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ON THE GENERAL SOLUTION OF A
QUARTIC FUNCTIONAL EQUATION

JUKANG K. CHUNG AND PRASANNA K. SAHOO

ABSTRACT. In this paper, we determine the general solution of the
quartic equation f(z+2y)+f(z—2y)+6f(z) = 4[f (z+y)+f(z—y)+
6f(y)] for all z, y € R without assuming any regularity conditions on
the unknown function f. The method used for solving this quartic
functional equation is elementary but exploits an important result
due to M. Hosszi [3]. The solution of this functional equation is
also determined in certain commutative groups using two important
results due to L. Székelyhidi [5].

1. Introduction

In this paper, we determine the general solution of the functional
equation

(1.1) fz+2y)+ f(z —2y) + 6f(z) = 4[f(z +y) + f(z — ) + 6/ (y)]

for all z,y € R (the set of reals). We will solve the above functional
equation using an elementary technique but without using any regularity
conditions. Recently, J. M. Rassias [6] investigated the Hyers-Ulam
stability of the functional equation (1.1). It was mentioned in [6] that
f(x) = z* is a solution of the above functional equation because of the
identity

(z+2y)*+ (- 29)" + 62" =4 [z + ) + (x —y)* +69%].

For the obvious reason, he called the above functional equation a quartic
functional equation and any solution of the above equation a quartic
function. He proves the following result: Let X be a normed linear
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space and Y be a real complete normed linear space. If f : X — Y
satisfies the inequality

1f(z+2y) + Flz - 2y) + 6f(2) —4[fz+y) + flz —y) + 6f(W)]]| < ¢

for all z,y € X with a constant € > 0 (independent of z and y), then
there exists a unique quartic function F' : X — Y such that ||F(z) —
f@)|| < e forallz € X.

A function 4 : R — R is said to be additive if A(z+y) = A(z)+ A(y)
for all z, y € R (see [2]). Let n € N (the set of natural numbers). A
function 4, : R™ — R is called n-additive if it is additive in each of
its variable. A function A, is called symmetric if A,(x1,22,...,2s) =
An(Zr(1), Tr(2), -+ Tu(n)) for every permutation {n(1),7(2),...,7(n)}
of {1,2,...,n}. If Ap(z1,22,...,2n) is a n-additive symmetric map,
then A™(z) will denote the diagonal A, (z,z,...,z). Further the re-
sulting function after substitution 1 = 3 = --- = 2y = ¢ and xp41 =
Tppg =+ = xp =y in Ap(z1,22,...,2,) will be denoted byAZ’"_Z(x,y).
A 2-additive map is said to be biadditive map. The diagonal of a biad-
ditive map B is the map z — B(z,z). A function Q : R — R is said to
be quadratic if Q(z + y) + Q(z — y) = 2Q(z) + 2Q(y) for all z, y € R.
It is well known (see [1]) that a quadratic function from R into R is the
diagonal of a symmetric biadditive map.

For f : R — R, let Ap be the difference operator defined as follows:

Apf(z) = f(zx +h) — f(z) for h € R.

Further, let Adf(z) = f(z), ALf(z) = Anf(z) and Ay o ATf(z) =
AP f(z) for all n € N and all A € R. Here A, o A7 denotes the
composition of the operators A, and Ap. For any given n € NU {0},
the functional equation

APt f(z) =0

for all z,h € R is well studied. It is known (see Kuczma [4]) that in
the case where one deals with functions defined in R the last functional
equation is equivalent to the Fréchet functional equation

(1.2) Ahl,...,hn+1f(x) =0

where x,h1,...,hpt1 € R and Ay, p, = Ap, 020 AQy for k =
2,3,...,n+1.
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2. Some preliminary results

In this section, we will prove a couple of lemmas that will be needed
to solve the quartic functional equation.

LEMMA 2.1. Ifany function f satisfies the quartic functional equation
(1.1) for all z,y € R, then it also satisfies the functional equation

(2.1) f(z+2y)+ flz—2y) = f2z+y) + f(2z —y) +30f (y) — 30f(x)
for all z,y € R.

Proof. Letting x = 0 = y in (1.1), we obtain f(0) = 0. Next, letting
z=0and y = —=z in (1.1), we have

(2.2) f(=2z) + f(2z) — 4f(z) — 28f(—2) = 0

for all z € R. Similarly, letting z = 0 and y = z in (1.1) and then using
f(0) = 0, we obtain

(2.3) f2x) + f(—2z) —4f(—z) — 28f(z) = 0.

