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NOTES ON FORMAL
MANIPULATIONS OF DOUBLE SERIES

JUNESANG CHOI

ABSTRACT. Formal manipulations of double series are useful in
getting some other identities from given ones and evaluating certain
summations, involving double series. The main object of this note
is to summarize rather useful double series manipulations scattered
in the literature and give their generalized formulas, for convenience
and easier reference in their future use.

An application of such manipulations to an evaluation for Eu-
ler sums (in itself, interesting), among other things, will also be
presented to show usefulness of such manipulative techniques.

1. Introduction and formulas

We first give generalized formulas of some known identities of formal
manipulations, without thinking of their convergence, of double series
scattered in the literature. Such double series identities as those given
here may be considered purely formal, yet we shall find that the ma-
nipulative techniques are fully as useful as when applied to convergent
series.

Those formulas given here are useful, among other things, in the study
of generating functions of sets of polynomials which are appeared in the
theory of special functions (¢f. Rainville [5]). Schwatt [6, Chapter 1]
also made extensive use of those special cases of manipulative techniques
given here in dealing with double series involving elementary functions.
To show further usefulness of the principles given here, we next apply
one of these double series manipulations to evaluate an Fuler sum by
following Nielsen’s work [4] in an easier and a little more detailed way.
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Now we give some generalized principles of double series manipula-
tions some special cases of which are also written for easy reference in
their use. Note that A;, denotes a function of two variables = and y,
and N the set of positive integers in what follows.
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(11) Z Z Ak:,n = Z Ak,n—pk (p € N),

k=0 n=0 0
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which may be written in reverse order

(1.2) i Apn = i i Ak,ntpk (peN).

(1.3) Z Apn = Z Ak,n——(p—l)k (p —-1e€ N).
n=0 k=0 n=0 k=0

Some special cases (1.4) through (1.8) of these three principles are
written here:

(1.4) Z Z Akn = Z Z Akn—k;

(1.5) Z Z Agn = Z Z Ak ntk;

n=0 k=0 n=0 k=0
0o oo oo [n/2]

(1.6) Z Z Apn = Z Ak n—2k;
n=0 k=0 n=0 k=0
oo [n/2] © 00

(1.7) Z Apn = Z Z Ak nt2k;
n=0 k=0 n=0 k=0
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n 74 pn k
(1.9) Ag,k = Z Z Ae,k (p € N)7
=0 k=¢ k=0 g:‘:k:+p—1]
p

which can be proved as follows: Expanding the first member, we obtain

0 p pn
Z AO,k+Z Al,k+"'+z Ap k.
k=0 k=1 k=n

Writing the terms with equal indices of & in columns and adding these
columns yields the desired identity. Likewise, other principles may also
be proved. For another possible way of proof, see Choi and Seo [2] and
Rainville [5].

Similarly as in (1.9), we have

oo pn oo k
(1.10) SN Ak=>. DY A  (eN).

k=n k=0 _[k-}—p—l}

P

Some special cases (1.11) through (1.14) of (1.9) and (1.10) are, for easier
reference, written:

n 22 2n k
(1.11) YD A= > Ak
£=0 k= k=0 z:[%}
n 32 3n k
(1.12) Agy = > Agk
=0 k=¢ k=0 z={¥]
oo 2n oo k
(1.13) oD A=) Y Ank
n=0 k=n k=0 n=[k—;r1]

and

oo oo k
(1.14) > Ak =D > Ang
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(1.15)

oo n—(p=-1)¢

o> Aa=D>. > An (P-1eN;L+1€N).

k=¢ n:k:+(p——1)€ n=pf k=¢

Setting p=2 in (1.15), we get

o0 oo co n—¢
(1.16) YooY Aka= ) Akn (E+1eN),
k= n=k+£ n=2¢ k=¢

which, for £ =0 and ¢ = 1, yields

(1.17) i i A = i }TL_: Agns

k=0 n=k n=0 k=0

-1

(1.18) YD Aka=).) Aa,

k=1 n=k+1 n=2 k=1

3

which will be used in Section 2.

oo [(p—1)n/p]

(1.19) iZAkn—Z Z Ankn  (P—1€N),

k=1 n=k n=1
which, for p = 2, becomes

2 n/2]

(1.20) NN An=)_ > Ankn.

k= n= k=

Ed
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(1.21)

1.21
o0 p oo
ZZ => > A (-1€N;g-1eN;g<p),
n=1 k=q k=q p=[kte=1]

which, for p = 2 and ¢ = 2, yields

8

(1.22)

||M8
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n k n
(1.23) SN A=) Awg,

k=1 k=¢

k13

o~
Il

—
S
-

in which starting points may be changed as follows:

n k n
(1.24) SN Ake=)> Axgp,

which is also a useful formula (see Choi [3, p. 671, Eq. (2.5)]).
It is remarked that there is no bound to the number of such identities.
Whenever necessary, some desired principles can be made.

