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STABLE RANK OF TWISTED CROSSED PRODUCTS OF
C*-ALGEBRAS BY ABELIAN GROUPS

TAKAHIRO SUDO

ABSTRACT. We estimate the stable rank of twisted crossed products of C*-algebras
by topological Abelian groups. As an application we estimate the stable rank of
twisted crossed products of C*-algebras by solvable Lie groups. In particular, we
obtain the stable rank estimate of twisted group C*-algebras of solvable Lie groups
by the (reduced) dimension and (generalized) rank of groups.

INTRODUCTION

The stable rank of C*-algebras was introduced by Rieffel [Rfl] as a noncommuta-
tive analogue of the covering dimension of spaces, and some fundamental formulas
of the stable rank, connected stable rank and general stable rank were obtained
(cf. Rieffel [Rf1, Rf2]; Nistor [Nsl, Ns2|). The most interesting results among them
would be the stable rank and connected stable rank estimates of crossed products
of C*-algebras by the integers, that is, the formulas (cf. Rieffel [Rfl, Theorem 7.1
and Corollary 8.6)).

(F): for any C*-algebra %,
sr(Axq Z) < sr(A)+1 and csr(A xq Z) < sr(A) + 1,
where « is an action of Z by automorphisms of 2.

The first one is useful to estimate the stable rank of irrational rotation algebras as an
application, and the second one is applicable to the cancellation property of finitely
generated projective modules over those crossed products by the integers. See also
Blackadar [Bl, §6.5] for a relation between the stable rank and the cancellation
property. On the other hand, a general theory of twisted crossed products of C*-
algebras by locally compact groups has been studied by Packer & Raeburn [PRI,
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PR2]. In particular, the covariant representation theory of these twisted crossed
products and its related properties have been considered in details. Also, see Packer
& Raeburn [PR3] for the structure of twisted group C*-algebras.

Our aim of this paper is to generalize the Rieffel’s stable rank estimate of crossed
products by the integers to the case of twisted crossed products by topological
Abelian groups. The main results concern the cases by either compact connected
Abelian groups or the real numbers (c¢f. Theorems 1 and 3). For the proof we follow
the same argument as used by Rieffel for the stable rank estimate of crossed products
by the integers. However, it requires more careful framework for generating elements
of twisted crossed products by those groups.

Moreover, the case of twisted crossed products of nonunital C*-algebras by those
groups should be treated independently and is more complicated than the unital
case (cf. Theorem 4).

As an application we obtain the stable rank and connected stable rank estimates
of twisted crossed products by solvable Lie groups. In particular, we estimate the
stable ranks of twisted group C*-algebras of solvable Lie groups by the (reduced)
dimension and (generalized) rank of groups. For the proofs we use the Packer and
Raeburn’s decomposition theorem of twisted crossed products Packer & Raeburn
[PR1, Theorem 4.1]. Also, see Sheu [Sh], Sudo & Takai [ST1, ST2] and Sudo [Sd1,
Sd2, Sd3, Sd4, Sd5, Sd6, Sd7, Sd8] for some related works on the stable rank of
group C*-algebras. In particular, the stable rank estimates of crossed products by
either the real numbers or the tori and its applications were considered in Sudo [Sd8]
with the same spirit as the above case of twisted crossed products.

NOTATIONS AND DEFINITIONS

For a C*-algebra 2 (or its unitization "), its (topological) stable rank, con-
nected stable rank and general stable rank are denoted by sr(2), csr(2) and gsr(2A)
respectively (cf. Rieffel {Rf1]; Nistor [Ns1]). By definition, these stable ranks take
values in {1,2,...,00}, and sr() < n if and only if the open subspace Ly (%) of A"
is dense in A", where (a;)7_; € Ln(2) if and only if }°7_, aja; (or > j=1 bja; for
some (b;)7_; € U") is invertible in 2, and csr(?) < n if and only if the connected
component GL,,(A)o of GLn () with the unit acts transitively on Ly, (%) for any
m > n, or equivalently L,,(?) is path-connected for any m > n, and gsr(®) < n
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if and only if GL,, () acts transitively on L., () for any m > n. In general,
gsr(RA) < csr(A) < sr(™A) + 1 (¢f. Rieffel [Rf1, Corollary 4.10 and p. 328]).

