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He B5 A3 EAE 49 e HERSA
o]+

2 ok B =RoAx HEEL AR E L2 o|Ro)F M AR

HeAzo AP0l BA, BB BT BEFSE o) F o

A M 22 A5 249 HHATES BSR4 ofefrjRoz

299 We] RRS A9 AAGEFHY BA, AFHAGP] BF ¥

472 FARoE FolA wje] WE MBERS A 57t Y B FE

23, 45H 7 9z e dER50 kg4 Ao} 45H W

7 BE AAFEA N BLo B Hg A7 AFE e Hrh
A1Ad A=
AEBA N de= o8 e FFES FA HAFse A J A3
A 842 dg A Ak ([18, 40, 42]). e HEFRTALS
Giannessi ([12])°] 2)3] 1980 d0] AA|= d=d] L Feh& HF (&2
2he] HERS 4] oA FAlo HE X H3t ZA9 et WA
St AAZE JAEE WE Rk uetA Wy HE H542 WY HF
3 FAE tgFed JdolA T8 A4S T 4 3, AFaAC A
=y 298 AYT JE= FIAH EA O st 8 F 2dS AR T
= Jon g el A AEolA Stk

e HERS A o2 712 Fejo] dnislE HE WERFA 9 5
o] 24 g 3 &det A7/ JYH o] e ([3,4,7,9, 10, 16,
21-29, 31, 33, 43, 47, 48, 53]), HE] HEE S A5 A FJEE Aol &
A7 Ax=E ol A ([31, 32, 34, 37, 52]), 28] HE WERT ] ¥
B 738 EAE 3t &4 ([6, 8, 50, 51))3 A5 H HE HERT
A9 g4 ((20, 31, 39]) 0] Aol et
de] HEES A0 el HE A3 A et FA ] the A

FTABRE] Be FAE ([, 2, 5, 13, 30-32, 36, 37, 45-47, 49])°l <
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588 o] 77

3 ojR T o]y FAA ) g A= HE HERSAL WHE 3
s} Al 8387 A% Aotk H 2o HEd (perturbed) 7 Tx
(strongly monotone) W E] Wi R0 ]t P Az K
4Ed & EF (strongly convex) ¥E X A3} #A9 |7 AAA
AFHRE 2L 5 Ut A9 ‘6‘%%%4 ([31]). o138t A+ HAE HE
RS540l Wy A3 ZAE Avshe ZEe 34 =47 "Aoke
AL L.

2 =5y 242 e HERFASY AT BAS Ay ES
H A3 A YA HE HEEFA AT FHA 2 A7
A3-E ([13, 31, 32, 34, 37, 38, 52))& AHg st Aot

B =89 Al 2 oA = AE3E M= TR o] R WE A
=RESAEY U a?_ EAF g AMAFE Aol BAE =3, Al 3
doAe vE 7153 25842 o|Fo Wy BE HAHI A
o AAFEF BEEFGTY ot v] & (subdifferential) OE 239 9
HERSAEY AFAFERS BAE Agsict. JoprbA] A FF ol
EE ggof o A HoE Fo] A ¢H°ﬂ oA o] Wl —Er—"%%é‘,
g7t e 28 FE AL 3}131'711]42401]/\1‘—*,3 A=
Z WE HERFAY AAA 7349} azst A3 HEd 9 Ei AR
5 H A3 FANY A g st AFEAHAE LS UW“‘ g9l A
5 AoHe B =7 dAR B 843 o g9 Ao o
& 7he] Ag g

R" & n A F28= 37, ( Y & R" Ao A U3 (Scalar prod-
uct), || - || & R™ AA8 =& (norm) OIE]- git}t. 2811 D & R™ 9
HAEE REJY, fi: R" > R, i=1,---,p, & A 7‘”\“ 3t
FEolz 3R}

23] w71 A, f = (1,0, fp) BF T, 499 z,ve R 9
o 3 A

f(@)(v) = ({(filz),v), -, {fp(z), V)
g} £t} o7k, otEiel 22 71EE 232} $hoh
RY ={x=(z1,--- ,zp) € R? | z; >0 for all i},

[

RY ={zxe€RP | z;>0 forall i},

Sp={oe | fal=1}, $u={ceh? | Jol=1}
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B Ao b3 22 2 ] MEghe AR Bl o W

HE 554 (vector variational inequality for vector valued function)&
z

VVIV) Find Z € D such that
f@)(z-2) ¢ -RE\ {0} VzeD.

