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PREOPEN SETS IN SMOOTH
BITOPOLOGICAL SPACES

Eun Pyo LEE

ABSTRACT. In this paper, we introduce the notions of (73, T;)-
fuzzy (r,s)-preopen sets and fuzzy pairwise (r,s)-precontinuous
mappings in smooth bitopological spaces and then we investigate
some of their characteristic properties.

1. Introduction

The concept of fuzzy sets was introduced by Zadeh [13] in his classi-
cal paper. Using the concept of fuzzy sets Chang [2] introduced fuzzy
topological spaces and several other authors continued the investiga-
tion of such spaces. Chattopadhyay et al. [4] and Ramadan [9] intro-
duced new definition of smooth topological spaces as a generalization of
fuzzy topological spaces. Kandil [6] introduced and studied the notion of
fuzzy bitopological spaces as a natural generalization of fuzzy topologi-
cal spaces. Lee et al. [7] introduced the concept of smooth bitopological
spaces as a generalization of smooth topological spaces and Kandil’s
fuzzy bitopological spaces.

In this paper, we introduce the concepts of (7;,7;)-fuzzy (r, s)-pre-
open sets and fuzzy pairwise (r, s)-precontinuous mappings in smooth
bitopological spaces and then we investigate some of their characteristic
properties.

2. Preliminaries

In this paper, I will denote the unit interval [0, 1] of the real line and
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Iy = (0,1]. For a set X, IX denotes the collection of all mappings from
X to I. A member p of IX is called a fuzzy set of X. By 0 and 1 we
denote constant mappings on X with value 0 and 1, respectively. For
any pu € I, u° denotes the complement 1 — p. All other notations are
the standard notations of fuzzy set theory.

A Chang’s fuzzy topology on X [2] is a family T of fuzzy sets in X
which satisfies the following properties:

(1) 0,1eT.

(2) If py,p2 € T then py Aps €T

(3) If py € T for each k, then \/ p € T.

The pair (X,T) is called a Chang’s fuzzy topological space. Members
of T are called T-fuzzy open sets of X and their complements T-fuzzy
closed sets of X.

A system (X,T1,T3) consisting of a set X with two Chang’s fuzzy
topologies T7 and 75 on X is called a Kandil’s fuzzy bitopological space.

A smooth topology on X [4, 9] is a mapping 7 : I — I which satisfies
the following properties:

) TO)=T1)=1.

(2) T(pr Apz) =T () AT ()

(3) T(V ) = AT (ux)-
The pair (X, 7) is called a smooth topological space. For r € Iy, we call
u a T-fuzzy r-open set of X if 7(u) > r and p a 7-fuzzy r-closed set of
X if T(uc) >r.

A system (X, 77, T2) consisting of a set X with two smooth topologies
7: and 73 on X is called a smooth bitopological space. Throughout this
paper the indices %, j take values in {1,2} and i # j.

Let (X, 7) be a smooth topological space. For each r € Iy, an r-cut
T,={pecI™|T(k)>r}

is a Chang’s fuzzy topology on X.
Let (X,T) be a Chang’s fuzzy topological space and r € Iy. Then a
smooth topology T7 : IX — I is defined by

1 if u=0,1,
T (w) =< r if peT—{0,1},
0 otherwise.
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Hence, we obtain that if (X, 77,73) is a smooth bitopological space
and r,s € Iy, then (X,(71),,(72)s) is a Kandil’s fuzzy bitopological
space. Also, if (X,T1,T») is a Kandil’s fuzzy bitopological space and
r,s € Ip, then (X, (T1)", (T2)*®) is a smooth bitopological space.

DEFINITION 2.1 ([8]). Let (X, 7) be a smooth topological space. For
each r € Iy and for each p € IX, the fuzzy r-closure is defined by

T-Cl{p,m) = Np | < p, T(p%) 27}

and the fuzzy r-interior
T-Int(u,v) = \{p|lp>p,T(p) 21}

THEOREM 2.2 ([8]). For a fuzzy set p of a smooth topological space
(X,7T) and r € Iy, we have:

(1) T-Int(p,r)¢ = T-Cl(p°, 7).

