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Abstract

We investigate the origin and recent history for fuzzy equations. And we introduce the
existence theorems of solutions for the fuzzy differential equation with infinite delays
and fuzzy functional integral equations. We will also add recent researches for
controllability of sobolev-type semilinear integro-differential fuzzy system.

0. Introduction and historical background

We investigate a history of researches for the existence of solutions for fuzzy
cquations, that is, fuzzy differential equations with infinite delays and fuzzy functional
integral equations. We also add recent researches. The concept of fuzzy set was first
introduced by Zadeh{11] in 1965. The applications of the fuzzy set theory can be found
i many branches of mathematical and engineering sciences including artificial
intelligence, computer sciences, and operations research, Seikkala (1987)[8] defined the
fuzzy derivative which is the generalization of the Hukuhara derivative and the fuzzy
integral which is the same as Dubois and Prade (1982)[1]. And by means of the
eXtension principle of Zadeh, Seikkala[8] showed that the fuzzy initial value problem
x ()= f(¢, x(8)), x(0)==x; has a unique fuzzy solution if f satisfies the generalized
Lipschitz condition. Park, Kwun and Jeong (1995)[4] studied the following fuzzy integral
cquation in Banach space.

= The work was supported by the Korea Research Foundation Grant(KRF-2001-037-000000).

- 117 -



The Origin and Recent History for Fuzzy Equations

e(u) =wy+ f;F(u, s, @(s))ds, @(uy) = wy,

where F:JXJxT(X)— T(X) is continuous, J=[#u;, uy+d], and T(X) is a
regular fuzzy set. They treated the local existence of solutions and approximate
solutions for the fuzzy integral equation based on the properties of the a@-index of
Kuratowski. Park, Lee and Jeong (2000)[5] also studied a fuzzy functional difference
equation in Banach space. They also found the approximation solutions of the fuzzy
functional integral equation and compare them with the approximate solutions of the
functional integral equation. Kaleva (1990)[3] studied the Cauchy problem for fuzzy
differential equations, and characterized those subsets of fuzzy sets in which the peano
theorem is valid. Subrahmanuam and Subarsanan (1994)[9] proved the existence theorem
of fuzzy solutions for fuzzy functional equations of the form f{(x)= h(x, f(s(x))).
Subrahmanyam and Sudarsanam (1997)[10] studied the following fuzzy functional integral

equation.

£A(D
#)= [ h(s, $(fy(Nds+glt, bA(B)),

where % and g are given fuzzy functions and f£;:[0, 11—100,1], i=1,2,3 are

continuous. In [10] using the analytical structure of E” the space of fuzzy
numbers(which are normalized, upper semi- continuous, fuzzy convex, and compactly
supported) the existence theorem is proved by invoking Kranoselskii’'s fixed point

theorem.

We will introduce some definitions and properties for fuzzy mapping in section 1. In
section 2 we will say that the existence and properties of a unique solution for fuzzy
differential equation with infinite delays. In section 3, we reveal the approximate
solutions of fuzzy functional integral equations. In section 4, we also add recent

researches for controllability of sobolev-type semilinear integro-differential fuzzy system.

1. Definitions and properties for fuzzy mappings

Let X be a real Hilbert space with norm || - || and inner product < , >. Let K be a

closed convex set in X. A fuzzy set in X is a mapping with domain X and values in
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{0, 1. If A is a fuzzy set in X and x< X, the function value A(x) is called the
grade of membership of x in A We denote the collection of all fuzzy sets on X by
F(X). Let AeF(X) and a=(0,1]. The a-level set of A, denoted (A),, is

defined by (A),= {x: A(x)=a}. A mapping T from X into F(X) is called a fuzzy
mapping. If T: X —F(X) is a fuzzy mapping, then T(u), for u€X, is a fuzzyv set
in F(H) and T(u, v), for veH, is the degree of membership of v in T (u).

Let Pi{(R") denote the family of all nonempty compact convex subset of R" and
define the addition and scalar multiplication in Pg{(R") as usual. Let A and B be two

nonempty bounded subsets of R”. The distance between A and B is defined by the

Hausdorff metric

d(A, B = max{sup acainf yep ”d“‘ bll, sup pepinf aeA”a— b},

where || - || denote the usual Euclidean norm in R" Then it is clear that (P,/(R"),d)

hecomes a metric space.
Proposition 1.1. The metric space (P,R"),d) is complete and separable.