Let Co(X) denote the C*-algebra of all continuous functions vanishing at infinity
on a locally compact Hausdorff space X. Set C(X) = Co(X) when X is compact.

Let 2 x4 G denote the twisted crossed product of a (separable) C*-algebra 2
by a locally compact group G with (o, u) a twisted action, where « is an action of
automorphisms of 2 by G and u is a Borel map from the direct product G x G to the
unitary group UM () of the multiplier algebra M (%) of A such that (in particular)

a. =1id, wule,g) =u(g,e) =1 for ¢ € G and e the unit of G,
agoap = Adu(g,h) o ag for g,h € G.

A covariant representation of a twisted dynamical system (A, G, o, u) (or A Xq .y G)
is a pair (7, U) (or its integrated form 7 x U) with 7 a non-degenerate representation
of 2 on a Hilbert space H and U a Borel measurable map from G to the unitary
group on H such that

UpUp = m(u(g, h))Ugn, w(ag(a)) = Uyn(a)U; for g,h € G and a € 2.

See Packer & Raeburn [PR1, PR2] and Busby & Smith [BS] for more details. Refer
to Blackadar [Bl] and Pedersen [Pd] for general references. In what follows G will
be a Lie group.

THE MAIN RESULTS

First of all, we consider the case of twisted crossed products by compact connected
commutative Lie groups, i. e., the I-torus T

Theorem 1. Let 2 be a unital C*-algebre, G = T, and A Xa,uG the twisted crossed
product of A by G with («,u) a twisted action. Then

sr(2A Xg .y G) < sr(A) + 1.
Proof. By assumption of 2 being unital we have u(l,m) € A = M(A) for any
l,mea@G.

Let (m,U) be a covariant representation of the twisted dynamical system (2, G, «,
u), and 7 x U its associated integrated representation of A x, ,, G defined by

(n x U)(z) = /G w(z(®)Uidt  for z € L}(G, %),
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where L(G, ) is the dense space (or *-algebra) of all 2-valued integrable functions
on G (with the convolution product associated with the twisted action (a,u)). We
may assume that mx U is universal. In fact, (7, U) will be defined to be the direct sum
representation of all covariant representations of the system, or we may assume that
(m,U) is the regular representation induced by a faithful representation of 2 since
G = T' is amenable, (cf. Packer & Raeburn [PR1, Theorem 3.11)). Then 2 x4, G
is identified with the C*-algebra generated by the set {af|a € 2, f € LY(G)},
where L(G) is the space (or x-algebra) of all integrable measurable functions on G
(with the usual convolution product). Note that (7 x U)(af) = [, 7(a)f(t)Updt =
7(a)(fg f(t)Usdt). Moreover, the set of linear spans:

span{af|a € A, f € L}(G)}
is dense in A Xqa 4 G (cf. Packer & Raeburn [PR1, Definition 2.4]; [PR2, Corollary
1.5]). In fact, note that for b € % and g € L}(G),

( /G g(t)Utdt> m(b) = /G g Uy (B)UUpdt = /G (&) (e (b)) Usdt.

Since the integral [ g(t)m(cy(b))Usdt is regarded as the integrable function from
t € G to g(t)m(au(b))U; € 2, it is approximated by finite sums of elements of the
form af fora e A and f € LI(G)j Also, note that for z,y € L*(G, %),

(r x U)(&)(r x U)(y) = /G r(2(t)) Uidt /G 7(y(s))Usds
- / / m(2(t))m (0 (u(5))) UnUsditds
GxG
- / / 7 (2(t)m (e (y(5)))m (ult, $)) Vs adtds
GxG

_ /G ( /G w((m(t)at(y(s—t))u(t,s—t))dt> Usds
— [ 7@ % ) Vsts = (¢ V)& 50 9)

where & %4, y defined as above is the convolution product associated with (a,u),
and this product is also approximated by finite sums of the form ch for ¢ € A and
h € LY(G).

