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THREE-WAY BALANCED MULTI-LEVEL ROTATION
SAMPLING DESIGNS

Y. S. Park! K. W. Kim! AND N. Y. Kim!

ABSTRACT

The 2-way balanced one-level rotation design has been discussed (Park et
al., 2001), where the 2-way balancing is done on interview time in monthly
sample and rotation group. We extend it to 3-way balanced multi-level
design to obtain more information of the same sample unit for one or more
previous months. The 3-way balancing is accomplished not only on interview
time in monthly sample and rotation group but also on recall time as well.
The 3-way balancing eliminates or reduces any bias arising from unbalanced
interview time, rotation group and recall time, and all rotation groups are
equally represented in the monthly sample. We present the rule and rotation
algorithm which guarantee the 3-way balancing. In particular, we specify the
necessary and sufficient condition for the 3-way balanced multi-level rotation
design.
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Keywords. 3-way balancing, multi-level rotation design, necessary and suf-
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1. INTRODUCTION

Rotation sampling designs may be classified into two categories by the fre-
quency that a selected sample unit appears in the sample. The first type uses
the same sample unit for the entire life of the survey. The typical examples
of such design are the U. S. Monthly Retail Trade (MRTS), the U. S. Monthly
Wholesale Trade Surveys (these two surveys recently changed their designs from
rotating panels to a single fixed panel) and the Survey of Income and Program
Participation (SIPP). The second type uses the sample unit only for a fixed num-
ber of times, and we call it semi-rotation sampling design. The U. S. Current
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Population Survey (CPS), the Canadian Labor Force Survey (CLFS) and U. S.
Consumer Expenditure Survey (CEX) belong to this category.

In both types of designs the entire sample or population is partitioned into
a finite number of rotation groups and each group includes a number of sample
units. In the first type, we systematically select some of the rotation groups and
then use all sample units in each selected group for the monthly sample. However,
in the semi-rotation design all rotation groups are included in the sample, but
the sample unit in a certain group is replaced by a new unit from the same group
following a specific rotation plan. Thus, the respondents in the semi-rotation
plan have less response burden than those in the first type.

The first type have been studied extensively for one-level and multi-level ro-
tation designs (Rao and Graham, 1964; Wolter, 1979; Cantwell, 1990; Fuller,
1990; Cantwell and Caldwell, 1998). Here, respondents provide information only
for the current survey month in an one-level rotation design. Unlike one-level
design, in a multi-level rotation design respondents provide information not only
for the current survey month but also for the previous survey months. In the
second type, although many researchers studied one-level semi-rotation design
(Woodruff, 1963; Bailer, 1975; Jones, 1980; Cantwell, 1990; Fuller et al., 1992;
Lent et al., 1999; Mansur and Shoemaker, 1999; Park et al., 2001), the multi-level
aspect of this design has not been investigated before. This is the focus of out
paper.

In multi-level rotation design, there are three types of possible biases in
monthly sample (Bailar, 1975; Cantwell and Caldwell, 1998). These biases arise
from different interview times of monthly sample (i.e., rotation group bias), dif-
ferent rotation groups in monthly sample (i.e., panel imbalance), and different
recall times in monthly sample (i.e., recall time bias). Because the data for a
given month ¢ are collected during the current month ¢ as well as the { — 1 pro-
ceeding months in [-level rotation design, we do not have complete information
for month ¢ until the month ¢ + 7 — 1. Until then we release only the preliminary
estimate of month ¢ for characteristics such as monthly level and monthly change.
A month later we obtain a second-preliminary estimate, adding one month recall
from month ¢ + 1 to the data of the previous month ¢. This is repeated until the
final estimate for month ¢ includes all [ — 1 recalls from month ¢ + 1 to month
t +1 — 1. The difference between the two successive estimates for month ¢ is
called the revision to the estimate. It is desirable that this revision is as small as
possible to have a stable estimate. Cantwell and Caldwell (1998) indicated that
this revision was accounted mainly by the panel imbalance.
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As we want to reduce the three types of biases from monthly sample and re-
vision as much as possible, we propose a class of multi-level semi-rotation designs
which is a general version of the previous one-level semi-rotation designs (Park et
al., 2001; Cantwell, 1990). Such multi-level semi-rotation designs are balanced on
interview times in monthly sample, rotation group as well as recall time. By this
3-way balancing, all rotation groups have equal opportunity to be represented in
the sample for every recall time, and some sample units are replaced by similar
ones from the same rotation groups. Thus the 3-way balanced design eliminates
bias arising from taking certain rotation groups more often than others.

