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ON THE MAXIMAL INEQUALITY FOR
AANA RANDOM VARIABLES AND A
STRONG LAW OF LARGE NUMBERS

TAE-SuNG Kim AnD MI-Hwa Ko

ABSTRACT. In this paper we obtain the Hdjeck-Rényi type inequal-
ity for the asymptotically almost negatively associated(AANA) ran-
dom variables and extend some results for negatively associated
random variables to the AANA case by applying this inequality.

1. Introduction

Let (€2, 7, P) be a probability space and {X,,,n > 1} be a sequence
of random variables defined on (2, F,P). A finite family {X;,1 <i <
n} is said to be negatively associated(NA) if for any disjoint subsets
A,B C {1, ---,n} and any real coordinatewise nondecreasing functions
f:RAHRandg:RB—»R,

Cov(f(Xi;i € A),g(X;35 € B)) <0.

Infinite family of random variables is NA if every finite subfamily is NA.
This concept was introduced by Joag-Dev and Proschan {7]. By inspect-
ing the proof of Matula’s [9] maximal inequality for the NA random vari-
ables, we see that one can also allow positive correlations provided they
are small. Primarily motivated by this, Chandra and Ghosal ([1], [2]) in-
troduced the following dependence: A sequence {X,,n > 1} of random
variables is called asymptotically almost negatively associated(AANA)
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if there is a nonnegative sequence g(m) — 0 such that

COU(f(Xm), g(Xm+1’ toe aXm-Hi:))
(1) < gm)(Var(f(Xm))Var(g(Xme1, - » Xmix)))?

for all m,k > 1 and for all coordinatewise increasing continuous func-
tions f and g whenever the right-hand side of (1) is finite. This definition
was introduced by Chandra and Ghosal ([1], [2]).

The family of AANA sequences contains negatively associated (in
particular, independent) sequences (with ¢(m) = 0,¥m > 1) and some
more sequences of random variables which are not much deviated from
being negatively associated.

The condition means roughly that asymptotically the future is al-
most negatively associated with the present. For an example of AANA
which is not negatively associated, consider X,, = Y;, + &, Yn+1, where
Y1,Ys, .- are iid. N(0,1) and an, — 0,05, > 0. (See Chandra and
Ghosal [2].)

Héjeck-Reényi (6] proved the following important inequality: If {X,,
n > 1} is a sequence of independent random variables with EX,, = 0,
and EX2 < oo,n > 1, and {b,,n > 1} is a positive nondecreasing real
sequence, then for any € > 0 and any positive integer m < n

S X P Exf ™ EX?
R BT ol o
== J j=m+l 7 j=1 "™

Since then, this inequality has been studied by many authors (e.g. Chow
[3], Gan [5], Liu, Gan and Chen [8], Christofides [4]). Especially, Liu,
Gan and Chen [8] extended (2) to NA random variables.

In this paper, we derive the Hajeck-Renyi type inequality for AANA
random variables and discuss some results for AANA random variables
which have not been established previously in the literature. In other
words, we show that some results for NA random variables remain true
if the assumption of NA random variables is relaxed to AANA random
variables with A2 = 322, ¢%(k) < .

2. Results

From the definition of AANA we easily obtain the following lemma.

LEMMA 2.1. Let {X,,n > 1} be a sequence of asymptotically al-
most negatively associated(AANA) random variables and {f,,n > 1} a
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sequence of increasing continuous functions. Then {fn(X,),n > 1} is
also a sequence of AANA random variables.

LeMMA 2.2. (Chandra and Ghosal ([1], [2]) Let {Xi,---,X,} be
a sequence of mean zero, square integrable random variables such that
(1) holds for 1 < m < k+m < n and for all coordinatewise increasing
continuous functions f and g whenever the right-hand side of (1) is finite.
Let A2 =3Y""" qz(m) and 0} = EX2,k > 1. Then, for € > 0

ZX

THEOREM 2.3. Let {b,,n > 1} be a sequence of positive nondecreas-
ing real numbers and {Xi,---,X,} a sequence of mean zero, square
integrable random variables such that (1) holds for 1 <m <k+m<n
and for all coordinatewise increasing continuous functions f and g when-
ever the right-hand side of (1) is finite. Let A% = > 11q (m) and
0,% = EX,%, k > 1. Then, fore > 0

E:z 1)(
b

3

(3) { max

1<k<n

}<26‘2(A +(1+A2)22 3 ok

k=1

(4) P{ max

1<k<n

n 9
-2 2,1 zzok
6} 386 (An+(1+An)2) £ g

PROOF First note that {X% ks b2 ﬁ} are AANA by Lemma 2.1

and that ’s are mean zero and square integrable since X;’s are mean
zero and square integrable. Next, the nonnegative sequence g(m) — 0
satisfies

CO’U(f(bT_anm) (bm]:i-l m+1," " ’b:nl_}_ka-i-k))
— — 1
(5) < gm)[Var(f(br! Xm))Var(g(bp 1 Xmr1, 5 bl Xmerk)]?

for 1 <m < k+m < n and for all coordinatewise increasing continuous
functions f and g whenever the right-hand side of (5) is finite.