Now note that L!(G) is contained in L}(G,®l) since 2 is unital. Thus, L'(G) is
contained in A x4, G. Also, since G = T has only trivial multipliers (cf. Baggett
& Kleppner [BK, Lemma 3.2]), the convolution product of L'(G, ) associated with
(o, u) must be the usual one on the restriction to L'(G). Hence the C*-completion
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C*(T!) =2 C x T of L(T") is also contained in A x4, T'. Therefore, the unitization
C*(TY)* is contained in the unitization (% x4, T!)T. By the Fourier transform, we
have C*(TH+ = Co(ZH)* = C((ZH)1), where (Z')* is the one-point compactification
of Z!. Moreover, (Z})* is identified with a closed subset of T. Thus, C((Z")*) is
generated by a single unitary, say W. Combining this observation with the above
argument, we have that (2 x4, T')* is generated by the linear span:

span{aW*|a € A,k € Z}.

Set B = (A Xou G)t and D = {aW*|a € A,k € Z}. Now suppose that
sr(2) < n — 1. We consider the following operations on D™
(Op;): The left multiplication on ®™ by elementary matrices over D".
(Op,): The right multiplication on D" by (W 7y forkj € Z.
Note that ©™ is stable under these operations.

For any (d;)_; € D" with d; = Y 17, a;W¥is for a;5 € % and kjs < kjsor1
(1 £ s <mj; — 1), define the length

L(dj) of d; to be k?j,mj —k;1+1,

and define the length

L((d;)3=1) of (d)3=y to be Y L(d;).
j=1

Now take any element of 8™. Then it is approximated closely by an element
(dj)}=, of D™. Take a small open neighborhood V of (d;)7_;. Then consider the
above two operations (Op;) and (Op,) on YV ND™. Then there exists an element of
D™ whose length is the smallest among

{L((d})7=1) | (d})}=; transferred from (d;)7—; € VND" by (Op;), (Op,)}-.

Assume that (d;)7_, is such an element.

Then suppose that d; # 0 for any 1 < j < n. Then we show a contradiction in
the following. By permutation by (Op; ), we may assume that L(d,,) is the maximum
among {L(d;)}}_;. Let

M
dj = a; Whe(1 < j <n)and kjs < kjer1(l <5 <my—1).

s=1

By (Opy) as (dj)7—y + (d;W* ™ %m3i)n_ the highest term of d;W*+™ ~*m; with

respect to the power of W is aj,ijk’v’”l (1<j<n-1). Since sr(A) <n-—1, by
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replacing (a;,m, );:11 with its near element in 2A™~!, there exists (bj)?“:—ll € A"~ ! such
that Z;‘;ll bj@jm; = @n,m,. By (Op;) as the following multiplication

1 0 dIWkn,mn_kl,ml d/l
. _ — . ,
. dn—IWkn’m" kn-1m,_, ;'L—-l
4
by -+ —=bpq 1 dn dp

we have L(d;) = L(d;) for 1 < j <n—1, but L(ds) > L(dy). This is the contradic-
tion.

From the above observation, we may take (d;)7_; € D™ with d; = 0. Then we
may let di = €l for € > 0 small enough. By (Op,) by subtraction matrices over D,
it is able to map (d;)7_; to (1,0,...,0) € L,(*B). Note that L,(B) is stable under
(Opy), and this local density of L, (B) is always true.

As for (Op,), we consider the case of W = W and W% =1 for 2 < j < n.
The general case is reduced to this case by multiplications and permutations. Note
that diW = W(W*d;W), and the map B" 3 (d;)7.; = (W*diW,dz, ..., dn) is an
inner automorphism of B™ so that it is a homeomorphism (which need not preserve
L,.(*B) by the local density of L, (*8) as given above). And the (Op,) by (W,1,...,1)
preserves L, (*B).

It is deduced from the above érgument that L,(B) is dense in B"™. Hence we
obtain sr(B) = sr(A Xq . G) < 1. O

Remark. Our above argument for the proof also works for compact Abelian groups
K with only trivial multipliers or the cohomology group H?(K,T) trivial, so that
their twisted group C*-algebras are commutative (cf. Packer [Pk, Example 1.2]).
When both of (a,u) are trivial, we have

A Mo TM = A® C*(T"), and C*(T™) = Co(Z™).