(2) T-Cl(p,r)¢ = T-Int(ps, 7).

DEFINITION 2.3 ([7]). Let p be a fuzzy set of a smooth bitopological
space (X,71,73) and r,s € Iy. Then p is said to be
(1) a (7;,7;)-fuzzy (r,s)-semiopen set if there is a 7T;-fuzzy r-open
set p in X such that p < u < 7;-Cl(p, s),
(2) a (7;,7;)-fuzzy (r, s)-semiclosed set if there is a T;-fuzzy r-closed
set p in X such that 7;-Int(p,s) < p < p.

DEFINITION 2.4 ([7]). Let f: (X,T1,72) — (Y,U1,Us2) be a mapping
from a smooth bitopological space X to another smooth bitopological
space Y and r, s € Iy. Then f is called a fuzzy pairwise (r, s)-continuous
((r, s)-open and (r, s)-closed, respectively) mapping if the induced map-
ping f : (X, 71) — (Y,U;) is a fuzzy r-continuous (r-open and r-closed,
respectively) mapping and the induced mapping f : (X, 72) — (Y,Uy) is
a fuzzy s-continuous (s-open and s-closed, respectively) mapping.

3. (7;,7;)-fuzzy (r,s)-preopen sets

DEFINITION 3.1. Let u be a fuzzy set of a smooth bitopological space
(X,71,T2) and r, s € Iy. Then p is said to be

(1) a (T;,7T;)-fuzzy (r, s)-preopen set if p < Ti-Int(7;-Cl(p, s),7),

(2) a (T;,7T;)-fuzzy (r, s)-preclosed set if T;-CY(T;-Int(u, s),7) < p.
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THEOREM 3.2. Let i be a fuzzy set of a smooth bitopological space
(X,71,72) and r, s € Iy. Then the following statements are equivalent:

(1) p is a (7;, T;)-fuzzy (r, s)-preopen set.

(2) we is a (7;,7T;)-fuzzy (r,s)-preclosed set.

Proor. It follows from Theorem 2.2. O

THEOREM 3.3. (1) Any union of (7;,7T;)-fuzzy (r, s)-preopen sets is
a (T;,T;)-fuzzy (r, s)-preopen set.

(2) Any intersection of (T;,T;)-fuzzy (r, s)-preclosed sets is a (T;, T;)-
fuzzy (r, s)-preclosed set.

PRrROOF. (1) Let {ux} be a collection of (7;, 7;)-fuzzy (r, s)-preopen
sets. Then for each k, pr < 7;-Int(7;-Cl(p, s),7). So

V e < \J T-Int(T3-Cl( g, 5),7) < Ti-Int(7, C1(\/ s 9),

Thus \/ px, is & (75, 7;)-fuzzy (r, s)-preopen set.
(2) It follows from (1) using Theorem 3.2. O

THEOREM 3.4. Let u be a fuzzy set of a smooth bitopological space
(X,7T1,7T2) and r,s € Iy.
(1) If p is a T;-fuzzy r-open set of (X, Th), then u is a (7,, Tp)-fuzzy
(r, s)-preopen set of (X, T1,T3).
(2) If p is a To-fuzzy s-open set of (X, Tp), then u is a (T3, Ty )-fuzzy
(s, 7)-preopen set of (X, T1,Tz).

PRrOOF. (1) Let pu be a T;-fuzzy r-open set of (X,7;). Then p =
T1-Int(u, ). Clearly, we have p < 75-Cl(y, s) and hence

i = Ti-Tnt(p, 7) < Ti-Int(T5-Cl(p, s), 7).

Thus p is a (71, Tz)-fuzzy (r, s)-preopen set of (X, Ty, Tz).
(2) Similar to (1). 0

But the converses in the above theorem need not be true which is
shown by the following example.
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EXAMPLE 3.5. Let X = {z,y} and p1, p2, us and pg be fuzzy sets
of X defined as

pi(z) =02, pi(y) =04
pa(x) = 0.6, wu2(y)=0.3;

pa(z) = 0.2, pa(y) =0.3;

and
pa(z) = 0.5, pa(y) =02,

Define 7; : IX — I'and T : IX — I by

1 if p=0,1,
0 otherwise;
and
1 if p=0,1,
To(pw) =19 5 if p=p,
0 otherwise.

