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the Index of Refraction in a Four-Level System

Hui-Fang Zhang*, Jin-Hui Wu, and Jin-Yue Gao

College of Physics, Jilin University,
Key Lab of Coherent Light, Atomic and Molecular Spectroscopy,
Educational Ministry of China, ChangChun, CHINA

(Received February 26, 2003)

We construct a four-level system where a metastable state is included in an Er®* Doped Yttrium
aluminum garnet (YAG) crystal. Because of the action of the coherent field, the traditional light
amplification with inversion can be exhibited with remarkable variation. As a result, we propose a
method to achieve the gain equalization by atomic coherence. At the same time, we find that the
high index of refraction accompanied by vanishing absorption can also be reached in this model.
We also find that a higher index of refraction with zero absorption can be easily obtained when the

coherent field is off resonance.
OCIS codes : 270.1670; 270.3430; 060.2320.

I. INTRODUCTION

Recent studies on effects of atomic coherence and
quantum interference in quantum optics has led to
many interesting optical phenomena such as electro-
magnetically induced transparency (EIT) [1-4], laser
without inversion (LWI) [5,6], enhancement of refrac-
tive index [7-9] and so on. Up to now, many experi-
mental and theoretical studies of quantum interference
have been focused on atomic gas media [10-12]. For
the understanding of quantum coherence and interfer-
ence in crystals and for various potential device ap-
plications, EIT in solid media become more and more
attractive [13-15].

In this paper, we investigate a four-level scheme
in an Er3*-doped Yttrium aluminum garnet (YAG)
crystal to discuss the effects of quantum interference
on optical amplification and the index of refraction.
Based on the mechanism of atomic coherence, we sug-
gest a method to get probe gain equalization, which
may be used in optical fiber communication. At the
same time, we also find that the high index of refrac-
tion with zero absorption can be achieved in this sys-
tem, the index-enhanced media has potential applica-
tion in laser particle acceleration, optical microscopy,
atomic tests of electroweak physics, and magnetome-
try etc. By modulating the incoherent pumping and

the coherent field, we see that the position and value
of gain peaks, the height and width of the equalized
gain, and the maximum value of index of refraction
with vanishing absorption all are changed correspond-

ingly.
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FIG. 1. Schematic diagram of a four-level system

where levels 1), |2), |3) and |4) correspond to energy lev-
els of Er®* ions in ZBLAN glass 4115/2, 4113/2, 4111/2 and
Io/2, respectively. Levels [1), |2), and [4) form a EIT
subsystem, while levels |1), |3) and |2) form a light ampli-
fication subsystem.
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I11. THE MODEL AND EQUATIONS

We consider a closed four-level system shown in
Fig. 1. The energy-level scheme is relevant to the
Er3t-doped Yttrium aluminum garnet (YAG) crys-
tal, where levels [1), |2), |3) and |4) correspond to
energy levels of EI‘3+ ions 4115/2, 4113/2, 4111/2, 419/2,
respectively. In this system, via a fast decay from |3),
level |2) is populated by an incoherent pump process
A interacting with the transition |1) « |3). A co-
herent driving field E. with Rabi frequency €. drives
the |2) — |4) atomic transition, and a probe field E,
with Rabi frequency €, interacts with the transition

labeled [1) < |2). T'y = I'yg + T'4g + I'y3 is the spon-
taneous decay rate of level |4), I's = I'3; + I'sp is the
spontaneous decay rate of level |3}, I's = I'p; is the
spontaneous decay rate of level |2). When the inco-
herent pump rate A = 0, it is obvious that this sys-
tem can be treated as a three-level ladder-type EIT
system composed of levels |1}, |2) and [4), while when
the Rabi frequency of the coherent field Q. = 0, it is
a traditional optical amplification system with popu-
lation inversion.

