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'ON THE SPECTRUM OF THE
RHALY OPERATORS ON by,

MUSTAFA YILDIRIM

ABSTRACT. In 1989, Rhaly [4] determined the spectrum of Rhaly
operator R, on the Hilbert space ¢>. In this paper Authors deter-
mine the spectrum of the Rhaly matrix R, as an operator on the
space bvg with assumption 0 < L = lim,(n + 1)a, < co.

1. Introduction

Given a scalar sequence of a = (a,) , a Rhaly matrix R, = (au) is
the lower triangular matrix where a,; = a, for kK < n and a,; = 0 for
n, k otherwise.

co, bu, byg and bs; will denote the space of null sequence, sequences
x such that ), | zx — zx_1 | < o0, bug = bv N ¢y, sequences z such
that sup,>o | D p—o%kr | < o0 respectively. From [5, formula 119),
A : bug — byy if and only if

(1.1) limap, =0 for all &
and
N
(1:2) 14l = 509 D | 3 (@t — an-10)| < oo.
n k=0

For a = (n+_1), the spectra of the Cesaro matrix on bug are studied

by Okutoyi [2]. In [4] taking L = lim,(n + 1)a, Rhaly showed that
R, is a bounded operator on the Hilbert space ¢5 of square summable
sequences, and he also determined its spectrum as

(0(Ra,l) ={ X : |A\-L|<L} U {a, : n=0,1,2,...}).
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In this paper, we assume that (a) L = lim,(n+1)a, exists, finite, and
nonzero, (b) a, > 0 for all n, (¢) (a,) is monotone decreasing sequence,
(d)S:={a, : n=0,1,2, ... }. We represent the set of eigenvalues of
the Rhaly matrix R, and the spectrum of R, on the Banach space by
by mo(Rq, bvg) and o(R,, bug), respectively. Under the above conditions,
the purpose of this study is to determine the spectrum of Rhaly operator
R, as an operator on the Banach space bug.

2. Matrix operators on byg

Now, it will be shown that R, € B(bvy) under the above conditions.

THEOREM 2.1. If{(n+1)a,} monotone and lim,(n+1)a, = L < oo,
R, € B(bv()).

PrOOF. From [5, Formula 9], R, € B(bvg) if and only if lim, ant = 0
for all k, and

| Rallow, := sup R; < oo
?

where 3" | o4 _o(@nk — an-14) |< 00. So we have

R;:= Z l Z(ank - an—l,k) ‘

i n 00 i
=D 1D (k=) [+ D 1D (@nk — an14) |
n=0 k=0 n=i+1 k=0
i n [es) i
=a+ ) | (Z(ank - an_l,k)> tan |+ D | (an—an1) |
n=1 k=0 n=i+1 k=0
1 o0
=ag+ Y [ [(n+Dan—nana]+ Y (i+1)(an-1—an) |
n=1 n=i+1

i
=ag+ Z | (n+1)ap —nap—1 |+ +1)a; — (i + 1) TT}i—rvnooam
n=1

1
=ao+ Y | (n+1)an — nag_y | +(i+ as.
n=1

i) If {(n+ 1)a,} is monotone increasing, then we have

sup;R; = 2a9 =|| R, || -
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ii) If {(n + 1)a,} is monotone decreasing, then we obtain
sup;R; = lim 2(i + 1)a; = 2L =|| R, || -
11— 00
O

For example, if a, = %g, then (n + 1)a, < nap—1 and if a, =

sin (n—-ll-ﬁ then (n + 1)a, > nap—1.

THEOREM 2.2. If {(n+1)a,} monotone and lim,(n+1)a, = L < oo,
then

(2.1) SN (2L, 00) C mo(Rg, bug).