(MVVIV) Find Z € D such that
flz)(z—z) ¢ —R, \ {0} VzeD.

(WVVIV) Find Z € D such that
o
f@)(z—z)¢ —RE VxeD.
(WMVVIV) Find Z € D such that
o
flz)(z—z)¢ - RY VzeD.

A BZAES WAL 2 7 s0l(VVIV), sol(MVVIV), sol(WVVIV),
sol(WMVVIV) 2HEt}.
p=1¢% u, (VVIV) & (MVVIV), (WVVIV) & (WMVVIV) & o}
Ao} 22 ApghE A BREY Wi RS54 (VIS), (MVIS) 7} €&
7 W 3t
(VIS) Find Z € D such that
(fi(z),z—%) >0 VzeD.

(MVIS) Find Z € D such that
(fi(z), x—:z:)>0 Vz € D.

0 VeeD.

2>
< s0l(VIS), & &AS}.
Aol A ALd @-@ of Al Wte] et 2L AAE
A de =+ Aok (B 212 ( )< [31] #F=).
el 2.1. &l ¥ %’75}
(1) UAe§ sol(VIS) sol(VVIV) C sol(WVVIV)

= Ujes, sol(VIS) »
(2) f 71 D 94 ©%Z (monotone) ¥ uj, &

<f1(l‘) - fi(x,)am - .’L’,> 20 Vi=1,--- ,p,VZL',JZI €D
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9w, sol(VVIV) C sol(MVVIV) 0] Z sol( WYVIV) C sol( WMVVIV)
olch.

3) fi, i=1,--,p 7} 42 @, sol( WMVVIV) C sol( WVVIV).

fi 7t A% olg e eks, sol(MVVIV) C sol(VVIV) &= A ¥ 3}4x) ¢
&% e 2ol A8 AN P

B7 2.1, fi(z) =z, fa(z) =22 (x € R), D = (—o0,0] 2 T2
o183 f(z) := (fi(z), fo(2)) & D °ﬂ g A (MVVIV), (VVIV)E 4
Zy&ta}. o] ) sol(MVVIV) = (—o0,0], sol(VVIV)= (—o00,0). wz}A]
sol(MVVIV) C sol(VVIV)£ dutd oz A g3lA geth

ME] BERS o] B A ] EAF R FaA Bk (31)).

PS]F’] 2.2. (1) 1‘:_].9'7: fia 1= a"' P 7]' g—ﬁ\_olﬂ D 7]' -E?—E‘VNE
(compact) & aff sol(VVIV) # 0.
(2) fi, 1 =1,---,p, T Folx 3IL}7] H<Lol31, ZA A (coercive)

=, 3xg € D such that

(fi(z) = fi(zo), — x0)
llz — 20|
o off sol(WVVIV) # 0.
E93 7P ol A= olellet 22 AHElES 48 + Idu (3, 34,
5]).

Hel 2.3, e 2o =] HEeorn S
(1) (fi © 2 9Z4): I a> 0 such that
T

{filx) - fi(@'),z —2') > aljlz = 2|* V2,2’ € D, Vi=1,--- ,p

— 400 as ||z|| = 400, z €D

(2) (f; @ g=A= d<4): 31> 0 such that
Ifi(z) = fi(z")|| < l||z — 2’| Vz,2" € D, Vi=1,--- ,p

o o Th&o] 4 ek,
(i) sol(VVIV) # 0.
(ii) Cl(U,\e§+ sol(VIS),) = clsol(VVIV) = sol(WVVIV).

A 714 el = HE (closure) & & v] gt}
Ael 24. HFFAFmxn FE, be R™, D={ze€ R"| Az < b}
o,

e,

U s0l(VIS), = sol(VVIV).

o
AES 4+
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A8 2.5. ofgf o] =Hdo] HYscku AL
(1) D7} ¥ 3t E-E A (strictly convex body), &, Vx, ' € D (z #
'),
{1 =tz +tz' | t € (0,1)} C intD.

(2) 2z e D ol elA, A v f(2)(v)(: R — RP) 7+ A}
(surjective).

o] W s0l(VVIV) = sol(WVVIV).
A2 239 744 (1) (2)orlA B 259 A7 AFeA deo

= dg€ &+ Ak ([31, 52]).

