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A WEAK LAW FOR WEIGHTED SUMS OF
ARRAY OF ROW NA RANDOM VARIABLES

Jong IL BAEK, HAN-YING LIANG AND JEONG YEOL CHOI

ABSTRACT. Let {Xnr |1 < & < n,n > 1} be an array of random
variables and {a,|n > 1} and {b.|n > 1} be a sequence of constants
with a, > 0, b, > 0,n > 1. In this paper, for array of row negatively
associated(N A) random variables, we establish a general weak law
of large numbers (WLLN) of the form (3 7_; axXnk — vnk) /bn
converges in probability to zero, as n — oo, where {vnk|l < k <
n,n > 1} is a suitable array of constants.

1. Introduction

Alam and Lal Saxena ([4]) and Joag-Dev and Proschan ([9]) intro-
duced the notion of negatively associated (N A) random variables. Con-
cepts of NA random variables are of considerable uses in multivariate
statistical analysis and system reliability. Many authors ({12}, [13]) have
studied the limit properties for them. We start this section with defini-
tion as follows.

DEeFINITION ([9]). Random variables X3, --- , X, are said to be neg-
atively associated (IVA) if for any two disjoint nonempty subsets A; and
Az of {1,--- ,n} and fi and f; are any two coordinatewise nondecreasing
functions,

Cov(fl(Xia 1€ Al)v fZ(va .7 € AZ)) < O’

whenever the covariance is finite. If for every n > 2, X3, ---,X,, are
NA, then the sequence {X;]i € N} is said to be NA.
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Let {X,x|1 <k <n,n > 1} be an array of row N A random variables
and let {an|n > 1} and {by|n > 1} be a sequence of constants with
an >0, 0 < b, — co,n > 1. Then we establish a general weak law of
large numbers (W LLN) of the form

n
(1.1) (Z arXnk — Unk)/bn converges in probability to zero as n — oo,
k=1

where {v,k|1 < k <n,n > 1} is a suitable array of constants.

The WLLNs of the form (1.1) for array of random variables have
been established by Gut ([7]), Hong and Oh ([8]), Kowalski and Rychlik
([11]), and Sung ([15]). Our purpose establish a general weak law of
large numbers (W LLN) for weighted sums of array of row N A random
variables which satisfy P(|X,x| > z) = O(1)P(|X] > z),Yz > 0. In
section 2, we study some preliminary results and in section 3, we derive

the main results for weighted sums of array of row N A random variables
satisfying P(|X,x| > z) = O(1)P(|X| > z),Vz > 0.

2. Preliminaries

LeEMMA 2.1. Let {Xnk|l < k < m,n > 1} be an array of random
variables which satisfy P(|Xnx| > z) = OQ1)P(|X| > z),Vz > 0. Let
{an|n > 1} and {by|n > 1} be a sequence of constants with a, > 0, 0 <
bp, — 00,n > 1. Put

Cp = bn/an

and define X, = —cp,I(Xnk < —cn) + Xk I (| Xni| < n) + end (Xpi >
cn). If

(2.1) nP{|X| > cx} = o(1)

then the WLLN

> he1 @ (X — X0
by,

(2.2) — 0 in probability as n — oc.
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Proof. For arbitrary e > 0,

{lEk 1 9k (X — rlzk)l>e}
bn,

IA

P { U Ko # X;k>}
k=1

< Y P{IXul > ca}

k=1
< O()nP{|X| > cn} = o(1) by (2.1).

O

LEmMmA 2.2. Let {X,x|1 < k < n,n > 1} be an array of random
variables which satisfy P(|Xni| > z) = O(1)P(|X| > z),Yz > 0, in a
real number p = 1,2. Let {an|n > 1} and {b,|n > 1} be a sequence of
constants with a, > 0, 0 < b, — oo,n > 1, and suppose that either

bn bn, b,
ET,@lZak—o(bp andzk2p“0<z )

(23) k=1 k

n n bp bfl
(24) Zai = O(naﬁ), andX_: kQ(;,ckp =0 (y;_?>

k=1 k=1 k=1%
or
(2.5) b—nT andzn:a —O(nan)
’ NGy o k= logn

hold. If (2.1) holds, then
(2.6) >l P{|Xpk| > cn} = o(aB)

k=1
and
(2.7) > RE|XklPI(| Xnk] < cn) = o(bR)

k=1
obtain, where ¢, = by, /an.