Then clearly (71, 72) is a smooth bitopology on X. Note that
ﬂ-lnt(E-Cl(p,g, %)a %) = 7'1-]:1’111([.1,5, %) =K 2 pU3.

Thus g3 is a (71, 72)-fuzzy (1, 3)-preopen set which is not a 7;-fuzzy
3-open set. Also we have

To-Int(71-Cllpa, 3), 3) = To-Int(uf, 3) = pa2 > pa.

Hence 4 is a (T2, T1)-fuzzy (3, 3)-preopen set which is not a To-fuzzy
%-open set.

REMARK 3.6. That (7;,7;)-fuzzy (r,s)-semiopen sets and (7;,7})-
fuzzy (r, s)-preopen sets are independent notions is shown by the follow-
ing example.
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ExaMmPLE 3.7. Let X = {z,y} and p1, p2, ps, 4, us and ps be
fuzzy sets of X defined as

p(z) =0.1, pi(y) =0.7;

(
p2(z) = 0.8, p2(y) = 0.2;
p3(z) =0, ps(y) = 0.6
pa(z) = 0.1, pa(y) = 0.8;
ps(z) = 0.5, ps(

and
pe(z) = 0.9, pe(y) =0.2.

Define 77 : IX — Tand 75 : IX — I by

1 if p=0,1,
0 otherwise;
and o
1 if p=0,1,
0 otherwise.

Then clearly (Tl,Tg) is a smooth bitopology on X. The fuzzy set p3 is
(Th, Tz)-fuzzy (3, ) -preopen which is not (77, T3)-fuzzy (3, 3) semiopen
and u4 is a (7'1,7'2) fuzzy (%,1)-semiopen set which is not a (71, 72)-
fuzzy (3, 3)-preopen set. Also ps is a (73, 71)-fuzzy (3, 3 )-preopen set
which is not a (T3, T;)-fuzzy (3, 1)-semiopen set and ug is a (72, 71)-
fuzzy (3, 1)-semiopen set which is not a (T, 71)-fuzzy (1, 1)-preopen
set.

4. Fuzzy pairwise (7, s)-precontinuous mappings

DEFINITION 4.1. Let f : (X,71,T3) — (Y,U1,U>) be a mapping from

a smooth bitopological space X to another smooth bitopological space
Y and 7,s € Iy. Then f is called

(1) a fuzzy pairwise (r,s)-precontinuous mapping if f~'(u) is a

(71, T3)-fuzzy (r,s)-preopen set of X for each U;-fuzzy r-open
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set p of Y and f~'(v) is a (7, 71)-fuzzy (s,r)-preopen set of X
for each Us-fuzzy s-open set v of Y,

(2) a fuzzy pairwise (r, s)-preopen mapping if f(p) is a (U, Us)-fuzzy
(r, s)-preopen set of Y for each 7;-fuzzy r-open set p of X and
f(N) is a (Us, Uy )-fuzzy (s,r)-preopen set of Y for each T5-fuzzy
s-open set A of X,

(3) a fuzzy pairwise (r,s)-preclosed mapping if f(p) is a (Uy,Us)-
fuzzy (r, s)-preclosed set of Y for each 7;-fuzzy r-closed set p of
X and f(A) is a (U, U )-fuzzy (s, r)-preclosed set of Y for each
To-fuzzy s-closed set A of X.

REMARK 4.2. Tt is obvious that every fuzzy pairwise (r, s)-continuous
mapping is also a fuzzy pairwise (r, s)-precontinuous mapping. But the
converse need not be true which is shown by the following example.

EXAMPLE 4.3. (1) A fuzzy pairwise (r,s)-precontinuous mapping
need not be a fuzzy pairwise (r, s)-continuous mapping.