Hence the equations (2.2) and (2.3) imply f(z) = f(—z) for all z € R,
that is f is an even function. Next, we interchange z with y in (1.1) and
using the fact that f is even, we have

(24) fQz+y)+f2z—y)+6f(y) =4[f(z+y)+ flz —y) +6f(2)].

From (1.1) and (2.4), we have the asserted result and the proof of the
lemma, is now complete. a

In the following lemma, we reduce the functional equation (2.1) to
the functional equation (1.2) when n = 4.

LEMMA 2.2. If the function F' : R — R satisfies the functional equa-
tion

(2.5) F(z+2y)+ F(z—2y) = F(2z+y)+ F(2z—y)+ 30F(y) — 30F(z)
for all z,y € R, then F also satisfies the Fréchet functional equation
(2.6) Ag,,.zsF(z0) =0
for all zg,x1,...,x5 € R.

Proof. Let us write (2.5) as
(2.7) F(z+2y)+ F(z —2y) = F(2z +y) + F(2z — y) + Fi(z) + Fa2(y)
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where Fi(z) = —30F(z) and Fy(y) = 30F (y). Now we substitute zog =
z+2yand y; =z — 2y that is z = %(:ce + 1) and y = %(mo —11) in
(2.7) to get

F(zo) + F(y) = F (gfﬁo + Zw) +F (Zxo + Z?ﬂ)
(2.8) +ﬂ<;m+w0+5<g%—w0'

Replacing z¢ by z¢ + z; in (2.8), we obtain
F(zo +z1) + F(y1)

(29) = F <g(mo +21) + zy1> +F (Z(wo +x1) + Zyl)

1 1
+ B <§ (1’0 + 1 +y1)> + Fy <Z (.’D0+m1 —yl)) .

Subtracting (2.8) from (2.9), we have
F(:L‘o + :vl) — F(xo)

5} 3 5 3
= F (—(1’0 +z1) + —y1> —F{ %o+ Zyl)
3 3 5
(2.10) + F (Z xo + x1) 4y1) - F (Zwo + Zm)
1 1
+ F (5 (o + 71 +y1)) F ( ($0+y1)>
1 1
+ Fp (Z (370-1-981—?/1)) Fz( (wo—y1)>
Letting y3 = %xo -+ %yl (that is, y; = %y - gxo) in (2.10), we see that
F(zo + 1) — F(x0)
5]
= F <y2 + —1‘1) — F (y2)

4
5 4 3 5 4
Flly — = 2 —F Sy, — =
+ (3y2 31130+ 4331) <3y2 3.'170)
2 1 1 2 1
2.11 FiZys—cag+zm ) —Fi(Zys— =
( ) + 1 <3y2 3370 + 2961) 1 <3y2 3170)

1 2 1 1 2
Fo(—ZyatZmot a1 )~ Fo{ —2ys+ -0 .
+ by ( V2 + 3720 + 4561) Fy ( V2 + 3960)
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Now replacing zg by zg + x2 in (2.11) and subtracting (2.11) from the
resulting expression, we obtain

F(:L‘o—f—xl-i-xz)——F(wo+l‘1)—F($o+x2)+F(.’Eo)
5 4 3 5 4 3
= FZy, - = Co )= F 2y == 2
<3y2 3($0+$2)+4$1) F<3y2 331'0+4£L‘1)
5 4 5 4
_ Loy — = F _=
F<3y2 3($0+$2)) + <3 Yo 3360)
l( +:c)+1 - F 2 —lzc +-1—:c
Y2 — 3 g 2 2961 1 3y2 3%0 T 571
1 2 1
Yo — §($0+CE2)> +F <§y2~ _3_‘760)

+2(a: +a:)+l:1: F. 1 +gm -l—l:r
Y2 3 0 2 41 2 3y2 30 41

2 1 2
- B (—gyz + g(fﬂo + $2)> + F3 (—gyz + §l‘o> :

Now we substitute y3 = %y — %xo (that is yg = %y3 + %azo) in (2.12) to
get

F(zo + 21+ x2) — Fzg + 21) — F(zo + 2) + F(z0)

4 3 3 4
= F (yg - §$2 + Zwl) - F <y3 + le) - F (313 - '3'532)

