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GENERALIZATION ON PROPER G-SPACES
FOR LOCALLY COMPACT LIE GROUP G

HyANG-S00OK LEE

ABSTRACT. In this paper we study the relation of Euler charac-
teristic with respect to cohomology with compact support in Fp-
coefficient for the fibration of ENR’s and generalize some properties
on proper G-spaces for locally compact Lie group G.

0. Introduction

Let G be a Lie group. Then the transformation group theory on
compact G has been developed with lots of properties. If G is allowed
to be anything more general than a compact group, theorems about
G-spaces become extremely scarce. To recover some theory on spaces
with noncompact group action, there must be some restriction on G-
action. The Cartan G-spaces are those G-spaces which make many
statements valid which apply when G is compact ([8]). In this paper
we generalize some properties which are also satisfied on compact case
for Cartan G-spaces and more restrictive proper G-spaces where G is
a locally compact Lie group. We also study the property regarding
ENR’s (Euclidean Neighborhood Retract) and then we show that if X
is a proper G-ENR, then the orbit space X/G is an ENR. This paper
is organized as followings. In section 1, we study the relation of Euler
characteristic with respect to cohomology with compact support in Fp-
coeflicient for the fibration of ENR’s. In section 2, we generalize some
properties on proper G-spaces for locally compact Lie group G and apply
the proper G-action to ENR’s.
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1. Property of Euler characteristic of ENR’s

Let X be an ENR (Euclidean Neighborhood Retract) and X+ de-
notes its one point compactification. Let x.(X) denote the Euler Char-
acteristic of X with respect to the cohomology with compact support in
coefficient ring R. In this section we give the relation of Euler character-
istic with respect to cohomology with compact support in Fp-coefficient
for the fibration of ENR’s.

LEMMA 1.1. Let X and Y be ENR’s. Then, for disjoint union of X
andY,

XC(X uY)= Xe(X) + xc(Y)-

Proof. Tt is trivial. |
We set
o0 . o~
X(X1) =) (~1) rank H'(X*; R).
=0

LEMMA 1.2. Let X andY be ENR’s. Then
Xe(X X Y) = xo(X) - xe(Y).

Proof. This is obvious from the Kunneth formula for the Alexander
Spainer cohomology with compact supports ;

H}X xY;Fp)~ Y HF(X;F,) @ HY(Y;F,).
ptg=n

We also show the result by the following way.
For the Euler Characteristic of X x Y with compact support,

Xe(X xY)=x(XTAYT).
Now we have
H*(X*xY*;R)= H*(X*;R)@ H*(Y*;R)® H*(X* AY™;R).
Hence
XX xYH) =X(XN) +Xx¥ ) +X(XTAYH)
= Xc(X) + Xe(Y) + Xe(X x Y).
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However
XX xYF) =3(X*) - X(Y) +X(X) +X(Y™)
= Xc(X) - Xe(Y) + xe(X) + xe(Y).
Therefore
Xe(X X Y) = xe(X) - xe(Y)-
|

If X is an ENR, x.{(X) may not be defined if H}(X;F,) is infinite
dimesional.

PROPOSITION 1.3. Let E and B be ENR’s and f : E — B be
a fibration with typical ENR fiber F. Assume x.(F) and x.(B) are
defined. Then x.(E) is defined and
Xe(E) = Xc(F) - xe(B),

where x. is the Euler Characteristic with respect to cohomology with
compact support and coefficients are finite field Ip.

Proof. Since ENR’s are locally contractible, we use Alexander Spainer
cohomology. Then the fibratin f : E — B gives a Leray spectral se-
quence with Es-term

EP? = HE(B; HI(F)),

where the coefficient HZ(F) are considered as a local coefficient system
on B. If this local coefficient system is trivial, then

HZ(B; HI(F)) = HZ(B) ® H}(F)
and
Xe(E2) = Z(— PHdimES?

= Z 1)P*9dim(H?(B) ® HI(F))

_ Z(—l)”+qdzm(Hp(B+) ® HI(F"))
b.q

= X(B*) - X(F")

= Xc(B) ' XC(F)'

Since E5'? = 0 if p and q are large enough and the same is true of EP?
for any r. Es = E, for large r and

Xc(Eoo) = Xe(B) - x(F).
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Now we have
dim[H"(E)| = Y dimEY,
s+t=n
and hence
Xe(E) = Xe(Eoo) = Xc(B) * Xe(F)-

If the local coeflicient system is nontrivial, we reduce the system to
be trivial by using finite covering over B since H¢(F;F,) is finite. Let
m(B) =G and p: G — GL,(F,). f K = Kerp, then G/K is a finite
covering of B — B where B is a universal covering space corresponding
to K. Hence xc(B) = N - xc(B) where |G/K| = N ([2] 5.3.3). For the
induced covering E over E, xc(E) = N - xc(E). Now xo(E) = xo(F) -
Xc(é) by trivial local coefficient system since 7r1(§ ,bg) acts trivially on
HI(F,Fp). Hence N - xc(E) = xc(F) - N - xc(B). Therefore

Xc(E) = xc(F) - Xe(B)-

2. Proper action of locally compact Lie group

Now we study some properties on spaces with noncompact group
action. We consider a complete regular space X with a fixed action on
G. If G is a compact Lie group then a lot of general theory of G-spaces
has been developed. For the noncompact case we need to give some
condition on G-space for which theory can be applied reasonably. For
our purpose, we study proper G-space for locally compact Lie group G.
Then many of the statements which hold when G is compact are valid
in this case ([8]).