Proof. 1t is omitted because the proof is similar to the proof of [3]. O
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REMARK 1. Note that assumption of array of row NA random vari-
ables is not required in Lemmas 2.1 and 2.2.

3. Main results

Applying Lemma 2.1 and Lemma 2.2, we establish some limit theo-
rems as follows.

THEOREM 3.1. Let {X,x|1 < k £ n,n > 1} be an array of row NA
random variables satistying P(|X,x| > z) = O(1)P(|X| > z),z > 0.
Let {ay|n > 1} and {bn|n > 1} be a sequence of constants with a, >
0, 0 < b, — o0o,n > 1, and suppose that either (2.3) or (2.4) or (2.5)
hold. If (2.1) holds, then the WLLN

> k=1 ak(X':'Lk - EXr’zk)
bn
where X, ok = —cnd(Xnk < —cp) + Xnkd (| Xnk| < cn) + cnI(Xng, > ¢n)-

Proof. Let Xnk = —Cn I (Xnt < —Cn)+XnkI(| Xkl < cn)+cnd (Xnk >

Cn)-

In fact, from the definition of NA random variables, we know that
{ax X, ;|1 <k < n,n > 1} is still an array of row NA random variables.
It follows from Chebyshev’s inequality that for arbitrary € > 0,

p { | Sk (K = EX)| }

— 0 in probability as n — oo,

bn

2
< e2b2 (Z ap(X ))

1 L 1 i 2 12
< Om Y GE(Xy —EX,)’ <Cp Y aiEXj
br k=1 ™ k=1
n 1 n
< Ci Z aZEX2I(| Xnk| < cn) + Ciz 5 > GhCh P(| Xnk| > cn)

" k=1 & k=1
— Dasn— oo, by (2.6) and (2.7),

where C is positive constant which may be different in various places. [l

THEOREM 3.2. Let {Xnk|l < k < n,n > 1} be an array of row NA
random variables which satisfy P(|Xnk| > z) = O(1)P(|X| > z),Vz >
0. Let {an|ln > 1} and {byln > 1} be a sequence of constants with
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an >0, 0 < b, — oo,n > 1, and suppose that either (2.3) or (2.4) or
(2.5) hold. If (2.1) holds, then
k
éllflgxn l Z @;Xni|/bn, — 0 in probability as n — oo.
1=

Proof. Let X, = —cnl(Xnk < —n)+ Xne (| Xnk| < cn)+cnl (Xnk >
¢n) and X)), = Xy — X/,. So,

k
max I Zi:l a"Lan[
1<k<n by,

(2.8) < MaXi1<k<n l Zf:l i X7 + maxi<k<n | Zf:l i X7l
- bn, bn
=1 + bs.

For any € > 0,

P(I; >¢) = (1<k< ZazX;'ﬂ > ebn>

(2.9) n
<Y P(1Xpil > cn)
i=1
= O(1)nP(|X| > ¢,) — 0asn — oo.
Note that
max) <k<n | vy GiEXD;]
br,
1 n
< bn ; ai{(enP|Xnil > en) + E|XnilI (| Xni| < )]
1 n
< = " a)P(IX| > cz) ZazEleII(IXml <)
n =1 1,‘“1

— O asn— oo, by (2.6) and (2.7).

Thus, to prove I; — 0 in probability, it suffices to show that for
arbitrary € > 0,

1<k<

(max |Zaz ;i —EX; ) >bn€) — 0as — oo.