Since Z™ is discrete, sr(UA Mg T") = sr(A). When u is trivial and A = B x5 Z
and « is the dual action of 3, we have A x, T = B ® K by Takai duality (cf.
Takai [Tk}; Blackadar [Bl]; Pedersen [Pd]), where K is the C*-algebra of all compact
operators. By Rieffel [Rfl, Theorems 3.6 and Theorem 6.4], we obtain sr(2A x, T) =
min{sr(B), 2}. In particular, if 2 is a simple crossed product of the form C(X) x,Z
for X a compact space with dimX > 2 so that sr(C(X)) > 2 by Rieffel [Rfl,
Proposition 1.7], and sr(%) = 1 (for example, the noncommutative tori of the form
C(T™) xg Z with © the multi-rotation action on T™ by (¢2™:)7_, for ; irrational),
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then
sr(A X T) = 2 = sr(2A) + 1.

By using the same argument of Rieffel [Rfl, Corollary 8.6] we have

Corollary 2. Under the same situation as Theorem 1, we obtain

est(A Mg TV < sr(A) + 1.

Proof. The proof of Theorem 1 implies that the set of all elements of the form Fe;
for F an elementary matrix over D and e; = (1,0,...,0) is dense in B™. Thus, the
set of all elements of the form Le; for L € GL,(B)y the connected component of
GLn(B) with the identity matrix is dense in B™. Hence L, () is connected. =~ O

Remark. When both of (o, u) are trivial, we have csr(?A Xq,, T™) = csr(2). Since
gsr(-) < csr(-) by definition, we have gsr(2 x4, T") < sr(2) + 1.

By the same way as the proof of Theorem 1 and Corollary 2, we obtain

Theorem 3. Let A be a unital C*-algebra. Then

st Mg R) <sr(2A)+1,
esr(UA Xgu R) < sr(A) + 1.

Proof. Note that 2 x4, R is generated by elements of the form af for a € 2
and f € LY(R). Also, the cohomology group H?(R,T) is trivial, and C*(R)* =
Co(R)* = C(T) by the Fourier transform. O

Remark. When both of (o, u) is trivial, % Xq, R = 2A ® Cp(R). By Rieffel [Rfl,
Corollary 7.2}, we know that sr{(2 ® Cp(R)) < sr(2) + 1 since A® Cy(R) is regarded
as a closed ideal of 2 ® C(T). By the same way as Remark of Theorem 1, one can
obtain
sr(A X R) =sr(A) + 1

for certain C*-algebras % = B x5 R with a the dual action of 3. In particular, we
may take the foliation C*-algebras of the form C(T"*!) xg R with 3 free and its
transversal T" so that

C(T™) xg R (C(T") x5 Z) @ K
where (' is the restriction to the transversal T". It is known by Raeburn & Rosen-

berg [RR, Theorem 4.1] that the cohomology group H2(R, C(X,T)) for X a compact
metrizable space is trivial, where C(X,T) is the space of all continuous T-valued
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functions on X, which is also the unitary group of M(Cy(X)) (cf. Packer [Pk, Def-

initions in §1]). However, more general results about the cohomology vanishing of
H2(R,UM(2)) for A a C*-algebra would be unknown.

By the similar way as the proof of Theorem 1, we obtain in the nonunital case.

Theorem 4. Let A be a nonunital C*-algebra, G either T™ or R, and A x4, G the
twisted crossed product of A by G with (a,u) a twisted action. Then

St(A X G) < st(C*(YU,u(G,G))) + 1,

where C*(U, uw(G, G)) means the C*-algebra generated by A and all u(s,t) for s,t €

G. Moreover, we obtain

max {sr(2), st (C*(u(G,G)))} <sr (C*(%,u(G,G)))
< max {sr(2), st (C*(u(G, G))), csr (C*(u(G,G))) },

where C*(u(G, G)) means the C*-algebra generated by u(G,G).