Let (X,71,73) be a smooth bitopological space as described in Ex-
ample 3.5. Define Uy : IX - T and Uy : IX — I by

1 if p=0,1,

Ui(p) =4 5 if p=ps,

0 otherwise;

and .-
1 if p=0,1,

() = {

Then clearly (Uy,Us) is a smooth bitopology on X. Consider the map-
ping f : (X, T, T2) — (X,U1,Us) defined by f(z) = z and f(y) = y.
Then f is a fuzzy pairwise (%, %)—precontinuous mapping which is not a
fuzzy pairwise (3, 3)-continuous mapping.

(2) A fuzzy pairwise (r, s)-preopen mapping need not be a fuzzy pair-
wise (r, s)-open mapping.

Let (X,7;,73) and (X,U;,Us) be smooth bitopological spaces as de-
scribed in (1). Consider the mapping f : (X,U1,U) — (X,T1,7T2)
defined by f(z) = z and f(y) = y. Then f is a fuzzy pairwise (3, 1)-
preopen mapping which is not a fuzzy pairwise (-21—, %)—open mapping.

(3) A fuzzy pairwise (r, s)-preclosed mapping need not be a fuzzy pair-
wise (r, 8)-closed mapping.

Let (X, 71,73) and (X,U;,Us) be smooth bitopological spaces as de-
scribed in (1). Consider the mapping f : (XU, Uz) — (X,T1,T2)

0 otherwise.
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defined by f(z) = z and f(y) = y. Then f is a fuzzy pairwise (3, %)-

preclosed mapping which is not a fuzzy pairwise (%, %)-closed mapping.

THEOREM 4.4. Let f : (X,T1,73) — (Y,U1,U2) be a mapping and
7,8 € Iy. Then the following statements are equivalent:

(1) f is a fuzzy pairwise (r, s)-precontinuous mapping.

(2) f~Y(w) is a (T1,T2)-fuzzy (r,s)-preclosed set of X for each U;-
fuzzy r-closed set p of Y and f~1(v) is a (T, Ty)-fuzzy (s,r)-
preclosed set of X for each Us-fuzzy s-closed set v of Y.

(3) For each fuzzy set u of Y,

Ti-ClTo-Int(f " (), 5),m) < f~H{U-Cl(s, 7))
and
To-CYTi-Int(f (), 1), 8) < f7H (Ue-Cl(s, 5))-
(4) For each fuzzy set p of X,
f(T1-Cl(To-Int(p, 5),7) < Us-CI(f(p),7)
and

f(E'CI(ﬂ‘Int(p’ T)’ 8) < UQ-Cl(f(P), 8).

PROOF. (1) = (2) Let p be any U;-fuzzy r-closed set and v any Us-
fuzzy s-closed set of Y. Then u® is a U;-fuzzy r-open set and v° is a
Uy-fuzzy s-open set of Y. Since f is a fuzzy pairwise (r, s)-precontinuous
mapping, f~'(u¢) is a (71, 7T2)-fuzzy (r,s)-preopen set and f~1(v°) is
a (72, 71)-fuzzy (s,r)-preopen set of X. But f~1(u¢) = f~!(u)® and
f7r(v®) = f~Y(v)°. By Theorem 3.2, f~1(u) is a (71, T2)-fuzzy (r,s)-
preclosed set and f~'(v) is a (72, 71)-fuzzy (s,)-preclosed set of X.

(2) = (1) Let p be any U;-fuzzy r-open set and v any Up-fuzzy s-
open set of Y. Then u€ is a U;-fuzzy r-closed set and v° is a Us-fuzzy
s-closed set of Y. By (2), f~(u°) is a (71, T2)-fuzzy (r, s)-preclosed set
and f~1(v°) is a (72, 71)-fuzzy (s,r)-preclosed set of X. But f~1(u°) =
F~Hw)¢ and f71(v°) = f~1(v)°. By Theorem 3.2, f~!(u) is a (71, T2)-
fuzzy (r, s)-preopen set and f~*(v) is a (73, 77)-fuzzy (s,r)-preopen set
of X. Thus f is a fuzzy pairwise (r, s)-precontinuous mapping.

