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CONFORMAL DEFORMATIONS ON
WARPED PRODUCT MANIFOLDS

YOON-TAE JUNG, BYOUNG-SOON JEONG AND MI-HYUN SHIN

ABSTRACT. In this paper, when N is a compact Riemannian man-
ifold, using warped products, we discuss the conformal deformation
of a warped product metric on M = [a,00) x; N with specific
warping functions.

I. Introduction

In [6, 7, 8], M.C. Leung has studied the problem of scalar curvature
functions on Riemannian warped product manifolds and obtained par-
tial results about the existence and nonexistence of Riemannian warped
metric with some prescribed scalar curvature function. He has studied
the uniqueness of positive solution to the equation

(1.1) Agou(z) + dpu(z) = dnu(m)%t_g,
where Ay, is the Laplacian operator for an n— dimensional Riemannian
manifold (N, go) and d, = ;1(’;;_21). Equation (1.1) is derived from the
conformal deformation of a Riemannian metric (cf. [1, 4, 5, 8)]).
Similarly, let (N, go) be a compact Riemannian n—dimensional mani-
fold with constant scalar curvature. We consider the (n+1)-dimensional
Riemannian warped manifold M = [a,00) Xy N with the metric g =
—dt? + f(t)2go, where f is a positive function on [a, 00). Let u(t, z) be a
positive smooth function on M and let g have a scalar curvature equal
to r(t, x). If the conformal metric g. = u(t, ar:)ﬁ g has a scalar curvature
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R(t,z), which is an arbitrary smooth function in C*°(M), then u(t,z)
satisfies equation

4n nt3

(1.2) — 1Dgu(t,:c) —r(t, z)u(t, ) + R(t, z)u(t,z)»-1 =0,

where [, is the d’Alembertian for a Lorentzian warped manifold M =
[a,00) x§ N.

In [6, 7], the author considered the scalar curvature of some Riemann-
ian warped product and its conformal deformation of warped product
metric. And also in [3], authors considered the existence of a noncon-
stant warping function on a Lorentzian warped product manifold such
that the resulting warped product metric produces a constant scalar
curvature when the fiber manifold has a constant scalar curvature.

Ironically, even though there exist some obstructions of positive or
zero scalar curvature on a Riemannian manifold, results of [3], say, The-
orem 3.1, Theorem 3.5 and Theorem 3.7 of [3] show that there exists no
obstruction of positive scalar curvature on a Lorentzian warped product
manifold, but there may also exist some obstructions of negative or zero
scalar curvature.

In this paper, when IV is a compact Riemannian manifold with a
constant scalar curvature, we discuss the method of using conformal
deformations to construct timelike or null future complete Lorentzian
metrics on M = [a,00) Xy N with specific scalar curvatures.

2. Main results

In this section, we let (N, go) be a compact Riemannian n-dimensional
manifold with n» > 3 and without boundary. The following proposition
is well known(cf. Theorem 5.4 in [2]).

PROPOSITION 2.1. Let M = [a,00) X N have a Lorentzian warped
product metric g = —dt? + f(t)2go. Then the d’Alembertian O, is given
by
0?2 nf(t) o 1

9T a2 f(t) ot f()2T

where A, is the Laplacian on fiber manifold N.
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By Proposition 2.1, equation (1.2) is changed into the following equa-
tion

0%u(t,z)  nf'(t) Ou(t,z) 1

TR R [0 B TR (O Ll
+ n4—_n1r(t,m)u(t,x) - nll;lR(t,ac)u(t,:1c)z_fi =0.

A positive solution to equation (1.2) or (2.1) is called future timelike

(null-like, nonspacelike) complete if the conformal metric g, = ur gisa
future timelike (null-like, nonspacelike, respectively) complete Lorentz-
ian metric on M. In this section we discuss whether the complete positive
solution of equation (2.1) exists for some prescribed smooth function
R(t,z).

In this paper, we assume that the fiber manifold N is nonempty,
connected and a compact Riemannian n—manifold without boundary.
Every compact C°° manifold admits a metric of a constant scalar curva-
ture, so we assume that N admits a constant scalar curvature. Then, by
Theorem 3.1, Theorem 3.5 and Theorem 3.7 in 3], we have the following
proposition.

PROPOSITION 2.2. If the scalar curvature of the fiber manifold N
is arbitrary constant, then there exists a nonconstant warping function
f(t) on [a,00) such that f(t) — oo ast — oo, IJ}T(:))l < constant and the

resulting Lorentzian warped product metric on [a,c0) X ¢ N produces a
positive constant scalar curvature.

Proposition 2.2 implies that in Lorentzian warped product there is
no obstruction of metric with positive scalar curvature. However, the
results of [3] show that there may exist some obstructions about the
Lorentzian warped product metric with negative or zero scalar curvature
even when the fiber manifold has constant scalar curvature.

Therefore we may assume that the Lorentzian warped manifold M =
[a,00) x ¢ N admits a positive constant scalar curvature r(t,z) = c > 0
and the warping function f(t) with f(t) — oo as t — oo and |%| <
constant.