Proof. The line of the proof is the same as Theorem 1. Note that A X, G is
identified with the C*-algebra generated by the set

{(m x U)(af), (x x U)(u(s,t)f)|a € U,s,t € G, feLYQ)},

where 7(u(s,t)) means the image of u(s,t) € UM (1) under the canonical extension

of m on A to M (). Moreover, the set of linear spans:
k
span{(r x U)(af), (m x U)(J [ u(s;,t;)f) |a € 2,55, € Z, f € L'(G)}
J=1

is dense in A x4, G, where each u(s;,t;) may be replaced with its adjoint u(s;,t;)*.
In fact, note that au(s,t),u(s,t)a € A for any a € A and s,t € G since A is a closed
ideal of M(2). Also, C*(U,u(G,G)) may be identified with C*(7(), 7(u(G,G)))
generated by 7() and 7(u(G, G)).
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Moreover, observe that for f € L(G) and I,m € G,
/ FO)Uadtr(u(l,m)) = / FOUTUnUY
G G
= | F Ui
= | HOm (e, ) UnTF,
- /G £ m(ult, D)r(ult + 1, m))
- / F)mult, D)t + L m))r(u(t, L+ m) UUsmUf
G

- /G F@)m(utt, D)m(ult + 1 m))m(u(t, + m))Usdt.

Therefore, this integral is approximated by finite sums of elements of the form

k
(m x U)(H u(sj,t;)g) for g € LY(G) and s;,t; € G.

j=1
Similarly, note that for a € %,

(u(l,m)) /G FOUsdtn(a) = m(u(l, m)) /G FOUir()UrUsdt
- /G FO)m(ull, m)r(on(a) Uit

which is approximated by finite sums of elements of the form (7 x U)(bg) for b € A
and g € L}(G).

Next suppose that sr(C*(2, u(G,G))) < n—1 as sr(A) < n — 1 in the proof of
Theorem 1 and follow the same argument as given there.

Finally, note that the following sequence is exact:

0—-2A— C*"(AUu(G,G)) - C*(u(G,G)) — 0,

since 2 is a closed ideal of C*(2, u(G,G)). Then use [Rfl, Theorems 4.3, 4.4 and
4.11] which imply that for any exact sequence: 0 — J — B — B/T — 0 of C*-
algebras,

max{sr(J),sr(B/T)} < sr(B) < max{sr(J),sr(B/T),csr(B/T)}. O

Remark. When u(n,m) € T for any n,m € G, we have C*(u(G,G)) = C. Thus we
obtain

st(C* (A, u(G,G))) = sr(™A + C1) = sr().
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The framework for generating elements in the proofs of Theorems 1 and 4 will be use-
ful in another situation somewhere else. The structure of the algebra C*(u(G, G)) in
a general situation might be interesting or rather complicated. Note that m(u(s,t)) =
UsUU; ), so that C*(u(G, G)) is a C*-subalgebra of the algebra generated by U; for
seq.

By the same was as Corollary 2 we obtain

Corollary 5. Under the same situation as Theorem 4 we have
est(A Xy G) < sr(CH (A, u(G,G))) + 1.
For the convenience, we now check the following which would be known to spe-
cialists:

Proposition 6. Let 2 be a C*-algebra, and 2 x4 Z the crossed product of 2 by Z.

Then, for any twisted action (o, u),
AXguZ = UAxg L.
Moreover, we obtain % Xq 4 Zn = U Xg Zy, where Z, means the finite cyclic group
of the order n.
Proof. Let E =UM(2) x Z be a semi-direct product with the product defined by
(u, m)(v, n) = (uam(v)u(m,n),m + n)
for (u,m),(v,n) € E. That the product is associative follows from
(u,m)(v, n)(w,l) = (uam(v)u(m,n), m + n)(w,l)
= (uam(v)u(m, n)amin(w)uim +n,l),m+n+1)
for (w,!) € E, and on the other hand,
(u,m)(v,n)(w,l) = (u,m)(van(w)u(n,l),n +1)
= (uam (va, (w)u(n, ))u(m,n +1),m +n +1)
= (Ut (V) min(W)om(u(n, ))ulm,n+1),m+n+1).
Moreover, we have
u(m, n)mn(w) = w(m, n)omyq(w)u(m, n)*u(m,n)
= Ad u(m, n)amin(w)u(m,n)
= oy 0 an(W)u(m, n) = amin(w)u(m,n),

am(u(n,))u(m,n +1) = u(m,n)u(m +n,l).
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Therefore, E is a group with Z a quotient. Since it is a general principle that group
extensions with Z as quotients are always split, there is a splitting ¢ from Z to E.
Set p(n) = (Y(n),n) € E. Then

p(m)e(n) = p(m +n) = (Y(m +n),m +n),
p(m)p(n) = (Y(m), m)(¢(n),n)
= (b(m)om (Y (n))u(m,n),m +n).

