gsa? and gga® + qua* + gea® + qo are rational and « is
irrational in y*, we have

(4.4) qra? + g5 = 0,

(4.5) g60° + qaa’* + g20” + go = 0.
The equation (4.4) is rewritten as follows:
(46) —3ﬂ28i0 + 2ﬁ80yi + (Clsio + 2b28i0 - 2bi80)a2 = 0.

Transvecting (4.6) by b;, we have so(cia®—3?) = 0. Since c;a? — 3% # 0,
we get sop = 0. Substituting this equation into (4.6), we get

:;io(—Bﬂ2 + c10® + 2b%a?) = 0,
from which s’ = 0 by virtue of (—38% + c;a? + 2b%a?) # 0, that is,
Sij = 0.

On the other hand, from (4.5), go must have a factor a®. Therefore
there exists 1-form po = u;(x)y® such that

(4-7) ~Yooo = M0a2-

Substituting s’o = 0, so = 0 and (4.7) into (4.3), we have
(4.8) (c10? — 367 + 2b%a?) (vo'o — poy®) + 2roo(a?b® — By*) =0
by virtue of c;a? — 32 # 0.

The terms —308%(v'0 — poy?) — 2r008y° of (4.8) seemingly does not
contain . Hence we must have 1-form v%g = v¢;(2)y’ such that

(4.9) 3B(70°0 — poy’) + 2rooy’ = vipa®.

Transvecting (4.9) by y; and using (4.7), we have
(410) 27‘00 = l/i()yi.
On the other hand, (4.8) is rewritten as the form

o{(c1 + 26%) (70’0 — poy®) + 2reob’} = B{38(70"0 — poy’) + 2rooy’}.
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Therefore, from (4.9) this equation is reduced to

(4.11) (c1 +2b%) (70'0 — poy") + 2rood” = Br'.
Substituting (4.10) into (4.11), we get
(4.12) (c1 + 26%) (0’0 — poy') = Br'o — voob',

where v;; = a;,v"; and v;; = v;;. Eliminating (0% — poy®) from (4.8)
and (4.12), we have

(4:13) l/io(CIOAQ - 3/82 + 21)2()(2) = lloo(Clyi - 3ﬁb1 + 2b2y1>

If we define the tensor E;; = (c1 +2b%)a;; — 3b;b;, then (4.13) is written
in the form v;0Fg0 = vgoFi0, which implies

(4.14) Enjvik + Ejivin + Exnvi; = vhj B + vig Eip + vin Ej.

It is easy to show that the tensor E;; has the reciprocal

y 1 3
i ij
B cl+2b2<a +c1—b2)’

where b? # ¢;, —c1 /2. Transvecting (4.14) by E", we get vy, = EFE,
where we put E = (E™uvj,;)/n. Therefore we have

(415) Vij = E{(Cl =+ 2b2)aij - 3bzb3}
and (4.10) is written as roo = E{(c; + 2b%)a? — 3532}/2, that is,

1
Tij = —Q-E{(Cl + 2b2)aij — 3bzb]}

Hence, from this equation and s;; = 0, we have

(4.16) biyj = %E{(cl + 2b%)a;; — 3b;b;}.

Next, from (4.15) the equation (4.12) is reduced to

(4.17) Yo'o = oy’ + E(By’ — o’bY),

that is,

(4.18) 2v;% = i + b’ + E(b;b} + bk — 2a;,b%).

Conversely, it can be easily verified that (4.3) is a consequence of
(4.16) and (4.17). Thus we have

THEOREM 4.1. A Finsler space F™(n > 2) with an («, 3)-metric (4.1)
provided b? # c1,—c1/2 is projectively flat if and only if b;.; is written
in the form (4.16) and F™ is covered by coordinate neighborhoods on
which the Christoffel symbols of the associated Riemannian space with
the metric o are written in the form (4.18).
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5. A Finsler space with metric L = (¢c;0? +coaB+c38?%)/(a+8)
If a Finsler space F* = (M™, L) with metric

c102 + cya3 + c3 32
(a+ ) ’

where ¢’s are constants, is a locally Minkowski space, then F" is flat-
parallel ([5]).

In this section, we shall find the condition for F™ with metric (5.1)
to be projectively flat. From (5.1) we have

(5.1) L=

. cla2 + 201015 + (62 - Cg)ﬁz

ba = (a+ B)? ’
ez —e1)a? + 2czaf + c38?
(5.2) Ly= e ,

2(c1 — cp +c3)B°

Loa="=0pr ="y pp

If 1 + (Lgg/aLs)(a?b? — 32) = 0, then we have
{e1 4+ 2(cy — o +e3)b*}a® 4 3c10” B+ 3(ca — c3)aB? + (ca — ¢3)B32 =0

which leads a contradiction. Therefore we can apply Theorem 2.1.
Substituting (5.2) into (2.5), we get

{(c1 + 2db*)a® + 31026 + 3(ca — c3)a?

+ (c2 — ¢3)B° o' 00’ {e10” + 2c1aB + (c2 — ¢3) 8%}

— ooy {c10® + 2c1aB8 + (c2 — ¢3)8%}

+ 2500 {(cz — ¢1)a? + 2c3a8 + c36°}]

+ 2da[roo{c1a® + 2¢c108 + (ca — ¢3)8%}

— 2spa{(ca — c1)a? + 2c3a8 + 352} (a?bt — By*) =0,
where we put d = ¢y — ¢3 + c3.

