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ON THE SPECIAL FINSLER METRIC

NANY LEE

ABSTRACT. Given a Riemannian manifold (M, ) with an almost
Hermitian structure f and a non-vanishing covariant vector field b,
consider the generalized Randers metric L = o+, where [ is a spe-
cial singular Riemannian metric defined by b and f. This metric L
is called an (a, b, f)-metric. We compute the inverse and the deter-
minant of the fundamental tensor (g:;) of an (a, b, f)-metric. Then
we determine the maximal domain D of TM \ O for an (a,b, f)-
manifold where a y-local Finsler structure L is defined. And then
we show that any (a, b, f)-manifold is quasi-C-reducible and find a
condition under which an (a, b, f)-manifold is C-reducible.

1. Introduction

Let M be a smooth 2m-dimensional manifold. We will consider a
Finsler metric L = a + 3, where « is a Riemannian metric on M and
B is a singular Riemannian metric on M. We call such a Finsler metric
a generalized Randers metric. In case where 8 is a 1-form on M, L is a
usual Randers metric.

We denote a point of M by z = (z) and a tangent vector at that
point z by y = (¢%). Let a(z,y) = (aij(x)y*y’)/? be a Riemannian
metric on M. Given an almost Hermitian structure f;(a:) of (M,a) and
a non-vanishing covariant vector field b;(z) on M, we have a singular
Riemannian metric B(z,y) = (bi;(x)y'y’)1/2, where b;; = b;b; + f;f;jand
fi = b f7. Such L = oo+ B is an interesting example of a generalized
Randers metric, which we call an (a, b, f)-metric. For the further study
about (a, b, f)-metrics, we refer to [3] and [4].
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Note that a manifold with an (a, b, f)-metric becomes a Rizza man-
ifold. A Rizza manifold (M, L, f) is by definition a Finsler manifold
(M, L) with an almost complex structure f}(z) satisfying the condition

L(z, ¢9(y)) = L(2,y),

where ¢9§ = cos@- 5;- +sin@- f; . But an (a, b, f)-metric is not a y-global
Finsler metric. And so we have to restrict a domain in the tangent
bundle T'(M) over M, say, {y : B(y) # 0}. In section 4, we show that
the n x n Hessian matrix (g;;) = ((%LQ)yiyj) is positive definite on
{y : B(y) # 0} by checking the sign of determinant of (g;;). For this
purpose, we compute the determinant of (g;;) .

It is interesting and valuable to study Finsler space with some im-
portant tensors of special form. For example, M. Matsumoto[6] initiated
the study of a Finsler metric whose Cartan tensor A;jj, := %(Lz)yiyjyk
satisfies

Aijk = Sy { Qi Ri}
where @;; is a symmetric Finsler tensor field satisfying Qijyj =0 and

Ry, is assumed to satisfy Ryy* = 0. Here we use the notation Sijr) to
denote the summation of the cyclic permutation of indices i, j, k, i.e.,

Sijky{Siik} = Sijk + Sjri + Shij -

In case R, = Ap with A; = gijAZ-jk, the Finsler manifold is called
quasi-C-reducible. Furthermore, if Q;; = n—i—lhij where h;; is the angular
metric h;; := g;; — L;L; , we call the Finsler manifold to be C-reducible.
In section 4, we show that any (a, b, f)-manifold is quasi-C-reducible and
find a sufficient condition that an (a,b, f)-manifold is C-reducible. To

get Ay, we compute the inverse (%) of (gi5) -

2. Preliminaries

Let (M, o) be a 2m-dimensional Riemannian manifold and let f;(x)
be an almost Hermitian structure of (M, &) . For a non-vanishing covari-
ant vector field b;(z) on M, we have a singular Riemannian metric

Blx,y) = (bij(z)y'y")'/?,
where b;; = b;b;+ fi f;, fi = by f[ and we consider a generalized Randers
metric I = a+ . Such a generalized Randers metric L = o+ is called
an (a, b, f)-metric and (M, L) an (a,b, f)-manifold.
Recall the definition of a y-global Finsler metric F' on M.
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DEeFINITION 2.1. A y-global Finsler metric on M is a function F' :
TM — R such that

(F1) Nonnegativity: F' > 0 on TM.