Let G be a locally compact Lie group with identity e which acts on
complete regular space X. We recall some definitions and facts from [8].
We define the subsets of G

((GV)={9€G|gUNV # 0},
where U and V are the subsets of G-space X. If U and V are the subsets
of a G-space X then we say that U is thin relative to V' if ((U,V)) has
compact closure in G. If U is thin relative to itself then we say that U
is thin.

DEFINITION 2.1. A G-space X is Cartan G-space if every point of
X has a thin neighborhood.
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DEFINITION 2.2. A subset S of a G-space X is a small subset of X
if each point of X has a neighborhood which is thin relative to S. A
G-space X is proper if each point of X has a small neighborhood.

We state some important relation between Cartan G-space and proper
G-space.

ProproOSITION 2.3. ([8]) A G-space X is proper if and only if X is a
Cartan G-space and X/G is regular.

Now we prove the following properties on Cartan G-space for locally
compact Lie group G.

ProrosiTION 2.4. If X is a locally compact space then X/G is
locally compact.

Proof. 'The orbit map 7 : X — X/G is open. Forz e U C X, let U
be a compact closure of U. Then 7(x) € n(U) C n(U), where 7(U) is a
compact closure containing 7(z). O

ProposITION 2.5. ([8]) If X is a proper G-space and N is a closed
normal subgroup of G, then X/N is a proper G/N-space.

PROPOSITION 2.6. If X is a proper G-space and N is a closed normal
subgroup of G, then X¥ is a proper G /N -space.

Proof. Since X is a proper G-space, X/G is regular by Proposition
2.3. For every z € X, x has a thin neighborhood U such that ((U,U)) is
relatively compact in G. Recall G/N acts on XV by (gN)(z) = gNz =
gz. Then G/N action on X% is equivalent to G-action on X and every
subspace of a regular space is regular, and hence XV/(G/N) is regular.
To show for every z € X%, z has a thin neighborhood U* such that
((U*,U*)) is relatively compact in G/N, we take U* ={z € U |nz ==
for every n € N} = U N X which is open in X¥. Moreover if p is
the canonical map of G onto G/N, it can be easily checked p((U,U)) =
((U*,U*)) since

(U, U")) = {gN |gNU"nU" # 0}
={gN | gNUNXM)Nn(UNXN) £ ).
O

PROPOSITION 2.7. ([8]) Let X be a proper G-space. If X is separable
metric then X/G is also separable metric.
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Now we apply some property to G-ENR for locally compact Lie group
G. We define a G-ENR(Euclidean Neighborhood Retract) to be a G-
space X which is (G-homeomorphic to) a G-retract of some open G-
subset in a G-module V. If we have no group G acting we simply talk
about ENR’s.

ProrosiTiON 2.8. ([3, 4]) If X C R" is locally (n — 1) connected
and locally compact then X is an ENR.

A separable metric space of dimension < n can be embedded in R?**!
[5]. Hence a space is an ENR if and only if it is locally compact, separable
metric, finite dimensional and locally contractible.

Now we give the example of the proper action on a space.

EXAMPLE. We give the action of Z/p™ on Z/p*™ by left translation.
Then this is the proper action ([3], p.31). To show this is Z/p*°-ENR, we
need to check it is locally compact, separable metric, finite dimensional
and locally contractible. Generally the following fact is known in [2],
[3], [6] and point set topology. Every discrete space is locally compact
and locally contractible. Every contractible discrete space is separable.
Finite or countable space is O-dimeunsional space hence finite dimensional
space. Therefore Z/p™ is a proper Z/p>-ENR.

The idea of the proof of the following result is coming from [3, p.159].

PROPOSITION 2.9. Let X be a proper G-ENR. Then the orbit space
X/G is an ENR.

Proof. Since X is G-ENR, X is a retract of some open G subset U in

a G-module, i.e. X 5 U 5 X and r o4 = idx. A retract of an ENR is
an ENR. Hence we prove the proposition for X a differential G-manifold
and then apply it to the manifold U. Let 7 : X — X/G be the quotient
map. Then X/G is locally compact by Proposition 2.4 and separable
metric by Proposition 2.7. By dimension theory [5], dimX/G < dimX.
Hence X/G is finite dimensional. To show X/G is locally contractible,
given X € V C X/G, V open, 7~ !(V) is open. Since X is locally
contractible, 7~(V) contains G-invariant neighborhood W of the orbit
7~1(X) = xG which is null homotopic. Hence 7W is also contractible in
X/G. Therefore X/G is locally contractible. O
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3. Structure of the Burnsid module of the locally compact
Lie group

Minami [7] generalized Tom Dieck’s Burnside ring of compact Lie
groups [2] to the relative case. In this section, we extend the structure
of the relative Burnside module for locally compact Lie groups. Let G
be a locally compact Lie group of the type G = F x L where L is a
normal subgroup of G. We assume all F' x L-action to be proper. We
define A(F, L) to be the set of equivalence classes of proper F x L-ENR,
with a free L-action under the equivalence relation

X ~Y if and only if x(X5/NiS) = x.(Y°/NLS)

for any S C F x L, where N1.S = Npy1S N L acts free on X° and Y°
so that the following diagrams commute.