A3d ME 8% AHS 2AY WE GRES A
2}e] 2

WA o] Aol A28 A syl d<4 B-E 34 (proper lower semicon-
tinuous convex function)?| -5} (conjugate function), of 2] L2}
(epigraph), o} #] & (subdifferential), e-o}2} 1] & (e-subdifferential) o]
st Fol & ot

g: R'— RU{+o0} £ A4 3} 4% B2 %42k 347 o] 1) 3

.I

9" (v) = sup{{v,z) — g(2) | = € domg}
A H+E g": R* —» RU{+oo} A Frolal, o 7]A & g o] A9
Q m

domg = {z € R" | g(z) < +oo}

At}
o o5 282 epig &

epig = {(z,r) € R" x R | z € domg, g(z) <r}

E RojF ol At

a € domg Ql a ANA T4 g 9 ol n]EE

99(a) = {v e R" | g(z) — g(a) = (v,z ~ a) Vz € domg}

2 4250l Aol

>0 9 ¢ o hate] B g 9 eotdiml =

Oeg(a) = {ve R" | g(z) — g(a) > (v,x — a) — € Vz € domg}

2 ZoE = Aol

HAolA Hd Sl ek A2 [17, 41] & 5o Ut

L_‘EL
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B R UL 2L Wy B2 2713 24 (VP)2 A2
=
(VP) Minimize ¢(z) := (p1(x), - -, pp(x))
subject to z € D.

AN o B o R =1, p & BSYFOIRD £ RS ) #
=, T-,-ZJ?}O][‘,]—
(VP)9 sl= th3 3} Zo] HeJ=ch
ol 3.1. z € D g @A}
(1) 922 z € D o hafA
(pr(2) — 01(F), -, pp(@) — p(%)) & —IRE. \ {0}
P BHE W zeD = (VP)9 E &3 (efficient solution) 2} 311,

(2)z€ D 7k (VP)Y &30, ZHie {1,---,p} & pi(z) < i(T)
A L9 z e Dl 3 p;(z) > ¢i(z) oL

oi(7) — ¢i(x)
o —e@ <M

7]—5:']%j€{7 :P}ﬂ'zzﬁ ]"_}‘]"{]\—M>07]—£ZH%L[LH$€DE
(VP)e] XA &-83) (properly efficient solution) 2} 3+c}.
(3) ¥ele zc D o thshA

(01(z) — 01(3), -+ ,0p(x) — p(7)) & — RY,
7t 3¥E 2 e D E (VP) oF E83) (weakly efficient solution) 2}
st
(VP)o] 2&sl Aal IS Eff(VP), A4 83 AA AL
PrEff(VP), & 283 AA AFYL WESFF(VP)2} A4 o] o,
PrEff(VP) C Bff(VP) C WEff(VP) 7t A& Hol2 R e £
Stoh. (VP)2] sfiof] ti st 7122 A3 (11, 42]f & = o] o).

(VP)Sl 52949 i, i = 1,-,p 7 RS dl, fi(o) =

Voi(z), i = 1,--+,p 2} FiL 01 fz % of thgh Al 2 dof wle] HE

F54 (VVIV), ( VIV), (WVVIV) € 72 (VVIV)y, (MVVIV)y,

(WVVIV)y & 52k 9714 Vei(z) © z AL < ; o Tl (gra-
X Z

dient)olt}. o & 9 (VVIV)y = ofal &}

(VVIV)y Find Z € D such that
(Ver(z),z = 2) - ,(Vipp(@), 2 — 7)) ¢ ~RL\{0} Vz € D.
# ol Giannessi ([13])oll <3} ofefe} 22 ) 3.10] v Ao}

4308
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B2 3.1. (VP)S B g, =1, ,p 7} W& of oS
o] 4 g3t
sol(VVIV)y C sol (MVVIV)y = Eff(VP)
C WEff(VP) = sol(WVVIV)y.