Now, we follow the argument given in the proof of Theorem 2.1 of
Liu, Gan and Chen [8]. For the sake of completeness we repeat it here.
Without loss of generality letting by = 0, we have

>3 (60F) = 3 (De-na)

j=1 j=1 \i=1

k
X.
= ;(bi‘bi—l) >

i<j<k
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and thus since b ' Y-5_, (b — bj_1) = 1, we have

k
Ej:l Xj
br

X.
>e€3 C { max Il >e
- } 1<i<k Z bj |

T |isigk
Therefore,
k
Y X; X
max |[Z9ZL0 0 S L - max max E i >e
1<k<n br 1<k<n1<i<k |~~~ b;
1<j<k
X; X;
J J
= max - — —| > €
1<i<k<n Z b; Z b | ~
i<k J<i
! X, €
6 C max I > -
() 1<i<n §:1 bj | — 2
]:

By the Kolmogorov type inequality of AANA random variables (see
Lemma 2.2) from (5) and (6) the desired result (4) follows. O

REMARK. Especially, taking b, = 1, the result of Chandra and
Ghosal ([1], Theorem 1) is a simple corollary.

From Theorem 2.3 we can get the following more generalized inequal-
ity.

THEOREM 2.4 Let {b,,n > 1} be a sequence of positive nonde-
creasing real numbers and {Xn,,n > 1} a sequence of mean zero, and
square integrable AANA random variables satisfying (1) for 1 < m <
k+m < n and for all coordinatewise continuous functions f and g
whenever the right-hand side of (1) is finite. Let A2 = 3."_, ¢%(m) and
a,% = EX,%, k > 1. Then, for € > 0 and for any positive integer m < n

k
P{ max [t ;Xal > e}
=

n 2 m 2
) 2y1y9 Uj UJ
(7) < 32 %(An + (1+ A2)2) 2: b—j+zﬁ
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Proor. By Theorem 2.3 we have

k
c X
P{ max ==Y > e}
m<k<n bk
m k
< p{|&=EEY X >V p! max 2jzma1 X > <
- bm -2 m+1<k<n by -2
k k
1 € . ¢ €
< P{— X;|>-r+P J=m+ > =
- b 1r<r}cag(m ]Z J 2} + {m+lg;c(ﬁn by, - 2}
1 m 0'2' n 0'2
< 32¢7 (A, + (1 + A2)z)? ZbT]+ b—g
j=1 "™  j=m+1 J
Now we show that Theorem 3.1 of Liu et al. [8] still holds. O

THEOREM 2.5. Let {b,,n > 1} be a sequence of positive nonde-
creasing real numbers and {X,,n > 1} a sequence of mean zero, square
integrable random variables such that (1) holds for 1 <m <k+m <n
and for all coordinatewise increasing continuous functions f and g when-
ever the right-hand side of (1) is finite. Let o} = EXZ, k > 1.

Assume

o

8) CAP=3 (k) < oo,
©) 3 Z—g < o0.

Then, for any 0 < r < 2,
(A) E(sup,,(Sn/bn)") < o0,
(B) 0 < by, T 0o implies Sy, /b, — 0 a.s. as n — oo, where S, = > | X;.

PRrROOF. (A): Note that

T o0
Esup (@) <oo<:)/ P(sup [Sn| >t%> dt < co.
1 n

n \ by by
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By Theorem 2.3, it follows from (8) and (9) that

% |Sn|
P sup—>t dt
1 n b'n

0o 1 o0
< 8/ £ (A+ (14 A?)2)? Z
1

n=
/ t~ rdt<oo.

>e})——>0asm—>oo

Swlzw

1

< 8(A4 (14 A%)2)? Z

§M|:w

(B): We need to show that for any e > 0,

P(UE2

Note that

PUR [ 22] > €})

S,
= lim P( max ISkl >€)
n—00 m<k<n 0O

0 2 m 2
< 326 2(A+ (14 A2)2)2 Z —; 3 TJ
Pt by o bs,
By Kronecker Lemma, we have

m 2
9

E —=— —0asm—
b2 ’
m

which proves the assertion by (9). O

REMARK. By taking b, = n Theorem 2.5(B) shows that Corollary of
Theorem 3 of Matula [9] remains true if the assumption of NA random
variables is relaxed to AANA random variables with A2 = 322, ¢%(k) <
0.

COROLLARY 2.6. Let {X,,n > 1} be a sequence of mean zero, square
integrable AANA random variables satisfying (1) for 1 <m < k+m <
n and for all coordinatewise increasing continuous functions f and g
whenever the right-hand side of (1) is finite. Let A2 =Y"2°_, ¢*(m) and
a,%zEX,f,kZl. Then, for 0 <t <2, € >0, andlZl

P < sup 19| >ep <327 2(A4+ (1 + Az)%) —i—l¥ sup o2

.1
t
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where S, =01 X

The following corollary shows that Corollary 3.2 of Liu et al. [§]
remains true if the assumption of NA random variables is relaxed to
AANA random variables with A% = 322, ¢%(k) < cc.

COROLLARY 2.7. Let {X,,n > 1} be a sequence of mean zero, square
integrable AANA random variables satisfying (1). Assume that

oo
Zq2(k) < 00 and sup o2 < .
k=1 "

Then, for 0 <t < 2
1
(A) Sp/nt — 0 a.s. asn — o0,

(B) Esupn(]Snl/n%)’" < oo forany 0 <r < 2,
where Sp, =377 X;.
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