Our main point in this paper is to present the necessary and sufficient condi-
tion for the 3-way balanced multi-level rotation design to eliminate or reduce the
design biases. The remainder of this paper is divided into 5 sections. In Section
2, we extend the previous 2-way balanced one-level rotation design (Park et al.,
2001) to the 3-way balanced multi-level rotation design. We discuss the proper-
ties of the 3-way balanced design as well as its rotation pattern. The necessary
and sufficient condition for a multi-level rotation design to be balanced in 3-ways
is also provided in Section 3. In Section 4, we present an algorithm to construct
3-way balanced multi-level rotation designs. A conclusion remark is provided in
Section 5. All theoretical proofs are provided in Appendix.

2. THREE-WAY BALANCED MULTI-LEVEL ROTATION SAMPLING
DESIGNS

To understand the basic concept of the 3-way balanced design, we illustrate
the multi-level rotation design with the “3-level” 4-8-4 design (Table 2.1) which
is a multi-level version of the 4-8-4 design. The “3-level” means that each sample
unit reports the information of the interview month as well as of the two previous
months. In the 3-level 4-8-4 rotation design, a sample unit is in the sample every
third month for a total of 4 times, gives no information for the next 8 months and
finally returns to the sample every third month for another 4 times. The notation
(@, g) in Table 2.1 is the index for the o* sample unit in the g rotation group,
and the u; indicates that the corresponding unit « is interviewed for the 3"
time in any given month (¢ = 1,2,...,8). In spite of the two different times of
observation, ug in month ¢ and u; in month ¢ + 3 are the same sample unit from
the same group 7 since both are indexed by (1,7); but ug in month ¢ and ug in
month ¢ + 1 are different units since they are indexed by (1,7) and (1,8). The
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symbols “” and “/” above the sample unit u; means that the same sample unit
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u; provides the information of the 2 previous months. The recall time of the

unit u; is 0 at the very survey month,

wn
|

right above u; means one month recall

time from the survey month and “\” means 2 months recall time from the survey

month. In the first picture of Table 2.1, all 8 rotation groups are included in

the sample for any survey month and each group is represented three times by 3
different sample units, each with respective recall times of 0, 1 and 2.

TABLE 2.1 Three-way balanced multi-level {-8-4 design

a 1 2 3 4 5 6
g 1 238 45678123 4567811238 45678|1238 45678123 45¢678[12
t ug + 1wz 1 onmug 1 fnusg 1on ug + o noug/l o nuwz 1o Uy on
t41 ug +o0u7 Lonuglt wus o0 g 1+ nfug 1 oW u 1o uUp 1l
m t+4+2 ug 1onuy o atfueg v owus i Ugqg VU3 ) WUz Ionug|t o
o t+3 ug 1 omuy 1w ug t wug 1w U4l ) Wug 4onu2 1 MU N
n t44 ug + o mugl nmus + owus o0 ug 1 0ugz ) wug v fnuy on
t t+5 ug 1 oufuy v 1 ug i onug 1|0 Ugq 0 Bug P oNugl o owwy on
h t+6 ug I{nug o onug +owuglron g + U3 1L Nu2 o uy 1N
t+7 uglr nur 1 nug oy njus t N Ugq ) MuUZ PN UYL B UL
t48 ug | b u7 1 0mug )| U5 1N Uq Vo ouglr nuwzt o0 up)on
t+9 ug boMwuy b ugpr wus lon g )V Rjuz 1ot u 1w Uy
t+10] ug I N U7t onlug 1 U5 11 g 1o ug onmug o owuylr o
t411 ug 1 nuy v |nug 1 1wy tow gt U3 oW U 0 nfuy
t+12 uwg b wT L ot U 1 oW uE N uwg 1 mugz 1o oug [N ouy
t+13] ug 1 onfjur o0 ug 1 L ug vl Uq | N UZ 1 B UL U
(i) recall time=0 (1i) recall time=1 (11t) recall time=2
month Rotation Groups month Rotation Groups month Rotation Groups
1 2 8 4 5 6 7 8 1 2 8 4 5 6 7 8 1 2 8 4 5 6 7 8
t Uy ug U2 U7 Ug uwi Ug U3 t u3 ug U5 Uz u7 Ugq U1 ug t ug w3 ug U5 Uz uU7 ug U1
t41 u3 ug us Uy U7 uq u] ug t+1 ug U3 uUg us U2 u7 U4 Ul t+1 up Ug ug uUg ug U uy uq
42 ug w3z U U5 U w7 U4 U] 142 u] ug U3 ug U5 uz U7 U4 142 Ugq U] U U3 UG U5 U U7
t+3 Ul ug U3 uUg U5 U2 Uy uUq t+3 uq4 U] UG U3 U8 UF U U7 t+3 U7 Uq U] U UZ U U5 U2
t+4 Ugq U] Ug u3 U us Uz u7 t+4 uy U4 U] U U3 ug U5 u t4-4 Uy U7 U4 U] Ug U3Z UG US
t+5 u7 ugq4 U] Us U3 U Uj U2 t+5 ug U7 U4 Ul Ug U3 ug up t45 U U2 U7 Ug4 Ul U U3 ug
t+6 U2 u7 Uq4 U] U UZ U US t+6 us ug U7 U4 Ul Ug U3 ug t+6 ug U5 Uy U7 g U] Ug U3
t47 u5 ug U7 U4 U] U ug ug t+7 ug us u2 Uy uUgq4 uyl ug ug t+7 ug Ug U5 U Uy Ug ui Uus
t4-8 ug ug U2 u7 Ug ul Ug U3 t+8 U3 ug U5 U U7 Uq U] Ug t+4-8 Ug U3 ug U5 U Uy uUg Ul
t+9 u3 ug U5 u2 U7 Uq uU] Ug t+9 UE U3 ug U5 w2 Uy uUg U t+9 U] U U3 Uy Uy U u7 Ug
t+10 ug uzg Ug up U2 u7 U4 Ul t+10 |ul ug U3 uUg U5 U U7 U4 t410 Ugq U] UG UZ UY U5 UG UT
t+11 U] U U3 ug U5 U2 U7 ug t4+11 U4 U] Ug U3 U us U2 U7 t411 U7 Uq U] UF UZ UY U5 U2
t+12 Uq w1 UG U U U5 U2 U7 t+12 U7 Uq4 U] U U3 U UF U2 t+12 up U7 ug Ul Ug U3 ug Us
t+13 U7 ugq U] UG UI U U5 U2 t+13 u2 U7 U4 U] U U3 U uUs t+13 U5 Uz uy Uq U} UG UZ US