2 1 1 1
+ F(y3) + F1 (5y3 + 50 + 3%~ 5932)

1
—Fl( y3+5x0+ :L‘l)
2 1 2 1
: ~ Rz _ = Filys+=
(2.13) 1<5y3+5a:0 x2)+ 1<5y3+5x0)
+ F ! +2x +1m +2
2 5 50 41 3532
1 2 1
Fg( —5- 3+5x0+4x1>
1 2 2
) b
2( 53+5x0+3x2>
1
+F2< -5—y3+ 960)
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Again we replace zg by zo + z3 in (2.13) and then subtracting (2.13)
from the resulting expression, we have

F(IIJ0+£L‘1+$2+:E3)
— F(zo 4 21 + 22) — F(xo + x1 + 13) — F(z0 + 22 + 23)
+ F(zo+z1) + Fzo + z2) + F(xo + 23) — F(20)

2 1 1 1
= r(Z - —z — =
1 <5y3 + 5(mo+x3) + 2301 321;2)

F2+1r+1x 13:
1 5y3 50 21 32

- F §y3 + %(mo +23) + %ml) +F <§y3 + éxo + %ml)
- F §y3 + :})‘(mo +x3) — %M)

+ —i-yg + %xo — %332)

+ B §y3 + %(xo + 933))

- F —253/3 + %%)

2 (w0 ) 4 Syt 2
Y3 51‘0 x3 43«"1 3332

!
.

+2 +1m +29c
— _.x J— —
Y3 50 41 32

|
&

+2( + )+1
Y3 51'0 3 4$1

+
e

+
3
N S N ST N ST N T N TN ST N TN T N TN TN

+_ +__
X x

!
5

+ 2(aotas) + 2z )+ Fo | —2us + 20+ 2
U3 5230 z3 333‘2 2 5?/3 50 3$2

+
-

Gl = U= Ut= Gl = Wt = O =

2 1 2
Y3 + g(fbo + 333)) ~F (—gya + g%) :

Letting y4 = %yg + —%a:o (so that y3 = %y4 — %wo) in the last equation,
we obtain
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F(zo+ 21+ z2 + x3)
— F(.’I:0+l'1+l'2)—F(aJ0+:E1+JI3)——F(:IZ()—l-Cng—{—:Eg)
+ F(zo + 1) + F(zo + x2) + F(z0 + z3) — F(20)

1 1 1 1 1
= I <y4+ =T] — %2+ 333) - P <y4+ =T — —wz)

2 3 2 3
- R (y4+ 1-761 + 1563) + F <y4 + 1361>
2 % 2
- B <y4 - %xz + ;51?3> + F <y4 — %xz)
1
+ £ (y4 + 5333) Fi (ya)
+ Fy < 1y4 + 1.’120 + 1$1 + 2:[32 + 21‘3)
2 2 4 3 5
—FQ( : 4—!—1:1:0—#— 1x1+2m2>
2 2 4 3
— I3 ( 1 Ya + 1£Co+ 1561 + 2363) + B (—1y4+ 15170-4- 13731)
2 2 4 d 2 2 4
— F ( l ys + 1330 + 2:172 + 2:63) + Fy (-—ly4 + l:C()+ gl‘g)
2 2 3 5] 2 2 3
+ Fy < % + ;Cco + ?):173) -5 (—%y;; + %:E()) .

Now we replace xg by zg + z4 in last equation and then subtracting the
last equation from the resulting expression to get

F(zg+ 21+ 22 + 23 + x4) — Fzg + 71 + 22 + 23)
— F(zo+x1 + 22+ 134) — Fzo + 21 + 23 + 24)
— F(zg + x2 + 23 + x4) + Fzg + 21 + 32)
F(zo+ 21+ z3) + F(zo + 21 + 24) + F(zo + 22 + 23)
F(zo + z2 + z4) + F(zo + 23 + 24)
- F(w0+x1)—F(a:o+m2)—F(x0+x3)—F(:vo+:c4)+F(:U0)

1 1
= B (——y4 + —(zo+ z4) +

2 2

2
4.’1:1+ 3$2+ )

)
- F 1 +1x+1x+ x+x
2 2y4 20 41 2 3
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1 1 2
- I Ya + 2(m0+x4) + 7%+ -?;332)
+ F. +1 +1 +2m
2 ~5Y4 T 5%+ g2+ g3
1 1 2
= B | —gya+ (20 +24) + Jo1 + 55E3>

+
.

