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NORM OF THE COMPOSITION OPERATOR MAPPING
BLOCH SPACE INTO HARDY OR BERGMAN SPACE

ErRN GUuN KWON AND JINKEE LEE

ABSTRACT. Let 1 < p < o0 and @ > —1. If f is a holomorphic
self-map of the open unit disc U of C with f(0) = 0, then the

quantity . ,
J AT ) Q- sty

is equivalent to the operator norm of the composition operator
Cs : B — AP:® defined by Cyh = ho f — h(0), where B and
AP@ are the Bloch space and the weighted Bergman space on U
respectively.

1. Introduction

Consider holomorphic mappings f of the unit ball of C™" into the unit
disc U of C. It is said that f has the pull-back property if hof € BMOA
whenever h belongs to the Bloch space B on U. Since the pull-back
property was first studied for monomials in [1], there have been several
examples and conditions for f to have the pull-back property ([1], [2],
[7]). When n =1, if f is a function of Yamashita’s hyperbolic BMOA
class then the composition operator C; defined by C¢(h) = ho f takes
B into BMOA ([6], [7]). In view of a known parallelism between the
Hardy space H? and the Yamashita hyperbolic Hardy class HZ, the first
author gave a necessary and sufficient condition for C; to take B into
H? ([6]).

We, in this paper, restrict ourselves to n = 1 and give a quantity
equivalent to the operator norm ||C¢|| of the composition operator Cy
that takes B boundedly into the weighted Bergman space AP'<.
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THEOREM 1. Let f: U — U be a holomorphic function with f(0) =
0. For 1 < p < oo and —1 < a < 00, the bounded operator C? :B—
AP® defined by C]?h = ho f — h(0) has its operator norm equivalent to
the quantity

(1.1) {/U(l—]z‘)aﬂ(%)pdmdy}up.

By the lemma of Schwarz-Pick, it is easy to see that (1.1) remains
bounded for any holomorphic self map f of U. What Theorem 1 ex-
presses is that there are positive constants C; and C; independent of f
such that

aliesll < (11) < Gallcdll

COROLLARY 2. Let f : U — U be a holomorphic function. For
1 <p < ooand -1 < a < oo, the bounded operator C}) : B — AP
defined by C?h =h o ¢, © f— h(0) has its operator norm equivalent
to the quantity (1.1).

2. Preliminaries

We introduce a few facts that we need in the sequel, most of which
are well known.

The group of automorphisms of U will be denoted by M. It is known
that it consists of functions of the form e*%¢,, where (3 is a real number
and a2

a - s U.
#a(2) 1—-az z€

For 1 < p < o and for f subharmonic in U, we set

e a0\
1Al = sup ([ (e gl) ™.

Then the class H? = HP(U) consists of those f holomorphic in U for
which || fl], < oco.

The Yamashita hyperbolic Hardy class H? is defined as the set of
those holomorphic self-maps f of U for which ||o(f)||, < oo, where o(z)
denotes the hyperbolic distance of z and 0 in U, namely,

1 14
o(z) = §log1_ R
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We set, following Yamashita,

/'l
and f'=
=1
for holomorphic self-maps f of U. It is obvious that f € H? if and only if
IIA(f)|]p < co and that f* is M-invariant in the sense that f# = (po f)?
for any ¢ € M.

The Bloch space B consists of holomorphic functions h in U for which

1
A(S) = 10gﬁ}—|5

sup |B'(2)|(1 — |2]?) < oc.
zelU

This is a Banach space, if the norm ||h||g of b € B is defined to be
the sum of |h(0)| and the left side of above inequality. A pair of Bloch
functions h;,j = 1,2 are constructed such that

(2.1) 1 =[R2 + h3(2))) 2 1, 2 €U

([7]). Then it follows that

1 C
9.2 <K of|+|h, o f] < ——
( ) l_lflz l 1 | |2 fl 1_|f|2

for holomorphic self-maps f, where C = 2 max(||h1||B, ||h2||8). For
h € B, it follows from Schwarz-Pick’s Lemma ([5]) that

(2.3) (ho £)(2)] < IAllsf*(2) < IIhHBﬁ, zeU.