NS x X5 — XS N SxYS —YS
! ! ! !
(FxL)yxX —X (FxLyxY —Y

Here x. is the Euler characteristic with respect to the cohomology with
compact support in Fp-coefficient. Given H < F, a closed subgroup H
and ¢ : H — L a homomorphism, (H, ¢) = {(h,#(h))|h € H} is a closed
subgroup of F x L. Let C(F, L) be the set of the conjugacy classes of
closed subgroups (H, ¢).

LEMMA 3.1. (i) Let FF — E — B be a proper G-fiber bundle such
that a closed normal subgroup N < G acts trivially on B, then FN —
EN — B is a proper G/N-fiber bundle.

(ii) Let F — E — B be a proper G-fiber bundle such that G acts
trivially on B, then F/G — E/G — B is a proper fiber bundle.

Proof. This can be easily checked by using the local triviality and
Proposition 2.5 and 2.6. O

THEOREM 3.2. A(F,L) is a free abelian group with basis [(F X
L)/(H,¢)] for each (H,¢) € C(F,L). For any proper F x L-ENR X
with free L-action,

[X]= Y xe(X(mg)/(F x L)[(F x L)/(H,¢)] € A(F, L)
(H,9)
where (H, ¢) runs over C(F, L).
Proof. The addition is given by disjoint union and the inverse form
of [X] is
—[X] = [X x K],
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where K is a F' x L-ENR with trivial action such that y.(K) = —1.

Now we want to express any [X]| € A(F, L) as a linear combination of
[(F x L)/(H,¢)] where (H,$) € C(F,L). Since X is the disjoint union
of its orbit bundles [3], X = ]_I( H¢)eC(F.L) X(H,4) by additivity of the
Euler Characteristic

Xe(X5/NLS) = 3" Xl X{u)/NLS)-
(H,$)eC(F,L)
We consider the fiber bundle
F x L/(H, ¢) — X(H,qs) — X(H,¢)/F x L.

By applying Lemma 3.1, (i) for S<NpxrS C F x L and (ii) for N;.S C
Npy« 1S, we obtain the following fiber bundle

(F x L/(H,$))°/NLS — Xy 5)/NLS — X(11,6)/F x L.
If we apply Proposition 1.3 to this bundle, we have
Xe(X{t,6)/NLS) = xo((F x L/(H,$))°/NLS) - xe(X(1,4)/ F x L).
Therefore
X1= Y. xeXmg/F x L)(F x L)/(H,¢)].
(H,$)eC(F,L)

Next we show {{(FxL)/(H, ¢)|} are linearly independent. Let us assume
Y pecr L) MHE (F x L)/(H, ¢)] = 0 where a(zr,) = Xe(X(m,4)/ F X

L). We suppose {[(F' x L)/(H, )]} are linearly dependent. We take
(H',¢') to be maximal among those such that a g ¢) # 0. Then we get

0 =xc( >  a@alF xL)/H,¢ ) NLH,$))
(H,$)eC(F,L)

= ag ) - Xe([(F x L)/(H', )9V INL(H', 8).
But a4 # 0 and xc([(F x L)/(H',¢")]#"#) /NL(H', ¢')) # 0 since
(F x L)/(H', ¢ H"¥) /N (H',¢') is finite. This is a contradiction.
Therefore {[(F' x L)/(H,$)]} are linearly independent. Now we claim
[(FxL)/(H',¢")]H¢)/NL(H', ¢') is finite. We consider the fiber bundle

NFXL(Ha d’)/(H’ L) n NFXL(Hv d))

— Npxp(H,L)/(H,L) — Nrxr(H,L)/Nrxr(H,¢) - (H, L).

Then the base space Npxr(H,L)/Npxr(H,¢) - (H,L) is finite since

Npxp(H,$) D Crxr(H,L) and Npxr(H,L)/Npx1(H,L) - (H,L) is fi-
nite [4]. Now the total space Npyp(H,L)/(H,L) =~ NpH/H is finite.
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Therefore the fiber Npxr(H, ¢)/(H,L) N\ Nrpxr(H,$) is finite and we
have the following relation

[(F x L)/(H,$)|*"¥ /NL(H, ¢)
= Np(H,¢) \ [(F x L)/(H, $)) )
= Nr(H,$)\ Nrx1(H,9)/(H, $)
= Nrxr(H,¢)/(H,¢)- NL(H, )
= Npxr(H,¢)/(H,L) N Npx(H, ¢).
This completes our claim. O
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