(F2) Regularity: F' is smooth on TM \ O.

(F3) Absolute homogeneity: F(z,Ay) = |A|F(z,y) for all A € R.

(F4) Strong convexity: The n x n Hessian matrix (g;;) := ((%F2)yiyj)
is positive definite at every point of TM \ O.

Note that for the most important physical applications, the assump-
tions are too restrictive. And so we have to consider a y-local Finsler
structure F' defined only on a domain D of TM \ O with DNT,M #
for every x € M.

Now we find the maximal domain D of TM \ O for (a,b, f)-metric.
Because L(y) = a(y)+ A(y) is positive for any y € TM \ O and both «
and (3 are regular away from {y : B(y) = 0} = ker B with B = (b;;) , our
possible domain D is the complement C(ker B) of ker B . In section 4, we
show that (g;;) is positive definite on C(ker B), i.e., all the eigenvalues
of (g;;) are positive on C(ker B).

We use the following lemma extensively in the next section. For its
proof, see [1].

LEMMA 2.1. Let (P;;) be a real symmetric non-singular matrix with
the inverse (P¥). And let (Qi;) = (Pij £ cicj) with1+¢? # 0 and ¢® ==
¢iPYc;. Then the matrix (Q;;) is non-singular and its inverse is (Q¥) =
(P 5 cLzc'cl) where ¢ = P¥c; and det(Qi;) = (1 + c2) det(P;).

3. The computation of the determinant and the inverse of
(gij)

In this section, we compute the inverse and the determinant of the
fundamental tensor (g;;) of (a,b, f)-metric. Here we assume that y €
Cker B.

For L = o + 3, we have

L L L L L

9 = _ij + 'Bbibj + ‘Ié‘fifj +LiLj — —aia — 3

where o; = a%%’ B = g—yﬁ;, Li = a; + B;. We put o = a”a,, f =

a3y, b* = ab; and f' = a¥f;. Then we can apply Lemma 2.1 to (g;;)
five times.

BiB;
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PROPOSITION 3.1. For the fundamental tensor (gi;) of an (a,b, f)-
metric L = a + 3, the determinant of (g;;) is

det(g;;) = cl):_g det A
and the inverse (g¥/) of (gi;) is given by
) a »y a® ..
(81) 9% = L ’YLb” T L3 o'o - L? ﬂ( o+ ) + ’Yﬁzﬂ]’
where A = (gaij), v =B+ bla, b9 = b + fifi.
Proof. First, we set

L 3 L L
Pij = aaij, c1y = \/gbi and (Ql)ij = aaij + Ebibj.
Note that c% = cliPijclj = %b2, where b? = aijbibj and (aij) is the
inverse of (a;;). And note also that b> = a*b;b; is positive, because (a;;)
is positive definite. In particular, the quantity 1 + ¢? = % > 0, where
v=pf+b*a¢>0.By Lemma 2.1, we have

det Q; = —det(Laz]) = %detA,

B
wZEU_EJ‘
(Q1) 7% va v

Secondly, let
L
(Q2)ij = (Q1)i; + Efifj, coi = \/%fi

and apply Lemma 2.1 in the same way. Then we have c3 = c2;(Q1)Yco; =
%bz, l+c= % > 0. And Lemma 2.1 says that

2
det Q2 = %det Q1= 52 det A,
2
ij Qi Y g

Thirdly, let
(@3)ij = (@2)i; + LiL;, c3; = L;.
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Then we have ¢ = c3i(Q2)¥cs; =1, 1+ ¢3 = 2. And by Lemma 2.1,

2 2
det Q3 = %dem,
2
TR B O R S
Fourthly, let

L
(Q4)ij = (Q3)ij — Eﬂiﬁja cai = \/%ﬂi-

Then we have 2 = c4;(Q3)Ycaj = % (bza— %ﬁ - %), 1-c§ = 'ﬂ(éi_j;'y >
0. And by Lemma 2.1,