In fact, from the deﬁmtlon of N A variables, we know that {a;X] |1 <
i < k,n > 1} is still an array of row NA random variables. Thus, using
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lemma 4 of Matula [14], we get

’
(12’1]?2(” l Z az - EXm)I > 6bn>

< Cb_2 ZG?E(X;n' — EX,,)*

< Cm ZazP((Xm( > cn) +Cpy }:aZEX2 I(| Xnil < cn)

— 0Oasn— oo, by using (2.6) and (2.7).
O

THEOREM 3.3. Let {X,k]1 < k < n,n > 1} be an array of row NA
random variables with EX,; = 0 and P(|X.| > z) = OQ)P(|X]| >
z),Vx > 0. Assume that {an| n > 1} and {b,| n > 1} are sequence of
constants satisfying a, # 0, b, > 0 and

b b,
Cp = — — 00, a? = O(na?
Tan]” lan] Z )

If E|X| < oo and (2.1) holds, then

121135)(11 | z_; @; Xni|/bn — O in probability as n — cc.
1=

Proof. The definition of I; and I is as that in Theorem 3.2. Similar
to the arguments in Theorem 3.2 , we get I; — 0 in probability. Note
that by EX,; =0,

maxi<i<n | Zf:l aiEXrlnl
bn

1

n
b Z ]azl Cnplel > cn) + E'an’I(‘Xml > Cn)]
n

IA

2

IA

=1
[ 22i=1 19| 1|a2' b P(|X| >Cn)+;’%¥lE’X|I(|X| >Cn)):l

7’|—1 llale le > Cn + Zzzl Iailcn/ P(IXI > $Cn)dx]
Qap n 1



A weak law for weighted sums of array of row N A random variables 347

< ow{ PO 9D b > )

|an]
a; k+1
RS [ 1> caie
< O(1) (n(P|X]| > ) + I :al{ZP(1X|>kcn)}

< o) n(P|X|>cn)+———Zi? ]“"}

n|ay|
by

Thus, to prove I; — 0 in probability, we need only to prove that for
arbitrary € > 0,

< OQ) |InP(IX|>cn) + } =o(1) asn — oo.

1<k<n 4
=1

(max]Zaz —EX;ilzebn>——> Oasn — .
In fact, without loss generality, we may assume a; > 0 smce a; = a”" —a;
Hence by the definition of X, , we know that {a; X/ ;|1 <i<n, n >
1} is still an array of row N A random variables. Now, by using Lemma

4 of Matula ([14]), we have

!/
(KM Za, —EX.)| > eb )

=1

S %i 2Exl2
< —Q‘Z [ P(|Xni| > cu) + EX. mi (11 Xns| < c0)]
< 0(1)P i 2b%P(|X[> izn: 2enE| Xl
= L b% an b% a; Cp ni
(S a2 n
< 0(1) —Zﬁgﬂp(|xy>cn)+ i=1 zEm}
L |an by
[
< 0(Q1) in(P|X| >an)+n'an'} = o(l)asn — oo.
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REMARK 2. We restrict EX,; = 0 and EF|X| < oo in Theorem
3.3, but the restriction for {a,} and {b,} is weakened compared with
Theorem 3.2. Furthermore, if {X,x|1 < k < n,n > 1} is identically
distributed in Theorem 3.3, then the condition of E|X| < oo can be
cancelled, while the condition of EX,; = 0 is mild. Hence, we can find
that there is different advantage for Theorems 3.2 and 3.3.

By extending the index set for NA variables in Theorem 3.2 to the
set Z of integers, the proof is similar.

THEOREM 3.4. Let {X,x|k € Z,n > 1} be an NA array of random
variables satisfying P(|Xnk| > z) = O(1)P(|X| > z). Let {an|n > 1}
and {b,|n > 1} be sequence of constants with a, > 0, 0 < b, — co,n >
1 and suppose that either (2.3) or (2.4) or (2.5) hold. If (2.1) holds, then
| > kez @ Xnkl|/bn — 0 in probability as n — co.

Proof. It is omitted because the proof is similar to Theorem 3.2. [
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