+
e
/\/\/‘\/‘\/\/—\/\/‘\/\

1 1 2
Y4+ =20+ —r1 + -3

2 4 5
+1(3:+ )—I—lx F 1 +1x+1
420934 41 2 23/4204:%’1
1 2 2
- F 4+2($0+$4)+§$2+-5$3>
+F tieot 2ept 2a
2 Ya + 520 31’2 573
1 2 1 1 2
+ B Yq + 2(900 +x4) + gfﬂz) - Fy <—§y4 + 5370 + §$2)
+ Fy

+(+)+2 _R(-L +1 +g
Y4 o T T4 5933 2 2y4 2550 5$3

wlv—l t\)l»—a l\’)li—l er—* l\')l»—l [\’)Il—' l\DIb—l wl»—l wlr—t [\7|+-—a

_F2<

First we let y5 = —%y4 + %xo and then replace zg by xg + z5 in the
last equation. Further subtracting the last equation from the resulting
equation, we obtain

1 1
Ya + 5(330 + :E4)> + Fy <—§y4 + 51‘0) .

F(zo+z1 +z2+ 23+ 24+ 25)
— F(zg+ 21 + 2 + 23 + 34) — Fzg + 21 + 22 + 23 + T5)
— F(zg+z1+ 22+ x4 +25) — Fzo + 21 + 23 + T4 + 25)
— F(xo + ®2 + 23 + 24 + 5)
+ F(zo+z1+ 22+ 23) + Flag + 1 + 22+ x4)
+ F(zo + z1 + 22 + 25) + F(zo + 1 + T3 + 24)
+ F(zo + 71 + 23 + 25) + F(2o + 71 + 4 + 25)
F(zo+ x2 + 3+ 24) + F2o + 22 + 73+ 25)
F(zo + 22 + x4 + z5) + F(2z0 + 3 + T4 + T5)
— F(x0+$1+$2)—F(IE0+:L'1+ZE3)—F(.’IJ()+£IJ1+$4)
— F(zo+x1+25) — F(zo + 22+ 23) — F(zo + 22 + 24)
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— F(zg + 12 + x5) — F(20 + 23 + 4) — F (20 + 23 + 25)
— F(zo+ x4+ x5) + F(zo + 71) + F(T0 + 72)
+ F(zo + 23) + F(z0 + 24) + F (20 + z5) — F(0)
= 0
which is (2.6). The proof of the lemma is now complete. O

The following lemma is a special case of a more general result due to
Hosszu [3], and will be instrumental in determining the general solution

of (1.1).

LEMMA 2.3. The map F from R into R satisfies the functional equa-
tion (2.6) for all xg,z1, 22,23, 24,25 € R if and only if F is given by
(2.14) F(z) = A*(z) + A%(x) + A%(z) + Al(z) + A'(=),

where A%(z) = A° is an arbitrary constant and A™(x) is the diagonal of
a n-additive symmetric function A, : R® - R forn =1,2,3,4.

3. Solution of equation (1.1) on reals

Now we are ready to prove our main theorem.

THEOREM 3.1. The function f : R — R satisfies the quartic func-
tional equation (1.1) for all xz,y € R, if and only if f is of the form

f(z) = AX(x),
where A*(z) is the diagonal of a 4-additive symmetric function Ay :
R* — R.

Proof. From Lemma 2.1 we see that the functional equation (1.1)
implies equation
flz+2y) + flz—2y) = f2z +y) + f(2z — y) + 30f(y) — 30f ().

From Lemma 2.2 we see that f satisfies the Fréchet functional equation
(31) Azl,...,z5f(m0) =0

for all zg,z1,...,z5 € R. The general solution of the equation (3.1) can
be obtained from Lemma 2.3 as

(3.2) flz)= A4(a:) + A3(:v) + A%(z) + Al (z) + A%(x),

where A%(z) = A® is an arbitrary constant and A™(x) is the diagonal of
the n-additive symmetric map A, : R* - R for n = 1,2, 3,4.
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Since f is an even function (see Lemma 2.1), we have A3(z) = 0 and
Al(z) = 0. Hence from (3.2), we have

(3.3) f(z) = AY(z) + A%(z) + AC.
Letting (3.3) into (1.1) and noting that
AY2y) = 16 A(y), A°(2y) =4 A%(y), A¥?(z,2y) = 4 A (2, y),
Az +y) + ANz — y) = 24%(z) + 24%(y) + 124%%(z,y),
and
Az +y) + A%z — y) = 24%(z) + 24°(y)
for all z,y € R, we get

(3.4) 24A4%(y) +24A° =0
for all y € R. Hence A%(y) = 0 and A® = 0. Thus from (3.3) we have
f(z) = A*(z) and the proof of the theorem is now complete. O

4. Solution of equation (1.1) on commutative groups

In this section, we solve the functional equation (1.1) on commutative
groups with some additional requirements.