We denote

E"={u: R"—[0, 11| « satisfies (i)—(iv) below },
where
(i)« is normal, ie., there exists an x,€R” such that u(xg) =1,

(i1) u is fuzzy convex, i.e.,
u(Axy+ (1= A)x,) = min{u(x)), u(xy)}, x, x,€R", 1[0, 1]

(iii) 2 is upper semicontinuous,

(iv) [:]°= {xeR" | u(x)>0} is compact.
For 0O<a<l. denote [u]*= {xeR"|u(x)=a}. Then, from (i)-(iv), it follows that

the a-level set [#]? €Pr(R") for all 0<a<l.

If g: R"XR"—R" is a function, then, according to Zadeh’'s extension principle, we
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can extend g to E"XE"—E” by the equation g(u, v)(2)= Sup .= g ymin{u(x),v(y)}.

It is well known that
[e(u, )] =g([%)*,[v]") for all u,veE", 0<a<]
and a continuous function g. Expecially, for addition and scalar multiplication, we have
luto]*=[]*+[0]%, (k] “=FKul”,

where u,veE”, 0<a<l, k=R.

Proposition 1.2. If € E", then

(1) [#)] e Pgk(R") for all 0<a<],

2 [wW]“Clu]® for 0<e1<a,<1,

3y If {e,}c0,1] is a nondecreasing sequence converging to @ >0, then
L= (.

Conversely, if {A%]0<a<1} is a family of subsets of R” satisfying (1)-(3), then

there exists a #€E” s.t.

[#]°=A° for 0<a<1 and [u]’= Acc A

0<ax<l
Define D: E"XE"—R"™U{0} by the equations D(u, v)= supll g<a<1d([2]%,[v]7),
where d is the Hausdorff metric defined in Pg{R"). Then it is easy to show that D

is a metric in E”.

Using the result in Seikkala[8], we know that

(1) (E™,D) is a complete metric space,

(2) D(u+w, v+ w)=D(u, v) for all u,v, wsE”",
(3) D(ku, kv)=|kID(u, v) for all u,v€E", keR.

Definition 1.1. Let T=[#,t+p) CR be a compact interval We say that a

mapping F: T—E" is strongly measurable if, for all a<=[0, 1], the set-valued
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mapping F,: T—Pg(R") defined by F/(D=[F(H]° is (Lebesgue) measurable,

where Pg(R") is endowed with the topology generated by the Hausdorff metric d.

Definition 1.2. A mapping F: T—E" is called integrable bounded if there exists an
integrable function % such that |lx]|<kA(H for all x e Fy(#).

Definition 1.3. Let F: T—E". The integral of F over T denoted by fT F(Hdt is

defined level-wise by the equation

[ [Foa]" = [ Fuoa
= {fo(t)dt | /: T—R" is a measurabe selection for Fa}

for all 0<a<1.

Proposition 1.3.[21 If F: T—E” is strongly measurable and integrably bounded,

then F is integrable.

The following definitions and propositions are given in reference [2].

Proposition 1.4.[2] Let F, G: T—E" be integrable and A= R. Then

1) fT(F(t)+G(t))dt= fTF(t)dH- ch(t)dt

@ [ AF()dt=2 [ F(pat
(3) D(F,G) is integrable.

(4) D( fTF(t)dt, fTG(t)dt)s fTD(F, G)(Ddt.

Remark 1.1.[2] Suppose A<E” and define F:[a, 8]—=E" by F(s)=A for all

a<s<b. Then, from Example 4.1, we have

fa "F(Ddt=(b— DA,
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let x, ye E". If there exists a z2< E” such that x=y+ 2z, then we call z the H

-difference of x and y, denoted by x—y.

Definition 1.4.[7] A mapping F : T—E" is differentiable at #; € T, if there exists a

F'(t)) € E" such that the limits

llm F(t0+h)—F(t0) and llm F(to)'—‘F(tg—h)
h >0 h h 0 h

exist and are equal to F’(#). Here the limit is taken in the metric space (E”, D).

At the end point of T, we consider only the one-side derivatives.

Proposition 15. If F, G: T—E" are differentiable and A€ R, then

(F+G'D=F'(D+G'(D, QAR (H=AF (.

Definition 1.5. A mapping F: T—E" is called continuous at f{(e7T if it is

continuous at #=1¢; in the metric space (E", D).

Definition 1.6. A mapping F : T—E" is said to be uniformly continuous on 7 if it

is uniformly continuous in the metric space (E", D).

Definition 1.7. A mapping F: T—E" is said to be bounded if there is a real
number M such that D(F(#),0)<M for all teT and 0=E".

Proposition 16.[21 Let F: T—E" be continuous. Then, for every ¢teT, the

t
integral G(f) = f F(s)ds is differentiable and G'(f)= F(1)..