In the framework of the semiclassical theory and
using the standard density matrix formalism with the
dipole approximation and the rotating wave approxi-
mation, the description equations of this system can
be written as:

p11 = A(p3z — p11) + Ta1pea + 31033 + Da1paa + i p21 — i€0pp12
paz = —L'21p22 + Ta2p33 + Ta2pas + iQpp1a — 107 pa1 + 80 paz — 12cp2a

p33 = —A(p3z — p11) — I's1p33 — T's2pss + Tazpas
pa1 = —[va1 — 1(Ap + Ac)]par + iQcp21 — 1Qppa2
paz = —(va2 — iAc)paz + 1Q(p22 — pas) — 1 Qp01
pas = —[va3 — i(Ap + Ac)]paz + 1Qcpas

p32 = —(y32 +iAp)ps2 — 1 Qpps1 — epsa

P31 = —¥31p31 — 12pp32

p21 = — (21 — 1Qp)pa1 + iQp(p11 — p22) + Q% par

prL+ pa2tp33tpu=1
Pij = Pj;

Where, A, and A, describe the detunings of the probe
and the coherent field, respectively. I';; designates the
population spontaneous damping from |i) to |7), 7i;
are total coherence relaxation rates between |i) and
|7), given by [16]:

va1 = (T4 + Tag +Tag + A+ 752") /2

vaz = (Ta1 + Tag + Taz +Top + ’Yfgh)/Q

va3 = (Ta1 + T2+ a3+ T3 + T2 + A+ 715”)/2

~s2 = (Taz + a1 + Doy + A+ 755" /2

ya1 = (D32 + Da1 + A+ A+ 430" /2

vo1 = (P21 + A+ 52"y /2 (2)
where ’y;ijp " is the dephasing decay rate of the quan-
tum coherence of the |§) < |j) transition. In con-
trast to many atomic schemes the 'yfjp " determined
by electron-electron, interface roughness, and phonon
scattering processes, are the dominant contributions

to the 7;; and the major obstacle to the observation
of coherent effects such as EIT in solid material.

III. ANALYTICAL DISCUSSIONS

In the limit of a weak probe, under the steady-state
condition, the solutions of Eq. (1) for pa1 to the first
order of the probe field and to the zero order for other
Pij are:

AT32/(A +T'51 4+ I's2)

p22 = P11
Ty3(A+T31) Dy
Ty + (Tay + 20 2800y 22
P21+ (Tay A+Ts31 +T32" Dy
Dy poo
— [Tg1 + (Tar + [ag) 221222
pas = Ta1+ (T 43)D1 Ty
_Ds
P44 = D: P22
iQc(p22 — paa)
P 4—- -~ 3
paz Yaz — 1, ( )
and
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11Qc2Qp (P22 — pas)
Ya1 + 1(Ap + Ac)](vaz +iA,)

iQp(p22 — p11) — [

p12 = Py = 5 (4)
Y21 + 1A, + 2]
i Y41 + i(Ap + AC)
P =2Npusp12 (5) level |2), but also splits level |2) into two dressed sub-
ImP = 2N pp1Im(p12) (6) levels. If the positive contribution from the incoherent

ReP = 2N u21Re(p12)

where Dy = Ty1 +T42+T +——h2|0°|2742 D, = Ul
1 41 42 43 742+A2 s L2 722+Ag .

The gain-absorption coefficient on transition |2) «
|1} is proportional to the imaginary part of pis, and
will be positive if Im(p;2) > 0.

Without the incoherent pump (A = 0), it is easy to
get pa2 = p33 = pas = 0, and pyy = 1 from Eq. (3),
thus Eq. (4) can be simplified as:

i,

(7)

P12 = —
|92 [

+ 1A, + -
72 i Ya1 + (A + A)

From Eq. (6), we can see that the numerator of p;,
could never be zero, and the term |Q.|2/(v41 +44,) in
the denominator leads to resonant absorption reduc-
tion, which is commonly known as the electromagnet-
ically induced transparency (EIT) phenomenon.

Without the coherent field (2. = 0), it is found from
Eq. (4) that the negative contribution of the second
term tends to zero and the EIT phenomenon disap-
pears, so this system degenerates into a pure three
level light amplification system. With the restriction
of Q. =0, from Eqs. (3) and (4), we can get:

_ ATl32/(A +T'31 + s2)

P22 Ty P11
P33 = leg—zz
paa =0
Q) _
pra = i§2p(p22 : p11) ®8)
Y12 + ZA]]

From Eq. (7), it is obvious that the probe can be
amplified when the population inversion between level
|2) and level |1) is established at the incoherent pump-
ing rate A > T'91(T'g1 + I's2)/(T32 — T'a1).