Tables 2.1 (i), (ii) and (iii) show the 2-way balancing on interview times at the

respective recall times of 0, 1 and 2. These three pictures are obtained from Table

2.1 when ignoring . We observe that the picture of each recall time is balanced

in 2-ways, horizontally and perpendicularly, where the perpendicular balancing is

done for any span of 8 months as in one-level 4-8-4 design. Table 2.1 is a typical

example of a multi-level rotation design which is balanced in 3-ways by interview

time (horizontally in each picture), by rotation group (perpendicularly in each

picture) and by recall time (the same pattern in all three pictures (i), (ii) and

(iii)).

This 3-way balancing ensures that all 8 rotation groups are included in
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the monthly sample at any survey month and the rotation pattern of a sample
unit depends only on its interview time regardless of its rotation group and recall
time. This enables us to obtain the variance and MSE of estimators used in the
3-way balanced design.

The 4-8-4 design can be written as 4> — 8. Similarly, a general form of the
“one-level” rotation design is expressed as ri* — 7’;"_1 where a selected sample
unit is interviewed for the first r; months, out of the sample for the next 7o
months (equivalently, no information for those months) and back to the sample
for another r; months. This procedure is repeated m times until the sample unit
is surveyed for mr; time.

In a l-level rotation design, each sample unit reports the information for the
current month as well as for the [ — 1 previous months. When the sample unit
returns to the sample for every I** month, it again provides ! months informa-
tion. One-level 7 — "' rotation system is generalized to “multi-level” rotation
system: once a sample unit is selected from each rotation group, the sample unit
returns to the sample for every [** month until its 7{® interview. Then no infor-
mation is obtained from the sample unit for the next 7o months; this procedure is
repeated until this sample unit returns to the sample for its final mri® interview.
We denote this rotation system as r7*(l) — r5*~! for the I-level design. Note that
when [ = 1, r*(l) — r7*"! rotation system is reduced back to the r}* — 77!
rotation system. In Table 2.1, we have r1 =4, ro =8, m = 2 and [ = 3. That is,
the 3-level 4-8-4 design is written as 42(3) — 8! design. We call a I-level rotation
design to be the r"(I) —r5*~! design if the design follows the (1) — 7"~} system
and if it has mr; rotation groups.

Each sample unit reports all the information simultaneously for the { months
in the [-level rotation design. In other words, we have the information for the
months ¢t — [y, [; = 0,1,...,] — 1 where ¢ is the month of a sample unit being
surveyed. Since the information for the ¢ — 1 month, ..., t — [+ 1 month are also
obtained from the £ month unit, we define that this sample unit has the recall
time [; at month ¢ — ;. Using this definition of recall time, we formally define
the 3-way balanced multi-level rotation design as follows.