Proposition 1.7.[2] Let F: T—E”" be differentiable and assume that the derivative

F’(#) is integrable over T . Then for each s& T, we have

F(s) = F(t) + ij'(t)dt.
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2. The existence and properties of solution for fuzzy differential
equation with infinite delays

Here we consider the fuzzy functional differenial equations with infinite time delays

x' (O=F(t x(D,x), x{s)=x(t+s), s<0. (2.1

Let C((—00,0]; E*) denote the set of all fuzzy continuous and bounded mappings
from (—0,0] to E” with D(¢(8,0)<M for some M and for { €E". We write
I'=C((—=o,0LE").
Here we denote
D(¢,0)=sup {D(¢(9,0) :te(~,0]} for ¢, O=E".

For each ¢&I", set D(p, 0)=D( (—oo.gy,0) for 0 €E". If x(2) is a fuzzy mapping
on (—o0,d), b=oo, we define for each t=(—o0,8), xfs)=x(t+s), s=<0. Clearly,
if x(# is fuzzy continuous and bounded mapping on each interval (—oo,b,], b, <b,

then x, eI for te(—o0,b). The E”-valued fuzzy mapping F(¢ x,$) on RXE"xI

is said to satisfy following conditions:

(A,) It is almost periodic fuzzy mapping in ¢ uniformly for (x,¢) in closed bounded

subsets of E"XI, ie, if SCE"XI is closed and bounded, then
(F(t,x, ¢): (x,$)eS} is almost periodic fuzzy mapping in ¢ and uniformly for
(x, ¢).

(A,) There exists an M >0 such that D(F(£0,0),00<M for teR, O=E".
(A3) The fuzzy mapping F(¢, x(#), x,) is uniformly continuous on R whenever x(#)
is uniformly continuous with D(x(#), 0)< M’ for some constant M’, Q=E”".

(A4) There exist positive numbers p, % and » such that ph<1l, p=M/r where M

is a constant in (A,),
D(x(H+hF(t, x(D,x), V(D+hF(t,y(D,y)) < (1—ph) D(x,, v) (22)

for teR and any fuzzy mappings x(£), ¥(® are uniformly continuous mappings
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on R with D(x(®),0)<r, D(»(d,0<r for D=E".
(As) For each »>0 there exists a Mi(#)>0 such that D(F(¢ x(#,¢),0) <M,(»
with D(x(®),0)<r, D(¢,0)<7, for teR, () €E"” and any ¢=I’ '

(Ag) In the condition (Ay), (2.2) is also valid for any continuous fuzzy mappings x(?),
M

y(#) on R and there is p>—;.

Remark 2.1. The condition (Ag) implies the condition (Ajy)

Definition 2.1. A solution x(t, %, ¢;), which satisfies x,=¢; with ¢ I and

D(x(t, ty $1),00 <M for t=t,, 0=E”, is uniformly stable if, for each e>0 and each
ty= 0, there exists a positive number 0= 8(e) independent of # such that
D(x(t, £y, ¢1), y(¢ &, #2)) <&, whenever D¢, #;) <8 and t=1t;,, where
(¢, by, ¢,), which satisfies y,=¢, with ¢,&I’, is any solution of (2.1) for ¢=>%,.

Theorem 2.1. Suppose that the fuzzy mapping F:RXE"XI'—>E" satisfies (Aj)-
(As). Then (2.1) has only one solution x(#) with D( x(),0)<» for t€R and any
0eE”.

Theorem 2.2. Suppose that the fuzzy mapping F: RXE"XI'—E" has (A,), (Aj;),
(As) and (Ag). Then (2.1) has only one bounded solution *(#) which is uniformly
stable and satisfies D(x(9,0)<7r for teR, 0=E"

Theorem 2.3. If the fuzzy mapping F:RXE"XI'—E” is periodic in ¢ with period
T independent of (¢, ¢) and satisfies conditions (A,)—(A,), then (2.1) has only one

T -periodic solution x(£) with D(x(#,0)<7, for teR, 0eE".

Theorem 2.4. Suppose that the fuzzy mapping F: RXE"XI'—E" has (A,)—(Ay.

Then (2.1) has a unique almost periodic solution x(# with D(x(9),0)<7 for teR,

0eE".
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3. The approximate solutions for fuzzy functional integral equations

If T is a compact interval of R, then C(T;E") denotes the set of all fuzzv

continuous mappings from 7T to E”. Here we denote
D(¢,0)=sup{D($(H,0): te T} for pcC(TE"), D = E".