When both the incoherent pumping and the coher-
ent field are in action, the probe gain is contributed by
the incoherent pump (o (p22—p11)) and the atomic co-
herence (ox —|Qc|?(p22 — paa)) (see Eq. (4)). With the
incoherent pump process, level |2) could trap a large
fraction of the population decayed nonradiatively from
level |3) , thus we can get rather high population in-
version on transition |2) < |1). When the coherent
field is included, it not only populates level |[4) from

pump is larger than the negative contribution from the
coherent field, the probe still can be amplified in the
steady-state condition. However, if the negative con-
tribution from the atomic coherence is dominant, the
probe gain becomes smaller, and even changes into
absorption. When the contribution from population
difference equals that of the atomic coherence, the
high index of refraction with zero absorption can be
achieved in the steady-state condition.

IV. NUMERICAL RESULTS

In the following, by numerical solutions, we discuss
the mutual effects of light amplification and EIT to
obtain a few important conclusions about the change
of the gain profile. At the same time, we calculate how
to combine the incoherent pumping and the coherent
field to realize the high index of refraction with zero
absorption.

Based on References [17,18], we can get the pop-
ulation spontaneous emission probabilities T';; of the
Er* ions in Er®*t:YAG crystals containing 0.52 at.%
concentrations of Er3* ion at room temperature. So
it is reasonable that we always chose the param-
eters as: F31:0.80F21, F32:10.0F21, F41=0.86P21,
I'419=0.29T'9;, T'43=0.04T"9; in the following. In Ref-
erence [19], we have found the dephasing time of
Er3~:YAG crystal with an Er3*+ concentration of 0.1%
Ty=75 ps on the *I;5/5 —*113/5 transition of Er* at
1526.97 nm, the homogeneous line width I'p,=4.246
kHz. So it is reasonable for us to estimate the dephas-
ing decay rate as 51" = 51" = 755" = ¥4l = yE" =
m‘fg " — 15T4;. In this paper, all the parameters have
been scaled by I'y; = 239.1s7 1.

To illustrate the effects of atomic coherence on light
amplification, we depict the variation of the gain of
the probe field vs. the detuning of the probe in Fig. 2
when the incoherent pumping and the coherent field
are in action. When A = 10.0 and 2, = 0.0, it is ob-
vious that there is only one gain peak at the position
of A, = 0.0, as shown by curve a. While when a reso-
nant coherent field is exerted between |2) states and
|4), state |2) will be split into two dressed sublevels,
thus there are symmetric gain peaks at A, = £,
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Im(ou)

FIG. 2. Plots of the dimensionless probe gain coefficient
Im(p12) versus probe detuning A, /T'>; at different incoher-
ent pumping rate and the coherent field. The curves a, b,
¢, d correspond to (1) A = 10.0, Q. = 0.0, A, = 0.0. (2)
A=10.0, Q. =200, A, =20.0. (3) A =10.0, Q. = 20.0,
Ac = —-20.0. (4) A=10.0, 2. = 6.0, A = 0.0. The curve
e is the combination of the curves b, ¢ and d.

[3,20]. So we see that the probe gain, near the re-
gion A, = 0.0, is dramatically changed. If the co-
herent field is not too strong, for example, 2, = 6.0,
A, = 0.0, we still observe only one probe gain peak,
but the gain peak become low and flat, as shown by
curve d in Fig. 2. If we continue to increase the Rabi
frequency of the coherent field, and change the de-
tuning of the coherent field, for example, Q. = 20.0,
A, =20.0 (A, = -20.0), we see that two gain peaks
will separate and become asymmetric, as shown by
curve b (c).