If u(t,z) = wu(t) is a positive function with only variable ¢, then
equation (2.1) becomes

nf'(t) n—1
0 w (t) + in

"

u (t) +

(2.2) cu(t) — %R(t,x)u(t)z_t% —0.
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REMARK 2.3. Theorem 5.5 in [9] implies that all timelike geodesics

are future complete on [a, +00) X () N if and only if ft:m \/%dt =

+o0 for some g € [a,00) and that all null geodesics are future complete
if and only if ft:m f(t)dt = 400 for some ty € [a,00) (cf. Theorem 4.1
and Remark 4.2 in [2]).

For the existence theorem of the solution, we use the method of upper
solution and lower solution.

THEOREM 2.4. Suppose that R(t,z) = R(t) € C*([a, o)) is a posi-
tive function and that there exist positive constants ty and Cy such that

|J}—((tt7)| < Cy for all t > ty. Assume that for t > ty there exist an upper
solution uy and a lower solution u_ such that 0 < u— < u4. Then there

exists a solution u of (2.2) such that 0 < u_ < u < uy fort > tp.

PROOF. We have only to show that there exist an upper solution
@4+ (t) and a lower solution @ (¢) such that for all t € [a,00) 4_(t) <
U4+ (t). Since R(t) € C*([a,00)) is a positive function , there exist
positive constants by, by such that b < R(t) < b for t € [a,tp]. Since
243 > 1 and R(t) is a bounded function, the constant c; = (ﬁ)n_fis
an upper solution for t € [a,ty]. Then put @4 (t) = ¢ for t € [a,to] and
Uy (t) = u4(¢) for t > tg, which is our desired (weak) upper solution such
that ¢1 < @4(t) for all t € [a,to]. Put u_(t) = c1e™ for t € [a, o] and
some large positive o, which will be determined later, and @_(t) = u—(t)

for t > tg. Then, for ¢ € [a, tg],

4n " nf'(t) _ u nt
g (u=" 0+ —yru= () + cu-(6) ~ R{t)u-(t)

> n4j01 (u-"(t) + n]{(t(;t) u' () + cu—(t) — bzu_(t)zi—?

> 0

for large . Thus @_(t) is our desired (weak) lower solution such that
for all t € [a,00), 0 < 4_(t) < @+(t). Therefore there exists a solution
u(t) such that 0 < 4_(t) < u(t) < G4 (t). O

THEOREM 2.5. Let (M, g) be a future nonspacelike complete Lorent-
zian manifold with scalar curvature equal to c. Suppose that R(t,x) =
R(t) € C*([a,0)) is a positive function and that there exist positive
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constants tg and Cp such that |];T(tt))| < Cy for all t > tg. If R(t) is not

rapidly increasing and not rapidly decreasing such that e™* < R(t) <
ekt for some positive constant k and for all large t, then there exists a
positive solution to equation (2.2).

Proor. By Theorem 2.4, for large ¢, we have only to show that
there exist an upper solution u (t) and a lower solution u_(t) such that
u—(t) < uy(t).

Put uy () = e** and u_(t) = e for some large positive constant,
which will be determined later. Then

%(uwtﬁ(t) + n;‘(’g) us! (1) + cup () — R(t)up ()71

n4i7'1 (u+//(t) + nff(t()t) U+I(t)) + CU+(t) _ e—ktU+(t)Z—ﬁ
N %eat(az * “nfe(? e n4216(“";11"“”>>
<0

for large o > 0. And similarly
4n

n—1 (u_//(t) + nj{(’S) u_’(t)) + cu_(t) — R(t)u- (t)z_-%
n4111 (u"(t) + n;(’g) u_'(t)) + cu—(t) — ekt (t)%i}
= et a”f(g) T e
> 0
for large a > 0. o

COROLLARY 2.6. Let (M, g) be a future nonspacelike complete Lore-
ntzian manifold with scalar curvature equal to c. Suppose that R(t,z) =
R(t) € C*([a,00)) is a positive function and that there exist positive

constants tg and Cy such that (%?l < Oy for allt > ty. If R(t) is decreas-

ing not rapidly such that e™*1* < R(t) < t~*2 for some positive constants
k1 and kg and for all large t, then there exists a conformal deformation
such that the resulting metric is nonspacelike future complete.

PROOF. Let the upper solution be the same one with Theorem 2.5.
And we can choose o such that 0 < o < "T_lkz. Then we put u_(f) = ¢,
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which is our desired (weak) lower solution. In fact,
4dn nf'(t) n43

SO+ o u (1)) + cu_(t) — R(t)u_(t)n=1

n4_n - (u"(t) + n]{ (S)u_'(t)) Foeu_(t) — tFu_ (a0
= n4_n1t°‘(a(a -2+ a————nJ{(lt(;) 74 n4;1c - n4—;1t_k2+n_45—1)
> 0

for large t. Therefore

o 1+ (u(t)7 £(1))?
e O Ll 1) W TP
> 5 Tu_(t)n-1dt
J ST
> [T g

and

/too u(t) =T f(Ou(t)TTde > /too w_ (87T f(tu—(8) ™ dt

0 0

v

/oo £ f(E)tdt > - f(t)dt — oo,
t

0 to
which, by Remark 2.3, implies that the resulting warped product metric
is a future nonspacelike complete one. O
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