Thus, it follows that Y(m)am(Y(n))u(m,n)Y(m + n)* = 1. Now define B,(a) =
Y(n)an(a)y(n)*. Then § is an action of Z on 2, and it is exterior equivalent to
(a,u). By Packer & Raeburn [PR1, Definition 3.1, Remarks 3.2 and Lemma 3.3],
we deduce the conclusion. The case for Z, follows from the same argument as
above. Note also that a twisted action of Z, is naturally extended to a twisted
action of Z. d

Remark. Note that crossed products Ax, Z,, can be regarded as quotients of Ax o~ Z
with a”™ the canonically extended action of a (cf. Blackadar [Bl, Section 10.3]), so
that sr(U X Zy) < st X~ Z) by Rieffel [Rfl, Theorem 4.3]. It might be possible
to replace the tori in Theorem 1 with the direct products T¢ x iy X +++ X L, for
some [ > 0 and ni,...,n, > 2 since they are compact Abelian. However, their
twisted group C*-algebras are noncommutative in general (c¢f. Remark of Corollary
8 and Raeburn & Rosenberg [RR, Example 4.19)).

Now we consider applications in the following.

Recall that a commut'ative Lie group @ generated by a compact neighborhood
of the identity is isomorphic to the direct product T! x R® x Z! x F for F a finite
Abelian group and [,s,t > 0 (c¢f. Pontrjagin [Pt]). We say that such a group Q
is an elementary topological Abelian group. Note also that F is isomorphic to a
direct product II}_,Z,; of finite cyclic groups Z,; of order v; > 2. Set rd-grk(Q) =
l+s+t+uifl > 1, and rd-grk(Q) = s+t + u if | = 0, where rd-grk(-) means
(the sum of) the (reduced) dimension and (generalized) rank of Q. Note that if
Q=T xR*xZ (I >1), then

~

rd-grk(Q@) = dim(Q) + 1,

where Q = Z! x R® x Tt is the dual group of (). We consider solvable Lie groups
G which have (finite) normal series {H;}}_, with Ho = {1} and H, = G such that
Hj; 1 is normal and closed in Hj, and each subquotient H;/H;_1 is an elementary
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topological Abelian group (1 < j < n) (c¢f. Ragunathan [Rg] for G discrete). Define
the (reduced) dimension and (generalized) rank of G to be

n

rd-grk(G) = Z rd-grk(H;/H;-1).
j=1

Then we obtain the following theorem.

Theorem 7. Let U be a unital C*-algebra and G a solvable Lie group with a normal
series with subquotients elementary topological Abelian. Then

st(A Xg .y G) < sr(A) + rd-grk(G),
est(A Xy G) < sr(2) + rd-grk(G).

Proof. Let {H;}7_q be a normal series of G with Ho = {1} and H, =T such that
H;/H;_, is elementary topological Abelian and closed in G/H;-1(1 < j < n). By
using the decomposition theorem of twisted crossed products Packer & Raeburn
[PR1, Theorem 4.1] repeatedly,

A Hau G= (91 Hau Hl) Aoy, ug (G/Hl)
(A Moy Hi) Xasuy (H2/H1)) Xagus (G/Hz)
(- (((A X H1) Xagus (H2/H1)) Xag,ug (H3/H2)) ) ¥apun Hn/Hn-1.