DEFINITION 2.1. A [-level rT*(l) — r;”—l design is balanced in 3-ways if the
following three properties are satisfied:

(a) For each survey month, all mry rotation groups are present in the sample.
Each rotation group is represented by its | sample units, one with recall
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time 0, another with recall time 1,..., and the last with recall time | — 1
(see Table 2.1).

(b) For each survey month and recall time ly, the sample is balanced in such a
way that one of the mry sample units is interviewed for the 15 time, one
for the 2" time, ..., and one for the mri" time (see Table 2.1 (i), (%) and

(¢c) For every span of mry months and for each recall time, each of the mr)

rotation groups contributes its mry sample units in which one sample unit
18 tnterviewed for the first time, ..., one for the mr{h time.

We need (a) for the design to be balanced on recall time, (b) to be horizontally
balanced on interview time, and (c) to be perpendicularly balanced on interview
time.

The U. S. CEX uses 5'(3)—0° design which satisfies all properties of Definition
2.1. Since the U. S. MRTS and SIPP survey only one of their rotation groups in
each survey month and use a sample unit repeatedly for the life of the survey,
they do not satisfy all three properties of Definition 2.1. As seen in Table 2.1,
the 3-level 4-8-4 rotation designs satisfy all the properties.

3. NECESSARY AND SUFFICIENT CONDITION FOR THREE-WAY
BALANCING

In this section, we investigate the relationship among r;,r2,m and [, the
general rotation pattern, and the necessary and sufficient condition for the 3-way
balanced multi-level rotation design. There would be an unlimited number of
multi-level designs if no restriction is applied to the numbers, r1, r2, m and [.
Although many multi-level designs lack the property of the 3-way balancing, some
of them may be useful for various practical reasons (e.g., Rao and Graham, 1964;
Cantwell, 1990). The main point of this paper is not to eliminate such useful
designs but to develop 3-way balanced semi multi-level rotation designs. We
provide the necessary and sufficient condition to have the 3-way balanced designs
and show how to construct such designs. By 3-way balancing, all rotation groups
and units in the group are represented equally in the sample. We impose certain
rules on the numbers, 1, r2, m and [ for a r7*(l) — r;"'"I design to achieve 3-way
balancing.

THEOREM 3.1. Suppose that the rT*(1) — 7’5’1_1 design is balanced in 3-ways.
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For each given i, i=0,1,...,r1 —1, there is a unique integer m;, 1 < m; < mry
satisfying
. - . m; —1
mOdynr, 4 i +i+ (mf = 1)1 = 1) + [T |z f =0, (3.1)
1

where [-] is the integer operator.

The relationship among the numbers, r;, ro, m and ! is formulated by the
existence of the m} satisfying (3.1) for all 4 = 0,1,2,3. In 4%(3) — 8! design in
Table 2.1, mg =6 fort =0, m] =3 fori =1, mj =8 fort =2 and m3 =5 for
i = 3. However, 42(2) — 8! design for [ = 2 does not have m} for all i = 0,1,2,3
satisfying (3.1). Similarly, for 22(3) — 2!, m$ = 2 but m} is not obtainable. Thus,
4%(2) — 8! and 2%(3) — 2! designs are not 3-way balanced by Theorem 3.1. In
2-way balanced design, 75/ should be nonnegatively integer-valued as shown in
Park et al. (2001). Since the 3-way balanced design is a general version of the
2-way balanced design, hereafter we assume that

ro =kiry for k1 =0,1,... (3.2)

When [ = 1 under (3.2), in particular, the necessary condition provided by Park
et al. (2001) for the 2-way balanced one-level rotation design is a special case of
Theorem 3.1 as shown below.

COROLLARY 3.1. Whenl=11in (3.1), mf =m*r; —¢, 0<i<r;—1 where
the integer m* (1 < m* < m) satisfies mody, {m* (k1 +1)—k1} =0 for ky = ry/r;
where k1 is a nonnegative integer.

In 4% — 81 design, the m* = 2. Hence, we have my =8, mi =7, mj; =6 and
m3 =5 for Il =1.

With m} given in Theorem 3.1, we define indices I;; for the interview time to
identify the same group in the sample months. Let I;; = modp,,, (m} + jr1) for
7=0,1,...,m=1,7=0,1,...,7—1 where we replace I;; = mry if I;; = 0. Then,
it is shown in Appendix that the set {;;} is equivalent to the set {1,2,...,mr{}.
Moreover, this index I;; plays an important role to identify which two sample units
come from the same rotation group and to show the perpendicular balancing on
interview time for every span of mr; months (see Appendix for proof).