PROOF. Since buvg C ¢y, the proof is trivial. O

LEMMA 2.3. Let {(n+ 1)an} monotone and lim,(n+1)a, = L < co.
Then R}, which is the adjoint operator of R, is transpose of the matrix
R, on byy and R, € B(bvj = bs).

ispat. bvg is an AK-space and bvj = bs [6, p.110]. Hence from [6,
p.266] we have

ap a1 az ag

0 ay ag as
(2'2) R; = sz = 0 0 ay as

Since bvg is a Banach space, || R |lowo=|l R}, llsvz=I| R} |lss- Thus, from
Theorem 2.1, R:, € B(bv). O

LeEMMA 2.4. Let 0 < L = limp(n + 1)a, < oo and

S TT (1% .
Zn - 191;[0(1 A),)\#O,AEC

Then the partial sums of Y 5. | Zy, are bounded if and only if LRe% >
1,A#L.

PROOF. We show the proof of the Lemma as proved in {2, Lemma
1.6]. The series ﬁ =Y 2 o u™ is uniformly convergent in every subin-
terval of | u |< 1. Hence In(1—u) = —u+O(u?), uniformly in | u |< 1/2,
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u € C. Since ay — 0, for a given A # 0 there exist 99 such that ¢ < %
for 9 > g,

InZz, = lnHSZO(l - aTﬁ) = Z:;:o In(1 - aTﬂ)

=C+ Y hmg, n(1 - %)
n a 11129
=C+ gy, (-F+0 (W))

=C—-43 5 g, 37 + ['i'r? > 5-9, 0 (a3)
where ty = 0(315). Now since ty = 0(517),
n 0 0 1
gim ggfyﬂgiw C+0(3).

Since if Cp, = Y §_ 737 — logn, then

1 n+1 1 1
Cn+1—Cn:2+n—0g n =m—10g(l+g)
1 1 1
= 3% o900
we have
S L _ctlgntold
9+1 & n’’
=90
So
Cni1=Co+ Y _(Coy1— Cs)
=0
=Cp+ Z(Cﬂﬂ —Cy) Z (Cy41 — Cy)
9=0 d=nt1

=C+O%)

Hence as n — oo,

L 1
log Z, =C — Elognﬂ—O(ﬁ),
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that is
L

Z, = exp(C — =logn + O(=))

3

1
= eap(CIn (1 +0(2))
= AnXO(n~LRex-1y),

If LA # 1, LRe(3) > 1, then s, = Y54 k=% are bounded and

o1 n~LRex—1 < 0. So that the partial sums of >, Z, are bounded.
If0 < LRe(3) < 1 or LA = 1, then the partial sums of Y0 n~LRex are
unbounded, but still we have > 2, n~LRx-1 < 0o, T 0 < LRe} <0
then

N 1-&

_L _N7X

(2.3) E n-x = L
n=1 X

where a,, = b, means that there exist m, M € Rt such that mb,, < a, <
Mb,.

Using (2.3), we see that the partial sums of 3 > , n~
although > >7, n~LRex=1 < oo and hence we obtain that the partial
sums of Y Z, are bounded if and only if LRe% > 1.

L
X are unbounded

THEOREM 2.5. If {(n+1)a,} monotone and 0 < L = lim,(n+1)a, <
oo, then SU ({A: | A — & |< £} — {0}) C mo(RY, by = bs).

Proor. If R}z = Az, then
(2.4) Ay zner = (Aayt — 1)z,
Hence 0 € mo(R;, bs) (because if A = 0, then z = #). From (4), we have

(2.5) Tnp1 = (1——%).%‘“.

If X =am, X € mo(R, bs) (because for n > m + 1, z, = 0). From (2.5),
we have

n—1

(2.6) zn = ] —%)xg.

J=0

From Lemma 2.4 the other A’s have the properties oL > 1. Hence we
obtain

SU ({A: | A—g < g} - {0}> C mo(R2, but = bs).



674 Mustafa Yildirim

LEMMA 2.6. Let Ty = M\l — R,. Then T} ' is given by
1

A—an’? =1
— an
(27) T/\ 1 = (bnk:) = 32 H?:kil—(—}j;) s k<n
0, otherwise.