14

IR

Put
B =Uj; Xy (Hj/Hj—1) (1< j<n)

with a1 = @ and u; = u, where 2y = A o Hi, Az = (A X H1) Xayu, (Ha/H1)
and 2, is defined inductively the same way as in the decomposition. Since H; [Hj_1
is elementary topological Abelian, H;/H;_; = T x R x Zt x F} for a finite Abelian
group F; and some [;, s;,t; > 0. Let F; = HZilzvk for some vg > 2 and u; > 0. By
using the decomposition theorem again repeatedly,

B; Moy, (Hj/Hjm1) % B Xy, (TV X RS X 219 x Fy)
= (B Mo, TH) % (R x ZY x Fj)
& (- (G- ((By Mo u; le) NR)- ) XZ) X Zyy) ) ”Zvu]»
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By using Theorems 1 and 3, Proposition 6 and the formula (F) repeatedly,
St(A Xgu G) = st(AUn XN, 4, (Hn/Hn-1))
< sr(2y) + rd-grk(Hn/Ho1)
< Sr(mn—l) + rd'grk(Hn-l/Hn—2) + rd'grk(Hn/Hn—l)

n
<sr() + Y rd-grk(H;/H; 1)
=1
and rd-grk(G) = ?:1 rd-grk(H;/H;_1). We use the same argument and Corollary
2 for the connected stable rank estimate in the statement. In particular,

est(A Ngu G) = csr(Bp Xayuy (T X R x Zin x F))
< s1(Br, Xy un (R x Z x Fp)) + 1. O

Remark. If G is nilpotent, each subquotient H;/H;_y is central in G/H;_;. In
particular, we take G as either the real 2n + 1-dimensional Heisenberg groups or
the discrete Heisenberg groups of rank 2n + 1, which are central extensions of R?"
by R and those of Z?" by the center Z, and isomorphic to the semi-direct products
R™t! x, R® and Z*t! x, Z™ respectively, where oy, (I, m) = (I + Z?=1 njm;, m) for
l€R (or Z), n = (n;),m = (m;) € R" (or Z") (cf. Lee & Packer [LP]; Sudo [Sd5]).

Also, it is well known that a finite group is solvable if and only if it has a com-
position series (a refinement of normal series) with its subquotients cyclic groups of
prime orders (cf. Ragunathan [Rg]).

Corollary 8. Let G be as in Theorem 7 and C*(G, o) the twisted group C*-algebra
of G with a cocycle o and [o] € H*(G,T). Then
st(C*(G, o)) < rd-grk(G),
csr(C*(G, 0)) < max{2,rd-grk(G)},
gsr(C*(G, o)) < rd-grk(G).
In particular, for C*(G) the group C*-algebra of G,
(C*(G)) < rd-grk(G),
csr(C*(G)) < max{2,rd-grk(G)},
gsr(C*(@)) < rd-grk(G).

Proof. Note that C*(G,0) = C xiq, G a twisted crossed product of C by G, where
id means the trivial action of G on C. Also note that C X;q, Z = C x Z since the
cohomology group H?(Z,T) is trivial (cf. Packer [Pk, Example 1.2]), and C x Z =
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C*(Z) = C(T) by the Fourier transform. Similarly, C xiq o Zn, = CxZ, = C". More-
over, we have sr(C(T)) = 1, and csr(C(T)) = 2 (c¢f. Rieffel [Rf1, Proposition 1.7];
Sheu [Sh, p. 381]) while gsr(C(T)) = 1 since C(T) is commutative and gsr(C(T)) < 2
(cf. Rieffel [Rf1, remark of Proposition 10.2]). O

Remark. When G = Z", the twisted group C*-algebras C*(Z", o) are called noncom-
mutative tori. In particular, C*(Z?,09) = C(T) X, Z the rotation algebra, where
oo((z1,22), (41, ¥2)) = e¥™0%291 for (1, 20), (y1,72) € Z2, § € R and ap(z) = ™02
for z € T (¢f. Packer [Pk, p. 192]), so that

C*((Zn)?, 0n-1) 2 C" Xq__, L = My(C)

the n x n matrix algebra over C. It is known by Blackadar, Kumjian & Rodam
[BKR] that any simple noncommutative torus has the stable rank one. On the other
hand, the connected stable rank of simple noncommutative tori is 2 by this fact,
Rieffel [Rfl, Corollary 4.10] and the fact that their K;-groups are nontrivial (cf.
Hassan [Eh, Corollary 1.6 & Theorem 2.2}). Also, C*(Z") = C(T"). Thus,

st(C*(Z™)) = st(C(T™)) = [n/2] + 1 < n = rank(Z").

Hence, it would be desirable to replace rd-grk(G) with [rd-grk(G)/2] + 1 in the
estimates obtained above. '
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