Since m = 2, r; = 4, ] = 3 and the equation (3.1) give m§ = 6, m] = 3,
mb = 8 and m} = 5 in 4?(3) ~ 8' design, we have Iyg = 6, Iy = 2, I;op = 3,
Iu = 7, IQO = 8, I21 = 4., I30 = 5 and I31 = 1. Note from Table 2.1 (l) that
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the sample unit being interviewed for the (Iij)th time at month ¢ and the sample
unit interviewed for (Z;_; ;)% time at month ¢ + 1 are from the same rotation
group where ¢ = 1,2,3 and 5 = 0,1. For ¢ = 0 and j = 0,1, the sample unit
with the (Io;)®" interview time (6" and 2"¢) at month ¢ and the sample unit with
the (jr1 + 1)* interview time (1°® and 5**) at month ¢ + 1 are from the same
rotation group, 7 and 3, respectively. This means that in 4?(3) —8! design once we
know interview times of two sample units during any two successive months, we
can identify whether or not they come from the same rotation group through the
indices I;;’s. This is because {jr1+1,j = 0,1} = {1,5}={I3;+,5* = moda(1+j)}.

To generalize this observation in the 42(3)—8" design, let g* (n) be the rotation
group represented by the sample unit which has the recall time 1, 0 <1y <[1-1
and has been interviewed for the n** time (n = 1,2,...,m1) in month ¢. Since I;;
can be used as the index for the interview time n, we present the following general
rotation pattern for r7*(l) — r*~! design: for each recall time l; = 0,1,...,1 — 1
and each =0,1,...,m -1,

l .
gt (Toj) = gl (r1 + 1),

I L , (3.3)
gt (Iz]) = gt+1(Ii—1J) fOl‘ 1 S 7 S T — 1.

One can easily check that the 42(3) — 8! design follows the rotation pattern
(3.3). For example, when I; = 2, g2(Ipp = 6) = g2 1(Isy = 1), g?(In =7) =
92.1(Jo1 = 2) and g}(I3; = 1) = g2, (I21 = 4). When a sample unit at month ¢ is
interviewed for the (Iij)th time with recall time I;, and another unit at month t+1
is interviewed for the (Ii_l,j)th time with the same recall time [, these two units
are from the same rotation group. As shown in Lemma A.1 given in Appendix,
jr1 + 1 can be written as I, 1 j+ where j* = mody,{(mr; —m; _; +1)/r; +
j}. Thus, the rotation group containing the sample unit which is interviewed
for (Ip;)*" time is the same rotation group containing the sample unit which is
interviewed for the (I,-1 ;+)% time.

By Corollary 3.1, I;; = modyy,,, (m*r; —i+jr1) when! = 1 in (3.3). Therefore,

since jry + 1 = mod,,,, {mr1 + jr1 + 1} for 7=0,1,...,m — 1, we have
g?H((m —m*)ry +i+1), fori=ry,2r,...,(m* - 1)ry,

g?(i) = ggﬂ(i —m*r; + 1), for i = m*ry, (m* + V)ry,...,mry,
go (i +1), for i = 1,2,...,mr] except r1, 7, ..., mr|.

This rotation pattern, when [ = 1, is the 2-way balanced one-level rotation pat-
tern given in Park et al. (2001) and is a special case of (3.3).
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More importantly, the general rotation pattern given in (3.3) is the necessary
and sufficient condition for a multi-level rotation design to be balanced in 3-ways.

THEOREM 3.2. Suppose that all gi* (i) fori =1,2,...,mr{ and l; =0,1,...
I — 1 exist at an nitial month t. Then the rotation pattern described in (3.3) is
the necessary and sufficient condition for r{*(1) — r7™! design to be balanced in
S-ways where ro = ki for ky =0,1,...

The existence of unique integers m}, for each ¢ = 0,1,...,r; — 1, satisfying
(3.1) given in Theorem 3.1 is the necessary condition for the 3-way balancing.
Thus, by Theorem 3.2, the r7*(I) —r7'~! design with such m;’s belongs to the class
of 3-way balanced multi-level designs when the design is constructed following the
rotation pattern (3.3).

An algorithm is provided in the following section for the construction of the
3-way balanced design.

4. AN ALGORITHM FOR CONSTRUCTING THREE-WAY BALANCED
(1) — ! DESIGNS

With some appropriate numbers, r; of in-sample months, r, of out-sample
months, m of repeating time and [ of recall levels, we can construct the r*({) —
1 design which is balanced in 3-ways. Under the existence of m] satisfying
modpy,,, {m; +i+ (m; —1)(I = 1)+ [(mf —1)/m]re} =0fori =0,1,...,r; — 1,
the following algorithm provides the 3-way balanced r{*(l) — r7*~! design with
the rotation pattern (3.3).

The algorithm allocates only sample units with the recall time 0 at each survey
month and this allocation automatically determines those sample units with more
than 0 recall time (i.e., [y =0,1,...,1 = 1).