4
=
=
=
Fu
do
o)
_(1){_5
N,
do
S
>
o
oy
o
L
flo
=
=z
lo,
I
o 2
ad
> i
2
®
ol i
o > 10 toh

©
tlo
AN T

= A8 of st} 71 A 9p; = th7HeHE (multifunction
A}.
(VIM)» Find Z € D such that 3¢; € 8¢;(z), i = 1,--- ,p, such that
(Zle A&,z —Z) >0 VzeD,
A7 A= (A1, , Ap) € Sy
(MVIM), Find z € D such that V2 € D, 3¢ € 0pi(z), i =
1,.-+,p, such that
(301 Ni&iyz — &) >0,
AZIA A= (A1, ,Ap) € Sy
(VVIM); Find Z € D suchthatVz € D, V¢, € 8p;(Z),i=1,---,p,
(<£1’x_£>7"' 7<§p7$ _i.)) g —Ri \ {O}
(VVIM), Find Z € D such that 3¢; € 8¢;(Z), i = 1, ,p, such
that
(<§17x_f>7"' 3(&1)737_3—7)) g—RIj}-\{O} Vz € D.
(VVIM); Find Z € DsuchthatVz € D, 3¢ € 8¢p;(Z), i =1,--- ,p,

such that
({&n,z—2) -, (&2 — 1)) ¢ —IRY \ {0}.
(MVVIM) Find Z € D such that Vo € D, V& € 0pi(x), i =
1,---,p, such that
(2 —2),--- (&2 —2)) € —RL\ {0}.
(WVVIM); Find Z € D such that Vo € D, V& € 0pi(z), i =
1,---,p, such that

o
(<§l7x—j>)"' 7<€pax—j>) ¢ _RI—:—
(WVVIM), Find Z € D such that 3¢; € 8¢;(Z), i =1,--- ,p, such
that .
(<§1,£II—£‘>,-” 7<£p7m—'52'>> g _Ri Vz € D.

(WVVIM)3 Find Z € D such that Vz € D, 3¢ € 0p;(2), i =
1,---,p, such that
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(8 —3), (6o — 7)) & — RY.

(WMVVIM) Find Z € D such that Vz € D, V¢ € dpi(z), i =
1,---,p, such that

(<51,27 _j-:>a"' ’<§p7x ‘3_:» g _IR{;—
MRS A AATS 47
sol(VIM) 2, SOU(MVIM)y, sol(VVIM)y,- - , sol(WMVVIM)

k)
o

o] HERF A AFFT (VP)Y s H T Arojoll ofef et 22
A& = At} ([32, 37)).
2.

72l 3.2. th&o] 4yt
(1) sol(VVIM), C sol(VVIM),.
(2) PrEff(VP) = | sol(VIM), C sol(VVIM), C sol(VVIM),
)\Gg' +
C sol(MVVIM) = Ef f(VP).

(3) sol(WVVIM), C WEff(VP) = )\LLJ9 sol(VIM) ,
€5+
= U sol(MVIM), = sol(WVVIM),
AES,
= sol(WVVIM),; = sol( WMVVIM).

St 7t ot A& b2 22 AFE 22 T AT ([37)).
3.3. (1) D 7} R" 9 glojA 9] 5 ] WA (polyhedral convex

o Wy g
(¢

i)

54
E]
set) ‘Q

sol(VVIM), = PrEff(VP).

(2) D 7} R" o QlojAe] BE cjexoly, Zi=1,---,p o 3
A epip; 7F R™ o] SlojAle] EE gfAA Y of

sol(VVIM); = PrEf f(VP).

Z] 2| Jeyakumar, Lee, Dinh ([19])+= A <FdA 27 glol AHste=
~zrel B2 3 Az 2A0 o 783 33 20
Lee, Lee ([38])‘— e B2 HA3 7A
2, AFAE D 7 FAHLE F0]2

BREN (VVIV) & (WVVIV)S] 87} ,
kg 27AQe] Agete HE EF HH3 FA g Az A
e ARAY A7E [4[E B @ Aok
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AFRF D 7t FAH O ol o] 91o]
2254 (VVIV)SH(WVVIV)S 8174 2 B2 338 248 £t (38)).
m

T o

Ael 34. ¢ . R*" > R, i=1,---,

Rnlgz(ﬂﬁ)g(), 1::]_,--- 7m};jED E_J EH E]"l%‘t% —IO-E;'(]O}D}-

() ze sol(VVIV)

(2) ~(S21 £i(@), (T £i(@), 3)) € el U,iz0 Ty ewilings) ™+
Uszo [{ZM vifi@)} x By + (0,0, v (£(2),3))] ).