(2) = (3) Let p be any fuzzy set of Y. Then U;-Cl{u,r) is a U;-fuzzy
r-closed set and Up-Cl(u, s) is a Us-fuzzy s-closed set of Y. By (2),
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FHUy-Cl(p, 7)) is (T1,Tz)-fuzzy (r,s)-preclosed and f=(Uz-Cl(u, s))
is (73, 7Th)-fuzzy (s,r)-preclosed of X. Thus

FHUh-Cllp, 7)) > T-CUTo-Int (£~ (U-Cl(u, 7)), 5), 7)
> Ti-CYTe-Int(f 7 (n), 5),7)

and

f~HU-Cl(p, 8)) > To-CATi-Int (! Ua-Cl(n, 5)), 7), 5)
> Tp-CATi-Int(f ™ (), 7), ).

(3) = (4) Let p be any fuzzy set of X. Then f(p) is a fuzzy set of Y.
By (3),

FHUh-Cl(f(p), 7)) = T;-CUT-Int(f ™" f(p), 5),7)
> T;-Cl(T3-Tnt(p, 5), )

and

FHU-Ci(£(p), 5)) 2 T-CUT-Int (71 f(p), 7), 5)
> T-Cl(Ty-Int(p, 1), ).

Hence

th-Cl(f(p),r) = ff71Uh-CU(f(p), 7) = f(Ti-CTo-Int(p, 5), )
and

Uz-Cl(f(p),s) > ff " U-CL(f(p), 5) = f(To-CU(Ti-Int(p, 1), 5).

(4) = (2) Let pu be any U;-fuzzy r-closed set and v any Us-fuzzy
s-closed set of Y. Then f~(u) and f~1(v) are fuzzy sets of X. By (4),

F(T-CT-Tnt(f ™ (), 5),7)) S UL-CU(FF 7 (), 7)
< U-Cl(p,r) = p

and

HT-CATi-Int(f} (), 1), 8)) < Uo-CUFfH(v), 8)
<U-Cl(v, s) = v.
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So

T-ClTo-Int(f (1), 8),7) < £~ F(T-CUTo-Int(f 1 (), 5), 7))
< 7w

and

To-CUTi-Int(f~(v),7),8) < f 1 f(To-CUT-Int(F 4 (v), 7), 9)
< fHw).

Therefore f~1(u) is a (71, T2)-fuzzy (r, s)-preclosed set and f~*(v) is a
(72, T )-fuzzy (s,r)-preclosed set of X. O

In general, it need not be true that if f and g are fuzzy pairwise (r, s)-
precontinuous ((r, s)-preopen and (r, s)-preclosed, respectively) then so
is g o f. But we have the following theorem.

THEOREM 4.5. Let (X,71,7T2), (Y,U1,Us) and (Z,V1,Vs) be smooth
bitopological spaces and let f : X — Y and g: Y — Z be mappings and
r,s € Iy. Then the following statements are true.

(1) If f is fuzzy pairwise (r, s)-precontinuous and g is fuzzy pairwise
(r, s)-continuous then go f is fuzzy pairwise (r, s)-precontinuous.

(2) If f is fuzzy pairwise (r,s)-open and g is fuzzy pairwise (r,s)-
preopen then g o f is fuzzy pairwise (r, s)-preopen.

(3) If f is fuzzy pairwise (r, s)-closed and g is fuzzy pairwise (r, s)-
preclosed then g o f is fuzzy pairwise (r, s)-preclosed.

PRrROOF. Straightforward. O

The next two theorems show that a fuzzy pairwise precontinuous
mapping is a special case of a fuzzy pairwise (r, s)-precontinuous map-

ping.