ALGORITHM. Using Table 4.1 withm =2, r; =79 =3 and | = 4,

Step 1. To create the column labels for the unit and group on the top two rows,
arrange sample units by their affiliation indices (o, g) in the order of (1,1),
(1,2),...,(Lmry),..., (e, ¢%), (a*,g* +1),...,(a*, mr;) where mr; = 6,
o* > kil and ky = ry/r1; kil = 4 and k; = 1 in Table 4.1.

Step 2. Next fill in the first row of month ¢. According to the r7*(l) — r3*™*
rotation system, select every I** index from Step 1 until r; indices are
selected; then leave the next ro indices and repeat this procedure until
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the mt"

the selected indices are the initial sample of the initial month #. For the
32(4) — 3! design in Table 4.1, the first r; = 3 indices are (1,1), (1,5) and
(2,3), and the second 3 indices are (3,4), (4,2) and (4,6) after skipping
r9 = 3 successive indices.

r1 successive indices are selected. The mr; sample units with

Step 3. To fill in the remaining rows, shift the first row of month ¢ one column
to the right for each advancing month.

TABLE 4.1 Three-way balanced 3%(4) — 3! design

o 1 2 3 4 5
g 1 2 8 4 56|11 2 38 4 5 6{12 3485611234 5¢6(12384 5
t Ug I M oM US L Uomug o0 uz toobuewe towowowyl ocouowm
mit+1 Ug Lo us| 1w o uwg 1ol LS O TR T 72 S B TR 111 7S G B T 1 ]
o t+2 ug + N mfus v 0Nl ug 1|0 wugl o owewe 0 owjpwwr tonom
n t+ 3 ug L owlw o wus 1w ouuwal ©ouoat Uz Lo W U2 L0 U ton
t t+4 U |0 us 11wl ua 10t 72 S TR VI 77| I I TR (TR TS|
h t+5 usl 1owowmus 1w ug I w3 o0 omfuz 06Uy
t+6 U LW Us tLowmoug vouow Uz LW WU VoW

Table 4.1 shows how to construct the 3-way balanced 32(4) — 3! design. In
this table, u; indicates the sample unit with the recall time 0 which is interviewed
for the #** time at each given month. By Step 1, we construct the first two rows
for the affiliation indices for the sample unit («, g). Step 2 creates the initial row
for the sample for survey month ¢. The saraple unit (4, 6) is interviewed for the
first time; the sample unit (4,2) is interviewed for the second time;--- ; and the
sample unit (1,1) is interviewed for the 6! time. Step 3 generates the sample
for month t + tg, tg > 1 by shifting ¢y steps to the right from the initial survey
month ¢. All 6 rotation groups are represented by their respective sample units
in each month.

Once the allocation of the sample units with the recall time 0 at each survey
month is determined, then the sample units report their information for the
previous [ — 1 months. Therefore, the allocation of the sample units with the
recall time more than 0 is straightforward. For example, consider the months ¢,
t +1 and ¢t + 2. At month ¢, all sample units indexed by (a,g) = (1,2), (1,6),
(2,4), (3,5), (4,3) and (5,1) have the same recall time I; = 1 since these sample
units have the recall time {; = 0 at the survey month ¢+ 1. Similarly, the sample
units indexed by (1,3), (2,1), (2,5), (3,6), (4,4) and (5,2) have recall time [; = 2
at month ¢.
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In this 32(4) — 3! design, since r; = 3, ro = 3, m = 2 and | = 4, we have
m$ = 6,m} = 2 and m3 = 4, and hence Iy = 6, lo1 = 3, I10 =2, [11 =5, [pp =4
and Iy, = 1. Therefore, this design follows the rotation pattern (3.3): the group
1 = g0(Top) = g0y, (1) and 4 = g(In1) = g1 (Iao); the group 2 = g?(Tro) =
99,1 (Iop) and 5 = gf(I11) = g1 (Jo1); the group 3 = g?(In) = g¢y1(I10) and
6 = g(I21) = g%, (I11). Hence, the 32(4) — 3! design is balanced in 3-ways by
Theorem 3.2.

Similarly, for given 71,79, m and [ in r*({) — 77"~ design, one can check the
existence of m} satisfying mody, {m} +i+ (m} —1)(I—1) +[(m] — 1)/r1]r2} =0
for i =0,1,...,71 —1 . Whenever such m}’s exists for all 4, the algorithm given
above always provides the 3-way balanced r7*(I) — r5*~* design.

5. CONCLUSIONS

The multi-level design balanced in 3-ways is potentially usual tool to obtain
the current information in relation to the previous information. This is one way
to eliminate biases occurring from unbalanced interview times, rotation groups
and recall times in the monthly sample.