This equation (5.3) is rewritten as a polynomial of eighth degree in o

as follows: . . . )
gsa” + geo + gaa” + gox® + g

+ a(gr7a® + gsa* + gz3a® + g1) = 0,
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where
gs = 2(ca — c1){(c1 + 2db?)s'y — 2db'sy},
g7 = c1(cy 4 2db*)vo’o + 2{3c1(ca — c1) + 2¢3(cy + 2db?)}sto B
+ 2¢;dbtrog — 803dbisoﬂ,
gs = Blc1(5er + 4db®)yoto + 2{7cics — 3(cy — ¢2)(c2 — ¢3)
+ 2¢3db?} 508 + 4cydbirog — 4d{csb' B + (c1 — c2)y' }sol,
g5 = 2{c1(3c1 + 2c2 — 2¢3) + (c2 — c3)db? }yo'08”
— ci(er + 2db?)yo00y* + 2{3c1c3 + 6e3(ca — c3)
+ (ca —c1)(ca — 03)}<'>’ioﬂ3 + 2d{(cz - Cs)biﬁ - Clyi}’f“ooﬁ
+ 8csdso Sy,
ga = B{—c1(5¢1 + 4db®)yo00y° + 10c1 (c2 — c3)v0" 08
+ 10c3(ca — c3)s'08° — 4crdBy’roo + 4csdBy s},
93 = B*[(c2 — c3)(2c1 + 3c2 — 3c3)v0°08”
= {6¢f + 2(c2 — ¢3)(2¢1 + db*) }r000y"
+ 2c3(cz — ¢3)s°08° — 2(c2 — c3)drooBy’],
g2 = (c2 — ¢3)B8*{(c2 — ¢3)70"0B* — 10c17000¥'},
g1 = —{2c1 +3(c2 — c3)}(e2 — c3)B000¥",
go= —(co— 03)2ﬂ5’¥oooyi-

Since gga® + gea® + gaa* + g20® + go and gra® + gsa* + gza® + g1 are
rational and « is irrational in y*, we have

(5.4) g8a® + gea® + gaa* + g20® + g0 = 0,

(5.5) g7a® + gsa* + gz + g1 = 0.

The term which does not contain 3 in (5.4) is gga®. Therefore there
exists a homogeneous polynomial Vi of degree eight in 3* such that

2(co — c1){(c1 + 2db?)s*y — 2db'sp}a® = BV.
Since o® #Z 0 (mod ), we must have a function u® = u’(z) satisfying

(5.6) 2(co — c1){(c1 + 2db?)s' — 2db's} = u' B
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Transvecting (5.6) by b;, we have
(5.7) 2¢1(cy — ¢1)s0 = u'bifB,
that is, 2¢y1(co — c1)s; = uibibj. Furthermore transvecting this equation
by b/, we have u'b;b? = 0, that is, u'b; = 0. Substituting this equation

into (5.7), we have so = 0 provided ¢;(cz — ¢1) # 0. Therefore, from
(5.6), we get

(58) 2(02 — Cl)(Cl + 2db2)sij = ’U,ibj,
which implies u;b; +u;b; = 0. Transvecting this equation by b7, we have
u;b? = 0 by virtue of u;6’ = 0. Therefore we get u; = 0. Hence, from

(5.8), we have s;; = 0, provided (c1 + 2db?) # 0.
On the other hand, from (5.5) we have 1-form vy = v;(z)y* such that

(5.9) Yooo = voc.
Substituting sq = 0, s’g = 0 and (5.9) into (5.3), we have

{(c1 + 2db®)a® + 3c;1028 + 3(ca — c3)B?

(5.10) o | o
+ (c2 — ¢3)B°}Hvo'o — voy") + 2drooa(ad’ — By*) =0

by virtue of c1a? 4 2c1a8 + (ca — ¢3)3% # 0. Then the equation (5.10)
is written in the form Pa + @ = 0, where

P = {{c1 + 3db*)a® + 3(ca — ¢3)5°}(70°0 — voy’)
+ 2droo(a®b" — By"),

Q = B{3c10® + (c2 — ¢3)8*}(90°0 — voy").
Since P and @ are rational and « is irrational in y¢, we have P = 0 and
Q=0

First, it follows from @ = 0 that

(5.11) Yo'o — voy* =0,
that is,

(512) 2’)’3119 = ’Uj(S;C —+ ’Uk(s;-,
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which shows that the associated Riemannian space (M, o) is projectively
flat.
Next, from P =0 and (5.11) we have

(5.13) droo(a?b® — By*) = 0.

Transvecting (5.13) by b;, we have droo(a?b? — 3?) = 0, from which
Too = 0 provided d # 0, that is, 7;; = 0. From s;; = 0 and r;; = 0 we
have bi;j =0.

Conversely, it is easily verified that (5.3) is a consequence of (5.11)
and b;;; = 0. Thus we have

THEOREM 5.1. A Finsler space F™(n > 2) with an (a, 8)-metric
(5.1), provided (c1—ca+c3) # 0 and ¢1(ca—c1){c1+2(c1 —ca+c3)b?} #
0, is projectively flat if and only if the associated Riemannian space
(M™, o) is projectively flat and b;; = 0.
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