We write I'y=C([—7,0]; E") and for ¢\, D$,0)=D($(—,.0), 0€E". It J

is the interval [o,8] or [6,8) (b>0), I=[0—7,0]UJ and x=C(I;E"), then for
te J we denote by x, the element of I' denfined by x{8)=x(¢+6), <[, 0).
Let U be a closed subset of I, g be a function from JXJXU—E" and

fe C(I;E™) We consider the fuzzy functional integral equation
JiGR ’ telo—7, 0l
A0+ [ gltos,x)ds, te]

where 7»=0, J=1[g, b] or [0, b).

A function x:I—E" will be a solution of equation (3.1) if (i) x is defined and

ﬂ0=[ (3.1

continuous on I and (x, x,)eJxU for all t€], (i) for every tel, x satisfies

(3.1).

Definition 3.1. Let Z be a subset of Iy and T;, 7, be intervals of R. We say

that a mapping P: T\X T,XZ—E" satisfies the Caratheodory-type hypotheses if P

satisfies the following :
(Cy) P(t,s,2)=0 if t<s, for some () €E”,
(C)) P(t, - ,2): T,—E" is strongly measurabe for all (¢,2)€7T,xZ,
(Cy) P(t,s, »): Z—E" is continuos for a.e. s€ T, for te T,
(C,) there exists a function m(¢,s) such that for each fixed t= T,
M(t, - )L, (Ty:RY),
D(P(ts,2),0)<m(t,s) for all (t5s,2)eT\xTyxZ, foral QeE"

and sup{ fT:m(t, s)ds : tET1}<00.
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If U is a closed subset of I} and g is a mapping from JXJX U to E”" then we

make the following assumption (G):

(G) For each re€] and positive N if #, =] then

SUD{D(J:g(t’S’uS)dS, j:g(to,s,us)dg)i uEC(IiEn), u U
for all selo, 7], D(u($),0)<N for all telo,7] }

tends to zero as t—1f,, 0 €E".

If [0,2¢], Ty and 7T are intervals of R and w is a function from 73X T,

%[0, 2e] to R™, then we make the following assumption (H):
(H) If toE Tl’ then

sup( |( [ (k.5 79— ulto, s, (M| 7= C( T30, 26D |

tend to zero as t—{,.

Theorem 3.1. Let f be a fuzzy continuous mapping from [ to E" with
D(ADH,0)<M for some constant M and for all 0 €E". Let U be a closed subset of
I and let g:JxJxU—E" be a mapping satisfying Caratheodory-type hypotheses
and assumption (G). Suppose for every ({y,sy, do) €JXJ*XU, t,<b, there is a

nonempty interval Jo=[#), t,+d1SJ, a set By=B(¢,, &) in U and a function

w: JyxJyx[0,2el>R*, (Jy="{(t, ty+d]) satisfying Crathedory-type hypotheses and

assumption (H) such that
(i) D(g(t,s,8),8(t,s,M<w(t, s,D(¢,¢) for all (t,s)e JyxJ, and ¢, 4 €B,,
(i) w(# s, ) is nondecresing for all (¢, s)e ], %X/,
(ii) for every e<d, y=0 is the unique éontinuous function # such that

for telty—7, 4],
w(Hh=1{ pt ” A ,,
[ wt,s, D(u,, s for telty.totel, 0<E
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where for each s, u,€ C([—7,0]: R") is defined by u(8)=u(s+0), 6[— 0]
and  D(u;, 0) =sup{D(u,(8),0): 6c[—~,0]}, 0=E". Let flo)eU and s U for

each s/, If the successive approximation

9, telo—7,al,

n+l tz{
PO [etsynas,  tel,

are well defined on I, f,€U. Then (y"), converges uniformly on compact subsets of

I to a solution of (3.1).

4. Further research

We consider the sobolev type nonlinear integro-differential system of the form

(Ex(8)) + Ax() = (Bu)(t)+f(t,x(t), fotg(t,s,x(s))d\s‘), teJ=10, 8],
x(0)

4.1)

n
xEE”,

where the state x( - ) takes values in the Banach space X and the control function
u( - ) is given in L%*(J, U), a Banach space of admissible control functions with U as
a4 Banach space. B is a bounded linear operator from U to Y, a Banach space,
g:JXJXX—>X and f:JXXXX—Y. The norm of X is denoted by |l -|| and
Y by | -|. If the input =(f) are crisp, then it is the classical control system. In this
case that z(® are fuzzy input, we have a different system with fuzzy inputs and fuzzy

outputs. However, we still have two problems to be concerned about, i.e.,

(1) Is there always a control (or input) =(#) which can transfer the initial state x, of
the system to any desired range in a finite time?
(2) Can the initial state x; of the system be always identified by observing the

output x(£) and the input u(® over a finite time?

Here we want to investigate the second problem. So we consider later for the
cxistence of fuzzy solutions for soboleve-type semilinear integro-differenctial fuzzy
systems (4.1).
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