We have demonstrated that the semi multi-level rotation design can be created
to be balanced in 3-ways: balanced on recall time and on interview time both
in monthly sample and rotation group. All the units in the group have equal
opportunity to be represented in the sample. We have shown the algorithm
to create the 3-way balanced multi-level rotation sample plan and also gives the
necessary and sufficient condition for 3-way balanced design. The 2-way balanced
designs such as the CPS, the Canadian and Australian Labor Force Surveys are
considered as special cases of the 3-way balanced design.

We provide a method how to construct a 3-way balanced design and show
the conditions for the balancing. However, this paper excludes the properties of
estimation from the 3-way balanced design. The only reason of this exclusion is
the length of the paper, and the remaining sections can be presented as a second
part.

APPENDIX : PROOF OF THEOREMS 3.1, 3.2 AND COROLLARY 3.1

PROOF OF THEOREM 3.1. By definition of the 3-way balancing, there is one
rotation group interviewed for the first time at any survey month. Thus there
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exists m; such that

g?(mf) = 9?+i+1(1) (A.1)

where g?(i) denotes the rotation group containing the sample unit with recall
time 0 which is interviewed for the :** time in survey month t.

We hereafter denote gf(i) = g:(i) for simplicity of notation. Assume that
there exist m; and m;, such that m} # mj, but g;(m} ) = gt+:(1) and g;(m},) =
ge+i(1) for some 7, 1 <4 < 7y or such that mj, = mj, but gi(m},) = g1, (1) =
Gt+i, (1) for some 1 < 43 # 49 < r;. Then these violate (b) and (c) of Definition
2.1. Thus the rotation group satisfying (A.1) is unique.

The 77*(I) — r5*! system defined in Section 2 implies

ge(m3) = ge(kriry + koi) = geaa(kriry + kas + 1)
= geror(kriry + ko +2) = -+ = goy (ry— oyt (k1 + 1)
where m] = kyr1 + kg with 0 < kj; <m —1 and 1 < kg < r; without loss
of generality. That is, this particular rotation group is to be interviewed for its

(k1; + 1)r; time at survey month t+ (r1 — kgi)l. By the definition of r{*(I) — 5"~ 1
system and (A.1), we also have

(A.2)

gt(m]) = gr4i+1(1) = Gewir141(2) = - = Gpiv14¢r —10(71) (A3)
= Gppit14(r~Didre+ (T + 1) = - = Grpinia(r —1)lrrprt (271)-
Repeat this procedure until we arrive at
Griti+2mi42r:(2r1 + 1) = = Grit149r 14 2ry+(r —-1)01(371) (A4)

== gt+z‘+1+k1,-nl+kmz+(r1—1)l((kli + 1)7°1)-

Equation (A.4) means that the rotation group g;(m;) will be in sample at month
t+i+ 1+ (ki + )7l + kyirg — 1 for its (ky; + 1)rt" interview. Therefore, by
(A.2) and (A.4), the rotation group g;(m}) is to be interviewed for the same time,
(kli + 1)7‘1, in both months ¢ + (7‘1 — sz)l and ¢ + (kli + 1)7’11 + kyiro — 141+ 1.
Hence, {t+ (k1; + 1)ril + kyjre =1 +3+1} — {t + (r1 — k2;){} should be a multiple
of mr; since the same interview time happens only for every mr; months by (c)
of Definition 2.1. This is precisely

IIlOme1 {(kh"l“l + k'Qi)l + kur;g —1 + 7 + 1} = 0. (A5)

Finally, since m:‘ = k1;71 + ko; and [(m;* — 1)/7“1] = [(kliT1 + ko; — 1)/7“1] = ky;,
(A.5) produces (3.1). O
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PROOF OF COROLLARY 3.1. Equation (3.1) with [ =1 is,
mody,y, {m] + i+ [(m] —1)/r1]r2} = 0. (A.6)

Since 7o is a multiple of v, (A.6) implies that m} + ¢ should be a multiple of
r1. Thus, we may let m} = m*ry — 4 where 1 < m* < m. Then (A.6) can
be written as mody,y, {m*ry + [(m*r; —i — 1)/r1]re} = 0. Since (m* — 1)r; <
m*ri—1—1< m*h — 1, we have [(m*r; —i — 1)/r1] = m* — 1. Thus (A.6) is
modmy, {m*r; + (m* — 1)k1r1} = modp,{m* + (m* — 1)k, } = 0. O

The following three lemmas are necessary for proving Theorem 3.2.

LEMMA A.1. Under (3.2), {{Io;},{I1;},-. ., {Iri-1,;}} is a partition of the
set of {1,2,...,mr1}. Specially, {I,,_1;} = {jm +1,5=0,1,...,m —1}.