For -1 < o < o0 and 0 < p < o0, let AP® denote the weighted
Bergman space of holomorphic functions on U, that is,

APS = {f holomorphic on U : || f|| ar.«
1/p
= (/ |[f(z)|P(1 - |z|)°‘dxdy) < oo}.
U

We note that H? is the limiting space of AP® as @ — —1.
For A holomorphic in U, g-function of Paley defined by

o) =90 = ([ WeePa-n )", o<o<om
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satisfies
(24) llg(M)llze ~ ||Rll, if R(0)=0,

for 1 < p < oo (see [4] and [8]). Here and after ¢ ~ ¢ means the
equivalence of two quantities in the sense that either both sides are zeroes
or the quotient /¢ lies between two positive constants depending only
on p.

The hyperbolic version of g-function is defined as

1 N2
9:(0) = 0.(1)0) = [ (fitre) 1=r)ar, 0<0<2m,
0
and then for 1 < p < oo it is satisfied that

(2.5) A ~ llgo (H)lle if f(0) = 0.
See [6].

3. Proof of the results

For functions holomorphic in U and for 0 < p < o0, 0 < r < 1,
M, (r, f) is defined as usual by

1

M0 = (55 | " Ifrenypan) .

For simplicity, we denote ¢ < ¢ meaning that either ¢ ~ ¢ or the
quotient /¢ is bounded by a positive constant depending only on p.

LEMMA. Let f be holomorphic in U. Then, for 1 < p < oo and
—-1l<a<oo,

(3.1) /0 (1= )2 ME(r, ) dr ~ / (1= PP ME(r, ) dr + | FO)PP.

PROOF. Applying the same process as in the proof of [3, Theorem
5.6] to 1 < p < oo, we can obtain

1 1
/0 (1—r)*MP(r, f) dr < /0 (L =r)*"PMp(r, f') dr + | £(O)]P.
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Conversely, when p = (1 +7) we see in the proof of [3, Theorem 5.5]

My(p, f)

—r2

M) <2 My(p

If we integrate both sides of this inequality with respect to dr after
multiplying them by (1 — 7)*1?, then we obtain

() o

1 1
| a=neage s ars [a-neg
0 0
whence a change of variable completes the proof. |
PrOOF OF THEOREM 1. We show that

IC31] ~ (L.1).
By (3.1) and (2.3), we have

|lc(f)ll=”}s%g {/U(1—|z|)°‘ (hof)(z)—h(O)’pdmdy}l/p
h||B<1
~ s { [ =1 o fy @ dody}
[lRllz<1

< {/U(l— |z|)a+p(fﬁ(z))pdxdy}l/p.

Conversely, using Minkowski’s inequality with those h;, j = 1,2, of
(2.1) and using (3.1), we obtain

P 1/p
{ /U (1= e (74:) doa
< { ) a+p(2 I(hj 0 £)'( ) da:dy}l/p

Jj=1

> { [ =171k, 0 1Y (2 dody )

q\

1/p

M)

1

.
i

1/p

NE

> { [ a=1a| s 1)@ = 1y doa}

.
Il
—
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Since

1/p

{ /U (1~ 12)*|(hs 0 £)(2) - hj(O),pdxdy}

<llislla sup { [ a-pe

[IAlls<1

P 1/p
(hof)(z)—h(o)\ d:cdy} . =12,

from (3.2) we have

{ =tz (f”(z))pd:rdy}l/p
s sw { [l

h
lIRlls<1
= sup ||ho f—h(0)]|are
heB
lhlls<1
= |Ic31l.

(ho f)(z) - h(o)y’dxdy}””

(]

Proor oF COROLLARY 2. The result follows from M-invariance of
f* and Theorem 1. |

4. Limiting case H?

As is well-known, we may regard A»~! = HP. Using (2.1), (2.2),
(2.3), (2.4) and (2.5), a method similar to Proof of Theorem 1 gives
that the the quantity ||A(f )||,1,/ ? is equivalent to the norm of Bloch-H?
pullback operator. This fact will be discussed extensively in the coming
paper of the first author.
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