(3) 3un = (g, , 1) € RY, 6n >0,

Vp = (v}, -+ ,vh) € RE such that
hm Un"‘z =1 nfl( ))“ U,
lim 6, =0,
n—oo

7}1_%0 Yo #hgi(E) = 0.
(4) pn == (k- ) € R, Fvm = (U}

Un € 85, (0% 1) (Z),

k)€ RY, 2, €

R"™, sp€ >, pt0gi(zn) + b, Vi fi(Z) such that

lim s, = —u,
n—oc

n—oo

lim z, = z.
n—o0

A8l 35, g R*" >R, i=1,---,
R" | gi(z)<0,i=1,--- ,m}, T €D

(1) Z € sol(WVVIV).
(

Un € Oe, (72 13,9:)(Z) such that
lim v, = - Y0, \ifi(Z),

n—oo

Jim 35, 4h,0:(2) =0,
lim ¢, = 0.

n—o0

(3) 3X = (A1,-++, Ap) € Sy i = (pimy

Up € Y uh8gi(zy) such that
lim v, = - 32, N\ fi(Z),

n—oo

lim Ez 1 iu’ngl(mn) _ 0

n—00

)
2) 3A —()‘1, 7/\)ES+a Hn = (/J"ru"'

lim [T, phgs(wn) + 30, vh (£i(@), 20 — 2)] = 0,

e,
Anj
tlo
Mo
oft
&
9,
4

)lu’?) € RT) Tn € Rna
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lim z, = Z.
n—00
k¥ U Yo epi(pigs)* 7F H Aol W ofel o 2 A E AL
;20
At} Slater =2 o] Y3, =, gi(z) <0, i=1,-- ,m 7} = 20
7 ZASE (J ST epi(uig)* 7 AR gol Aok,
#:>0
76]1—143691Bn—>ﬂ1,—1, 7m‘—1_—"ag’%51}7D—{$€
R"|gi(z) <0, i=1,---,m}, z€ D & uf, vhef U >im1 epi(pigi)”

Wi

7 # F] gold o5& FX] o]t
(1) Z € sol(WVVIV).
(2) 3X = (M, Ap) €8¢, p=(p1, -, im) € IR such that
_21-— i fi(Z )EZ] 1 #509;(Z),

2oitg kig;(Z) = 0.

A4d HED e ARESN gy

B Ao A& nj7) M4 (parameter) ol 93] 45 ¥ (perturbed) HE] W
—E-——‘?—% Aol A Aie} o] AFRE AHFE HH ,4%4§}-rzﬂoﬂ X”l
5t A= A5 A AET} (31)).

M AEMCR, ACR A RAF, K:A-2F &9 2% A
THEE I b, 2B A f; R"xM-»R” i=1,---,p,
Fol gt opAb A AST (p,A) € M x A 9 qlw}oq ez 2
= BJE-] ‘_k_ro/\lo Agﬂ-tsh;}_

(VVIV(g,A))  Find z € K()\) such that Vz' € K()),

(<fl (L','LL),(L'I - IE> 3y T <fp($7luf)’m/ - :L'>) g _R{l}- \ {O}
(WVVIV(u,))) Find z € K()) such that Vz' € K()),

(fi(m,m) o =), fola, ), @ — z)) & — RE,.
o 4EE Wy WERS A HAFS
sol(VVIV(u,A)), sol(WVVIV(u,A))

o BAST 2 b 398 FaA ok
S b R" — R 7} p>0 o thdt 7 E= (strongly convex) o]k
2 h 7} Vz, 2’ € R* Vt e [0,1],

h(tz 4+ (1 — t)z') < th(z) + (1 —t)h(z') — pt(1 — t)||z — 2'||?
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& g h 7 AEHo R uE 50l p > 0 o
o] Vh(:) + 7 ©=X (strongly monotone) ©]T}. &
(Vh(z) — Vh(z'),z — 2') > ofjz — 2'|* Vz,2’ € R
7t ST ([44]). oI} 2ol R™ &) RENT A, B