LEMMA A.2. Suppose that the r(1) =75~ design is balanced in 3-ways with

ro = kyry for ky =0,1,... When we have two sample units interviewed for (I;;)™
time in month t and for jr1 + 1 in month t +4i+ 1 for i =0,1,...,71 — 1 and
i =0,1...,m —1. Then these two sample units are from the same rotation
group.

LEMMA A.3. For each fized j, j =0,1,...,m—1, let j; = k(mr, —m; _, +
1)/r1+ 3. Then,

IOj#Iij;‘ 75]1]; 76.H7£Iijfn fO’I‘ i:0,1,...,'r1—1 e:ccept IOj:IOj:n-

PROOF OF THEOREM 3.2. Suppose that the r7*(I) —r5*~" design follows the
rotation pattern given in (3.3). Then by Lemma A.1, the rotation pattern of (3.3)
implies that all I;;’s exist at month ¢ + 1. Hence (a) and (b) given in Definition
2.1 are satisfied for month t+1 by the assumption and Lemma A.1. Furthermore,
since this is true for any two successive months once the previous month satisfies
(a) and (b) of Definition 2.1, we have these (a) and (b) for every survey month.

Since the rotation pattern given in (3.3) is the same for all recall times [;,
it is enough to consider the rotation pattern with the recall time 0 to show (c)
of Definition 2.1. We pick an arbitrary rotation group g;(lo;) at month ¢ where
9:() = g{(-). Since m} _, = 7r; +1 for some 7 = 0,1,...,m — 1 from Lemma
A.1, it is easy to see that

j’f’l +1= ITl—l,(mTl—m:l_1+1)/7"l+j for ] = O, 1, ceey, M — 1. (A?)
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Recursively applying the rotation pattern given in (3.3), we have, during the first
r1 months from ¢ to ¢ +r; — 1,

9t(Loj) = ge+1(Iry—1,57) = grr2(lry—257) = -+ = ger —1(L151 )5 (A.8)

where we used (A.7) for the first equality with j{ = (mry —m}, _; +1)/r + 5.
Similarly, by again using the rotation pastern, for 1 < k¥ < m — 1, (A.8) is
expressed until the month ¢ + mr; — 1 by

e+kri—1(I157) = gekrs (Tojz) = geakri+1 (I -1, ) =
= Gt (b+1)r—1Tgz, )5 (A.9)
Jt+mri—1 (Ilj,*n) = Gt+mry (IOJ',*,L))

where (A.7) is used for the second equality with j; = k(mr; —m; _, +1)/r1+7.

By Lemmas A.1 and A.3, observe that rotation group g;(fo;) contains all
interview times from 1 to mr; through its mr; sample units during mr; months
from ¢ to t + mr; — 1. Moreover, the rotation group is restarted for its I(t)?
interview at month ¢ + mr; since Ip; = Ip;: in (A.9) which was shown in the
proof of Lemma A.3. Therefore, the rotation group g.(fo;) satisfies property (c)
given in Definition 2.1.

AlSO, we have gt+1(IT1_1,j;) = Gt+mr, (Ioj) = gt+mr1+1(]}1_1,j;) from (A8)
where we used lo; = Ip;: in the second equality. Thus, by Lemma A.3, the
rotation group ge+1(Zy, -1,5;) satisfies property (c) given in Definition 2.1 for every
span of mr; months starting from month ¢ + 1. Similarly, the mr; — 2 rotation
groups defined in (A.8) and (A.9) from gt-2(Iry—2,52) 0 Gtvmr —1(115) satisfy
property (c) for every span of mr; months starting from their respective months
from t +2 to t + mr; — 1. This shows property (c) given in Definition 2.1 since
the rotation pattern described in (3.3) depends only on the interview times at
each month.

Now, suppose that a r7*(I) — 7‘5”_1 design is balanced in 3-ways. By Lemma
A.2, then we have gy, (Io¢) = 94, +1(ér1 + 1) when ¢ = 0. This is the general
rotation pattern given in (3.3) for Iy;, 7 =0,1,...,m — 1.

Lemma A.2 also produces g¢,+1(Lig) = gt +0+:(€m1 + 1) and gy, (litr,6) = gt142+4
(ér1+1) for I;, 1 <i < ry — 1. Hence we arrive at g, (Li41,¢) = go,4+1(Li¢)-

Finally, since g* (I;;) = gi11, (I;;) for all l; and I;; by the nature of the r{*(I) —
771 rotation system, the rotation pattern of gil (+) for all [; are the same as that
of g;(-) = g?(-). This completes the proof. O
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