In the following a scheme is proposed to realize the
equalization of the probe gain in the Er3t Doped YAG
crystal. As shown in Fig. 3, the probe beam passes
though three identical Optical Couplers (OC) and the
Er3T:YAG crystal successively. Each Er®t:YAG crys-
tal is pumped by a coherent field and an incoherent
process with proper Rabi frequency and proper detun-
ing. In Fig. 2, curves b, ¢ and d correspond to the
cases where the probe field passes through the first,
the second and the third Er®t:YAG crystal, respec-
tively. Curve e corresponds to the case where the
probe beam passes though the three same Er3t:YAG
crystals successively. It is found that the gain pro-
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FIG. 3. A scheme consisting of three Er®":YAG crys-
tal with different coherent fields and incoherent pumpings
where the probe passes through successively to realize the
gain equalization of the probe beam.
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FIG. 4. Plots of the dimensionless Absorptive ImP (dot-
ted) and Dispersive ReP (solid) parts of polarization ver-
sus probe detuning A,/T;; at incoherent pumping rate
A = 0.0 and the Rabi frequency of the resonant coherent
field Q. = 85.0. At A, = 0.0, both ImP and ReP are equal
to zero. The other parameters used are I'z; = 239.1s71,
F31 = 0.80F21, F32 = 10.0F21, F41 = 0.86F21,
T2 = 0.29T21, T4z = 0.04T91, 2, = 1.0T 1.

file shown by curve e is much flatter and broader than
that shown by curve a, and the height and the width of
the equalized probe gain can be controlled by changing
the coherent fields.

To observe how atomic coherence and interference
effects lead to complete absorption cancellation and an
ultrahigh index of refraction, we depict ImP and ReP
of the probe field versus the detuning of the probe in
Figs. 4 and 5 whether the incoherent pumping and
the coherent field are in action or not, where the po-
larization is in the unit of 2N g, and the detuning of
the probe field is in the unit of I'y; = 239.1s7! . When
a resonant coherent field 2. = 85.0 is exerted between
states |2) and |4) only, it was found that both ImP and
ReP vanish [7] at the same detuning, i.e. at the point
Ap = 0.0 in Fig. 4. The main difference between the
present model and that of Reference [7] is that only
one incoherent pumping is used. The incoherent pum-
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FIG. 5. The same as Fig. 2. A = 2.50, Q. = 20.0,
A, = 0.0. At point A have zero ImP and nonzero ReP.
The other parameters used are same as those in Fig. 2.
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FIG. 6. The same as Fig. 2. The curve m and n corre-
spond to (1) A = 2.50, Q. = 20.0, A, = 0.0. (2) A = 2.50,
Q. = 20.0, A, = —10.0, respectively. The other parame-
ters used are same as those in Fig. 2.

ping and the coherent driving field are two crucial
ingredients necessary for having zero ImP and large
ReP. If there is no incoherent pumping, both ImP
and ReP vanish at A, = 0.0 as shown in Fig. 4, in
agreement with the results of References [7,11]. When
the incoherent pumping rate A = 2.50, and the Rabi
frequency of the resonant coherent field Q2. = 20.0, as
shown in Fig. 5, it immediately becomes obvious that
there is a test-field frequency that experiences both
vanishing absorption and a high index of refraction at
point A.

Next, we consider the case where the coherent field
is not at resonance with the transition |2) < |4). It is
found that one of the two symmetric gain peaks be-
comes higher than before, while the other one changes
from positive into negative. Simultaneously, a higher
index of refraction with vanishing absorption is ob-
tained. In Fig. 6, with A = 2.50 and Q. = 20.0, we
find that, when the detuning of the coherent field A,
is changed from 0 to -10.0, the index of refraction with
zero absorption at point G in curve n becomes much
higher than that at point A in curve m. So the high
index of refraction with zero absorption can be mod-
ified by the incoherent pumping rate A, the detuning
A, and the Rabi frequency €. of the coherent field.

V. CONCLUSIONS

In this paper, a four-level model is constructed in
which the gain of the traditional light amplification
system and the high index of refraction with zero ab-
sorption can be modified by the quantum interference
caused by the coherent field. Effects of quantum inter-
ference on the probe field gain are presented. At the
same time, the origin of the high index of refraction
is also analyzed. It is found that the maximum value
of the index of refraction with zero absorption can be
modified by the incoherent pump and the coherent

field. In particular, it should be pointed out that a
higher index of refraction with zero absorption is eas-
ily achieved when the coherent field is off resonance.

*Corresponding author : hfzhang@nju.edu.cn.
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