2] (Hausdorff distance)2] o] & &t}
H(A, B) := max{supd(a, B), supd(b, A)}.
a€EA beB

o} 714 d(a, B) = infeep [|la — b|.
ofefel 2 AsE 7 dx Ay WERS A 3 ZA AnE
2S5 Aok ([31)).
el 4.1, FolF A (5,A) € M x A o tjdto] thgo] 4t
ot 744 sk
1) (K of 2JAL g]=
ot t}7lgh e K =
2 Y\, NeAnV,
KM\ NW C K(\N)+k||A = X||B
TFEIE NS 298V, 29 SYHW, A5 k>0 7F 2AJ3Ich o 7] A B
R"™ °] 5e9] 3% (closed unit ball) ] c}.
2)(fi o FH2Y): Ve, 7 e R*, Vue MNUy, i =1,2,-
(filz,n) = fila',p), 2 — ') > af|lz — /|2

ZhE=p o 2 UL, 4 -ra>07}zxi]3“:}
(3) (fi o glzA= of”‘”) Vz, ' € R, Yy, ' € MNUs, i =
1a27"'7p:

iz, 1) = fila, ) < Ullz = &)l + [l — o))
Ve Y 2HUs, H21>0 7 AL
ol W the ()T ()7t AUSe 5 o 29 U, X o 29 7, 44
kg >0, k5 >0 7} &) ?‘&E}.~ B
(i) FAY (1,2) € (MNT) x (ANTV) o Bh3}e]
sol(VVIV(u, A)) # 0, sol(WVVIV(u, ) # 0.

(i) 92 (1, ), (W, N) e (MNT) x (ANTV) o thato]
H(sol(WVVIV (i, \), sol(WVVIV (', M) < kallw— /|| + k]2 = N|2,
H(s0l(VVIV (i, A)), sol(VVIV (', X)) < kallu — /|l + ks |A = X||2.

A2] 412 459 W H A3 Exo] A Sh

e

/—\

A= AdE4): 9ojo] 7 € sol(WVVIV(q, X))ol
(A, Z) oA 2] AF 8]ZA] = (pseudo-Lipschitz),
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ﬂf‘é} M, A 9} T7F8H K 8 o] 39 A& BRn 7
R'xM— R, i=1,,p& Y2 144 p
‘?_”(H W g o dte] AR oz njE 7153 34
A (, ) o thate] oh53t 22 A5d HEH H A3

_XL 2 :L
ot
Md
>
i
033
_1:1_‘

(VP(N, )‘)) Minimize go(ac, :u) = (‘Pl ("Ea ,U,), B @P(Ia lu’))
subject to z € K(\).

(VP(u,\) 2 E&3) Ax AL Eff(VP(p,N)el & 283 AA
AEE WESf(VP(p, A)2F €T

A 3.1 AHEEo FE 418 A45E HH F EE 2
(VP(u, A))ol HE35d oS3} 22 (VP(u,A))Oi q}z} <t
e+ Aok ([31]).

el 4.2. Fo)F BAE (5, A) € M x A o tjato] og-o] 4 o
okl 71 ket
(1) (K 9 oAt e]lZzAl= A4 4): deolo] & € WESff(VP(R,N)
st oiolgle K += (), z) oA 9 AF 8] Z A] = (pseudo-Lipschitz) ©]
ot
(2) (SOz od 3 &5
i
A s

oam
3
iy 2
Mo
2

): 44 eMNU&ie{1,2,---,p} o o]

Kb’/‘i g i, 1), ,D=p>09 Ot ZF EE 571 H+=

Bl 2 U 7FEA4
(3) (Veipi(-) & Bl Z A ]5 ALH): Ve, ' € R™, Vu,u' € MNUy, Vi =
1,2,---,p

IVapi(@, 1) — Vapi(a, u)| < Wllz — 2/l + [l — w'll)
ZhEE R o 2H U, A5 1>0 7 EA 8

ol b g ()F ()7} HHSF=p o 2HU, X9 2%V, 4
ki >0, kx>0 7F &4 t‘f,}r:}.~
() 929 (u,\) € (MNT) x (ANV) of tf3te

Eff(VP(u, \)) # 0, WEFf(VP(u, \)) # 0.
i) 9999 (u,N), (W, N)e(MNnT)x (ANV) o tfato]
H(WESFf(VP(u, ), WEF f(VP(i/, X)) < kallp — /]| + ksllx = NI,

(‘°l H oX,

H(Eff(VP(u,\)), Eff(VP(i', X)) < kallu — || + kx|IA = N|2.
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