Proor. If Tz = y, then we have

b ]
T 1 . + aj
TS DCa(—an)?
Iy = —— + al + az)\ y
2T AL T Dm0t T D@ —a) (= ag)
o = 1 + an
"TATG ! T D a)(h—any)
+ I +
= an) A — an_1) (A — an_a) "2
ap A2 a D ak
+ == 11—+ 77— 1= )y
o AT s O
Therefore T; ' = (bnk) is given by (2.7). O
LEMMA 2.7. If Re} = a, then
N-1 a 1
(2.8) H“_T ~ S
k=0

as N — oo. We use the notation a,, ~ b, in the sense that (%ﬁ), (%f:)
are both bounded.

PRrROOF. See [7]. O

THEOREM 2.8. If{(n+1)a,} monotone and 0 < L = lim,(n+1)a, <

00, then

L
U(Ra,bvo)——-{)\ :|)\—§|§ g} U S.
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ProoOF. By Theorem 2.5, and Lemma 2.7, we have

L L
{)\I)\—§1<—2‘}US
C mo(Ry, bup 2 bs) C o(R;,bvg) = o(Rq,buwp).

Hence
L
{)\ :[)\—§|§ 5} U S Co(Ry,bv).

To complete the proof let us show that,

o(Rg, bug) Q{)\ :|)\—-§|§ g} U S.

Now, let | A\— £ | > L (which means aL < 1) and X # am (m =
0,1,2,...). We prove that the matrix T~! = (b,) given by Lemma 2.6
satisfies the properties in equations (1.1) and (1.2).

Since aL < 1 <| )\—% |> %andaL <land A #am (m=0,1,2,...),
then

an| |2 1-% 1)L al-1
lim bpy = lim nl AP ITe 11 =3 lim {7+ 1) ann

= 0.

for every k. Hence (1.1) is satisfied.
Now lets show that the equation (1.2) is satisfied. Let

e N
Z‘ Z(bnm bn—l,m)\zz-l-z—l—z
n=0 m=0 1 2 3
where
N n n—1
ZZZ‘anm— bn—lm)’ 0<n<N
1 n=0 m=0 m=0
N+1 N+1
Z= ’ZbN+1m—bN+1,N+1+ZbNm,n_N+1
2 m=0 m=0
[o 0]
Z Z ’Z (bam — bn— lm)‘ N+2<n<o.
3 n=N+2 m=0

Using the Lemma 2.7, it can be shown that » , = O(1) fori = 1, 2, 3.
O

This agrees, with the result obtained by Okutoyi [2], for the special
case R, = C}.
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For the other special cases of spectrums of Rhaly matrices R, we give
the following examples.

EXAMPLE 1. If a = (%t%) then
1 1
WO(RZ,bS)I{)\Zl)\—§|<'2‘}U{1,2,3},

WO(Ra’b'UO) = @
and 1 )
o(Ra,bvg) = { X : l)\~§ | < —2-}U{2 ,3 }.

EXAMPLE 2. If a = (sin nL_H) then

N SR
7T()(I%mbs)_{)‘ i)‘_§l< _Q—}U{l}’

and

o(Rabog) = { A : [ A— 1| <

2 b

[T

References

{1] G. Leibowitz, Rhaly Mairices, J. Math. Analysis and Aplications 128 (1987),
272-286.

[2] J. 1. Okutoyi, On the spectrum of C1 as an Operator on bug, J. Austral. Math.
Soc. (Series A) 48 (1990), 79-86.

[3] J. B. Reade, On the spectrum of the Cesaro Operator, Bull. London Math. Soc.
17 (1985), 263-267.

[4] JR. H. C. Rhaly, Terrace Matrices, Bull. London Math. Soc. 21 (1989), 399-406.

[5] M. Stieglitz and H. Tietz, Matriz Tranformationen von Folgenraumen Eine Ergeb-
nisubersicht, Math. Z. 154 (1977), 1-16.

[6] A. Wilansky, Summability Through Functional Analysis, North Holland, 1984.

[7] M. Yildirim, On the Spectrum and Fine Spectrum Compact Rhaly Operators, In-
dian J. pure. appl. Math. 27 (1996), no. 8, 779-784.

Department of Mathematics
Faculty of Science,
Cumhuriyet University
58140 Sivas, Turkey