THEOREM 4.6. Let (X,71,73) and (Y,U1,Us) be smooth bitopolog-
ical spaces and let r,s € Iy. Then f : (X,T1,T3) — (Y,U,Us) is
fuzzy pairwise (r, s)-precontinuous if and only if f : (X, (71)r, (T2)s) —
(Y, (Uh),, (Us)s) is fuzzy pairwise precontinuous.
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PROOF. Let p € (Uy), and v € (Uz)s. Then Uy (p) > r and Up(v) > s
and hence u is a U;-fuzzy r-open set and v is a Us-fuzzy s-open set
of Y. Since f : (X,71,T2) — (Y,U,U) is a fuzzy pairwise (r,s)-
precontinuous mapping, f~!(u) is a (71, 72)-fuzzy (r, s)-preopen set and
f~Y(v) is a (T2, T1)-fuzzy (s,r)-preopen set of (X, 7;,73). So f~ (u) is
(T1)r, (T3)s)-fuzzy preopen and f~(v) is ((T3)s, (T:),)-fuzzy preopen
of (X,(Ti)rs (Ta)s). Thus f : (X,(Ti)rs (T3)s) — (¥ (Uh)r, Ua)s) s @
fuzzy pairwise precontinuous mapping.

Conversely, let p be any U;-fuzzy r-open set and v any Us-fuzzy s-
open set of (Y,Uy,Us). Then Us (i) > v and Us(v) > 5. So p € (Uz), and
Ve (u2)s~ Since f : (Xv (ﬂ)m (7—2)5) - (K (ul)r, (u2)s) is a fuzzy pair—
wise precontinuous mapping, f~1(u) is a ((71)r, (72)s)-fuzzy preopen
set and f~1(v) is a ((72)s, (1) )-fuzzy preopen set of (X, (71),, (72)s)-
So f~Y(u) is a (71, T)-fuzzy (r, s)-preopen set and f~1(v) is a (72,71)-
fuzzy (s,r)-preopen set of (X, 77,73). Thus f: (X, 71, T3) — (Y, U, Us)
is a fuzzy pairwise (r, s)-precontinuous mapping. g

THEOREM 4.7. Let (X,T1,T>) and (Y, U1, Ua) be Kandil’s fuzzy bito-
pological spaces and let r,s € Iy. Then f : (X, T1,T3) — (Y,U1,Uz) is a
fuzzy pairwise precontinuous mapping if and only if f : (X, (T1)", (I2)°)
— (Y, (U1)", (Uz)?®) is a fuzzy pairwise (r, s)-precontinuous mapping.

PROOF. Let y be a (U;)"-fuzzy r-open set and v a (Usp)*-fuzzy s-
open set of (Y, (U1)", (Uz2)®). Then (U1)"(p) > r and (Uz)*(v) > s and
hence p € Uy and v € Us. Since f : (X,T1,To) — (Y,Uy,Us) is a fuzzy
pairwise precontinuous mapping, f~1(x) is a (T}, Tz )-fuzzy preopen set
and f~!(v) is a (T, Ty)-fuzzy preopen set of (X,T1,72). So f~1(u)
is a ((T1)", (Tz)*)-fuzzy (r, s)-preopen set and f~1(v) is a ((T%)%, (11)7)-
fuzzy (s, r)-preopen set of (X, (T1)", (12)%). Thus f : (X, (Th)", (T2)*) —
(Y, (U1)", (Uz)®) is a fuzzy pairwise (r, s)-precontinuous mapping.

Conversely, let 4 € Uy and v € Uy. Then (Uy)"(p) > r and (Uz)*(v) >
s, and hence p is a (Up)"-fuzzy r-open set and v is a (Uz)®-fuzzy s-
open set of Y. Since f : (X,(Th)", (T2)®) — (Y, (U1)", (U2)®) is a fuzzy
pairwise (r, s)-precontinuous mapping, f~'(x) is a ((Th)", (T2)*)-fuzzy
(r,s)-preopen set and f~1(v) is a ((T2)*, (T1)")-fuzzy (s, r)-preopen set
of (X, (Ty)", (T2)?). So f~Y(u) is a (T}, T )-fuzzy preopen set and f~*(v)
is a (T, T1)-fuzzy preopen set of (X,7T1,72). Thus f : (X,T1,T2) —
(Y,U;,Us) is a fuzzy pairwise precontinuous mapping. O
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