A group G is said to be divisible if for every element b € G and every
n € N, there exists an element a € G such that na = b. If this element a
is unique, then G is said to be uniquely divisible. In a uniquely divisible
group, this unique element a is denoted by ;bl- The equation na = b has
a solution is equivalent to say that the multiplication by n is surjective.
Similarly, the equation na = b has a unique solution is equivalent to
say that the multiplication by n is bijective. Thus the notions of n-
divisibility and n-unique divisibility refer, respectively, to surjectivity
and bijectivity of the multiplication by n.

The proof of Theorem 3.1 can be generalized to abstract structures by
using the more general result of Hosszu [3] instead of Lemma 2.3. Since
the proof of the following theorem is identical to the proof of Theorem
3.1, we omit its proof.

THEOREM 4.1. Let G and S be uniquely divisible abelian groups.
The function f : G — S satisfies the quartic functional equation (1.1)
for all z,y € G, if and only if f is of the form

f(z) = A¥a),

where A*(z) is the diagonal of a 4-additive symmetric function Ay :
G* —S.
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Theorem 4.1 can be further strengthened using two important results
due to Székelyhidi [5]. The results needed for this improvements are the
followings (see [5], pp. 70-72):

THEOREM 4.2. Let G be a commutative semigroup with identity, S a
commutative group and n a nonnegative integer. Let the multiplication
by n! be bijective in S. The function f : G — S is a solution of Fréchet
functional equation

(4.1) Aml,...,zn+1f(x0) =0 vV zg, 21, .. , Tp+1 € G
if and only if f is a polynomial of degree at most n.

THEOREM 4.3. Let G and S be commutative groups, n a nonnegative
integer, ¢;, 1; additive functions from G into G and ¢;(G) C ¢;(G) (i =
1,2,...,n+1). If the functions f, f; : G — S (i = 1,2,...,n+ 1) satisfy

n+1

(4.2) F@) +> fi(dil@) + ¢ily)) =0
1=1

then f satisfies Fréchet functional equation (4.1).
Using these two theorems, Theorem 4.1 can be further improved.

THEOREM 4.4. Let G and S be commutative groups. Let the mul-
tiplication by 2 be surjective in G and let the multiplication by 24 be
bijective in S. The function f : G — S satisfies the quartic functional
equation (1.1) for all z,y € G, if and only if f is of the form

(4.3) f(z) = A'(2),
where A%(z) is the diagonal of a 4-additive symmetric function Ay :
G* > S.

Proof. Using the unique divisibility of S by 24 we can rewrite the
functional equation (1.1) in the form

5

(4.4) F@)+ ) fi(u(z) + i) =0

i=1
where fi = fo = 3f, f3 = f1 = —%f, fs = —4f, $1(z) = ¢a()
¢3(z) = ¢a(z) =z, ¢5(z) =0, and Y1 (y) = 2y, Ya(y) = -2y, Ys(y) =
¥s(y) = v, ¥4(y) = —y. From these ¢; and 1¥; we see that ¢;(G) C
¥;(G) for i = 1,2,3,4,5. Hence by Theorem 4.3, f satisfies the Fréchet
functional equation (4.1). By Theorem 4.2, f is a polynomial of degree
at most 4, that is f is of the form

f(z) = A%z) + A (z) + A2%(z) + A%(z) + A'(2),

[l
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where A%(z) = A is an arbitrary constant, A1 € Hom(G,S), and
A™(z) is the diagonal of a n-additive symmetric function A4, : G"* — §,
n € {2,3,4}. Interchanging y with —y in (1.1), one obtains 24f(y) =
24f(—y) and hence f is an even function. The same argument as used
in the last ten lines of the proof of Theorem 3.1 shows that any function
of the form (4.3) actually satisfies (1.1). O
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