(2L + )y
det Qq = 2" U7 qet A
€ Q4 Lﬁ € 3
2
G @y 1
(Qu)Y = pa¥ = 70" = Tor TV Y
o i j i j
- m(a kbklyly] +y ykbklalj)
202 , )
"Ly Y e

Finally, let

L
9i5 = (Qa)ig — ey, €5 = \/—a‘iai'

Then we get ¢ = c5;(Qq)7c55 = ﬁ% — WL&T)? 1-c¢= oLy 0.
And by Lemma 2.1,

L? (2L +7)

Y Ly
det(gi;) = - det A= —Ldet A,
et(gis) a(2L + ) Lg ¢ off €
2
R B X R
g7 =10 va +73VY
ik 1.4 i, ky lj o? ik I.m ng
—m(a bay'y’ +y'y bra )+Lﬂ27a briy Yy bmna™ .

If we set o = % and 3¢ = irbﬁr—sys, then the last equation yields equation
(3.1). O
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4. Theorems

In this section, with the aid of Proposition 3.1, we show the positiv-
ity of g;; and the guasi-C-reducibility of an (a,b, f)-metric and find a
sufficient condition of being C-reducible.

Now we are ready to prove that (g;;) is positive definite on C(ker B).
This implies that C(ker B) is the maximal domain D of TM \ O for an
(a, b, f)-manifold where a y-local Finsler structure L is defined.

THEOREM 4.1. (g;;) is positive definite on C(ker B).

Proof. Consider a one-parameter family of the (a,b, f)-metric L* =
a+ €8 with 0 < € < 1. Let g be the fundamental tensor of L¢. For
€ > 0, by Proposition 3.1, we have

L€ €
det(g5;) = % det A¢,

where A€ = (%aij), ¢ = €6 + €2b?a > 0, and so det(g;;) is positive.
In particular, none of the eigenvalues of (gfj) can vanish. For ¢ = 0,
L¢ = o and all the eigenvalues of (gf;) = (g:5) are positive. Since
det(gfj) is continuous for €, all the eigenvalues of (gfj) are positive by
the intermediate value theorem. And so all the eigenvalues of (g;;) are
positive. This means that (g;;) is positive definite. O

Next, we show that (a, b, f)-manifolds are quasi-C-reducible and we
determine a sufficient condition under which (a, b, f)-manifolds are C-
reducible. We start with the definitions of quasi-C-reducibility and of
C-reducibility.

DEFINITION 4.1. A Finsler manifold of dimension nn, n > 3, is quasi-
C-reducible if there exists a symmetric Finsler tensor field Q;; satisfying
Qi;y’ =0 and Ayjx = G50,y { Qi Ar}, where Ag := g% A;jp .

DEeFINITION 4.2. A Finsler manifold of dimension n, n > 3, is C-
reducible if A;; is in the form A;j, = ﬁTG(ijk){hijAk}, where h;; =
9ij — L;L; is the angular metric of L.

Note that for (a, b, f)-metric, the Cartan tensor is
L

Agjg - = = (L?
17k 4(
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By Proposition 3.1, we get
A
Ay = E(aﬁk — Bo),

where A = (2 — 2L) Since rank bi;) =2, A #0. And if we let
By J

27

we have A, = G(ijk){QijAk} . Because @);; is symmetric and Qijyj =0
by Euler’s theorem, we have

THEOREM 4.2. (a,b, f)-manifolds are quasi-C-reducible.

Since the angular metric hy; for (a,b, f)-manifold is L - (a5 + Bj;) ,
we can conclude
THEOREM 4.3. If an (a,b, f)-metric L = a + 3 satisfies
o By _ A

a I} n+1

or equivalently b®ac;; = (ny + )Bij, then the (a,b, f)-manifold is C-
reducible.

(ouj + Bis),

REMARK. If A; = 0 for a C-reducible manifold, then A;;z = 0
immediately. And so the manifold is Riemannian. For a C-reducible
(a, b, f)-manifold with A; =0, we can show that

9ij(x) = gpq(x)fzpff

In other words, such an (a, b, f)-manifold is an almost Hermitian mani-
fold. For its proof, we refer the readers to [2].
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