2. An application

Those formulas given in Section 1 have been used in various ways.
Here we apply one of them to evaluate a sum involving harmonic num-
bers, known as Euler Sums, the method of which was originally due to
Euler who used divergent series in his evaluation (see Borwein et al. [1]).
On the other hand, Nielsen used Euler’s decomposition formula and one
of those formulas in Section 2 implicitly (to avoid using divergent series
in Euler’s evaluation) to get a more general formula containing the so-
called Euler formula for harmonic sums as a special case (see Nielsen [4,
Kapitel III}).

The Riemann Zeta function ((s) is defined by

1) ()= = (R(s) > 1),

which can be continued meromorphically to the whole complex s-plane
(except for a simple pole at s = 1 with its residue 1) by means of
the contour integral representation (see Srivastava and Choi [8, p. 97,
Eq.(5)]) or various other integral representations (see Srivastava and
Choi [8, pp. 100-103)).

When ¢, , is defined by

oo H7(‘p)
(2 Cnp =), == (n—1€N; peN),



786 Junesang Choi

where HT(p ) denotes the generalized harmonic numbers defined by

'Y

1
(3) HP =" & (kpeEN),

=1

and the harmonic number H,:

S

(4) H, = Hr(l) = Z g
j=1

we have a well-known reflection formula:
(5) ¢(m)¢)=C¢(n+p)+cpp+cpmn (n—1€N; p—1€N).

Indeed, by using (1.18) for the fourth equality,

1 fe's) 1 k-1 'S} e} 1
- En+p +ZEE +Z Z kn jp
k=1 k=1 j=1 k=1 j=k+1
[es) 1 -1 1
=<(n+p)+0n,p+zj_p k_">
j:2 k=1

=((n+p)+cnp+cpn-

We recall here a known decomposition formula due, originally, to
Euler (see Nielsen [4, p. 48, Eq. (9)]):
(6)
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the special case of which when a =1 is recorded in the work of Borwein
et al. [1, p. 284] who used it to evaluate Euler sums by using matrix
manipulation.

Setting = n in (6) and summing the resulting equation from a = 1
to a =n — 1, we obtain

n—1
1
(7) Zlnpaq ZAn+Bn:

where A, and B,, are given by

-1

p—-1
Y g+r—1 1
An _( 1) Z ( q— 1 np—r aq-}-r

3

r=0 a=1
and
g—1 n—1
p+r—1 1
B, = -1\ .
n ~ ( ) ( p—~ 1 > ; apPtr (TL — a)q—'l‘

p—2 n—1
An + B, =(—1)" (q +7 - 1) Z 1

= g—1 — nPT adtr
qg—2 n—1
p+r—1 1
—1\ -
+;o( ) ( p—1 ) ; a””(n—a)q—TJrC’
where
-1
p+q—2\ % 1
C, = —(-1)1 .
(=1) ( p—1 ); aPt9i=2n(n — a)

Now summing both sides of (7) from n = 2 to infinity and using (1.18),
we have

22 g1
Cp,q = (—1)* Z <q -1 ) Cp—r,g+r
r=0 q
(8) 1 -
+ (p;: )C(p+r)4(q—r)+ Y Cu
r=0

n=2
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and

n=a+1

+qg-2 1
p— ) 1ap+q 1 + ]
+
p

2) (Clp+q) + cpig-11)-

r=0 q_l
010 + X (PP e rictan

- (M) €+ ).

Setting ¢ = 1 in (10), we get

p—1

(11) p1 == Cpri1r+(P+1) (p—1€N),
r=2

which, for p = 2, yields a well-known formula:

(12) > i =@

which was first discovered by Euler in 1775 and has a long history as
noted in Shen [7, p. 1392].
From (5) and (11), we have

oo p—1
(13)Z—H— +1—12( (p—r+1) (p—1€N),
= ( + 1) =2

which is also a well-known formula due, originally, to Euler, and, for
p = 2, immediately reduces to (12) by considering the empty sum to be
understood (as usual) to be nil.

Note that Euler’s formula (13) has been redeveloped in various ways,
since Euler.
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